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ABSTRACT

The paper experimentally deals with the radial in-plane vibration characteristics of disk-shaped pie-
zoelectric transducers. The radial in-plane motion, which is induced due to Poisson’s ratio in the pie-
zoelectric disk polarized in the thickness direction, was measured by using an in-plane laser vibrometer, 
and the natural frequencies were measured by using an impedance analyzer. The experimental results 
have been compared with theoretical predictions obtained by simplified theoretical and finite-element 
analyses. It appears that the fundamental mode of a piezoelectric disk transducer is a radial mode 
and its radial displacement distribution from the center to the perimeter is not monotonic but shows 
maximum slightly apart from the perimeter. The theoretically-calculated fundamental frequencies agree 
well with the finite-element results for small thickness-to-diameter ratio, and they are accurate within 
7 % error for the ratio up to 0.4.

요  약

이 논문은 원판형 압전 변환기의 면내 방사 진동 특성을 실험적으로 다룬다. 면내 방사 진동은 두

께 방향으로 분극이 된 압전 원판에서 푸아송비로 인해 야기되는 것으로서, 레이저 면내 진동 측정기

로써 측정되었고, 고유진동수는 임피던스 분석기로써 측정되었다. 실험 결과는 단순화된 이론적 해석

과 유한요소 해석으로부터 얻어진 이론적 예측과 비교되었다. 원판형 압전 변환기의 기본 모드는 방

사 모드이고, 중심으로부터 가장자리까지의 반경 방향 변위 분포는 단조 증가가 아니라 원주면에서 

약간 떨어진 위치에서 최대 값을 나타낸다. 지름 대비 두께 비율이 작은 원판에서 이론적으로 계산 

된 기본 진동수는 유한요소 결과와 잘 일치하고, 두께/지름 비율 0.4까지 오차 7 % 이내로 정확하다.

* 

1. Introduction

Piezoelectricity(1) is one of the main trans-
duction mechanisms adopted in electromechanical 
sensors and actuators(2). Piezoelectric transducers 
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are widely used, especially in ultrasonic sensors(3) 
which convert mechanical vibrations into electric 
signals, and actuators(4) which convert electric sig-
nal into mechanical vibrations. In many ultrasonic 
devices, such as flowmeters and liquid-level me-
ters etc., piezoelectric transducers generate and de-
tect mechanical waves(3). Piezoelectric transducers 
for ultrasonic devices are designed on the basis of 
the vibration characteristics of resonance(5).

The vibration characteristics of piezoelectric 
transducers depend on geometric shapes and di-
mensions as well as material properties and boun-
dary conditions. Most piezoelectric transducers are 
disk-shaped(6~9) or ring-shaped(10~12), and their 
transduction mechanism is based on the motion in 
the thickness direction. In some cases the shape is 
cylindrical or spherical. Piezoelectric cylindrical or 
spherical transducers with radial polarization have 
resonance characteristics determined by their thick-
ness and curvature(13,14). Torsional transducers 
made of piezoelectric disks polarized in the cir-
cumferential direction have resonance character-
istics determined by thickness(15).

In the piezoelectric disk transducers polarized in 
the thickness direction, radial motion is induced 
due to Poisson's ratio(16). Since the radius is larger 
than the thickness in a thin disk, the lowest sev-
eral modes are the radial modes governed mainly 
by radial boundary conditions. Thickness modes 
appear in the higher modes. This paper ex-
perimentally clarifies the radial in-plane vibration 
of piezoelectric disk transducers and to verify the 
theoretical prediction by comparing experimental 
results with analytical ones.

Theoretical approaches appear in much of the 
literatures. Reference (6) reported the dependence 
of the vibrational mode on the disk diame-
ter-to-thickness ratio calculated by the finite-ele-
ment method. Reference (7) presented vibration 
characteristics depending on the thickness-graded 
material properties. Reference (8) showed a gener-
alized form of Hamilton's principle for coupled 

electromechnical system and compared impedance 
curves obtained theoretically and experimentally. 
Reference (9) displayed experimental results ob-
tained by three techniques and compared them 
with numerical ones. In this literature, mode 
shapes were shown qualitatively to show vibration 
distribution. Piezoelectric hollow-disks, so-called 
ring, were also dealt theoretically in much of lit-
erature(10~12). 

This paper focuses on the fundamental mode of 
piezoelectric disk transducers, and presents its ra-
dial in-plane vibration motion obtained ex-
perimentally by in-plane laser vibrometry. The ex-
perimentally-obtained shape of the fundamental 
mode, which was not available in other literatures, 
is clearly displayed in this paper. A simplified 
theoretical analysis(17) is briefly described to com-
pare the experimental results with theoretical 
predictions. Some of the theoretical and ex-
perimental approaches were cited from other liter-
ature about ring transducers(18).

2. Theoretical Prediction

In order to compare experimental results with 
analytical ones, theoretical prediction is carried out 
in advance. Two kinds of analysis are described 
in this section; one is theoretical analysis and an-
other is finite-element analysis.

2.1 Theoretical Analysis

(1) Problem formulation
A piezoelectric disk transducer is schematically 

shown in Fig. 1, where   is the thickness and  
is the radius. The transducer has uniform electro-
des on the top and bottom surfaces (  ). The 
electromechanical relations were well formulated, 
and the constitutive equations of the piezoelectric 
disk transducers are expressed as follows(2):

T cS eE (1)
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D e S SE (2)

where T, S, D , and E are the matrices of stress-
es, strains, electric displacements, and electric 
fields, respectively. In addition, c,  , and  are 
the coefficient matrices of the stiffness with con-
stant electric field, the piezoelectric stress con-
stant, and the permittivity with constant strain, 
respectively.

The axisymmetric vibration in the piezoelectric 
disk can be formulated in terms of radial dis-
placement    , axial displacement    , 
and electric potential     with cylindrical co-
ordinates     and time  . Normal strains 
      , shear strains       , and electric 
field are related as follows:

 


  


  


(3a,b,c)

   




    (4a,b,c)

 


(5)

Inserting Eqs. (1)~(3) into Eqs. (4) and (5) yields 
normal stresses        and electric displace-
ment  as follows:
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Fig. 1 Schematic diagram of a disk transducer

(2) Solution
The disk transducer, the radius of which is 

much larger than the thickness, satisfies plane 
stress conditions in the thickness direction, and 
thus   . This assumption simplifies the theo-
retical analysis. Eq. (6c) can be rewritten to ex-
press the normal strain   as follows:
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Eqs. (6a,b) and (7) are rewritten as follows by 
inserting Eq. (8):
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  (9b)
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Here the constants with superscript  are as fol-
lows:


  

 




 

(11a)


  

 




 

(11b)


   





  (11c)


  

 






(11d)

The equation of motion derived from the force 
equilibrium in the radial direction is






 
 

 (12)

where  is the mass density. Inserting Eq. (9) into 
Eq. (12) yields the following governing equation:













 






(13)
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where   
  in the wave Eq. (13) is the 

propagation speed of the wave.
When the voltage applied to the electrodes is a 

harmonic function of time  with frequency , the 
displacement   and the electric potential  are 
regarded as harmonic functions of time with the 
same frequency. Therefore,   can be ex-
pressed through the separation of variables as seen 
in the following:

 (14)

Substituting Eq. (14) into Eq. (13) provides the 
following governing equations in terms of  :







    (15)

where    is the wave number.
The solution of the Bessel Eq. (15) has the fol-

lowing form:

   (16)

where  and  are the Bessel functions of the 
first and second kinds, respectively, of order 1. 
The unknown constants  and   are determined 
according to the boundary conditions.

(3) Radial mode characteristics
For the transducer free on the circumferential 

surface   , the boundary conditions are the 
following:

       at   (17a)

        at   (17b)

In order to satisfy the boundary condition (17a), 
  in Eq. (16), and thus the solution becomes

 
  (18)

Here    is the  times the radius . 
Satisfying the boundary condition (17b) with Eq. 

(6a) in the uniform electric field yields 

 
     (19)

The natural frequencies of the radial mode are 
calculated from Eq. (19). In the characteristic Eq.  
(19), the unknown variable  can be determined 
by using numerical tools, such as Mathematica(19), 
and the result is        Frequency 
 has a relation with wave number  and wave 
speed  as follows:

 


(20)

In addition to the natural frequencies, the radial 
mode shapes can also be calculated from Eq. (18).

The piezoelectric disk specimens considered in 
this paper are shown in Fig. 2 and listed in Table 
1. The properties of the constituent PZT-4 and 
PZT-5A materials are well-known, and they are 
listed in Table 2. The material properties to be in-
serted into the equations are obtained by convert-
ing the properties in Table 2. The converted prop-
erties are listed in Table 3.

 

(a)                      (b)

 

(c)                      (d)

Fig. 2 Specimens of piezoelectric disks; (a) specimen 
A, (b) specimen B, (c) specimen C, (d) speci-
men D
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The natural frequencies calculated from Eq. (20) 
are listed in Table 4. The shapes of radial modes 
calculated from Eq. (18) are displayed in Fig. 3. 

Table 1 Sizes and material of piezoelectric disk 
specimens

Specimen Diameter,
 (mm)

Thickness,
  (mm) Material

A 24.8 2.05
PZT-4

B 27.8 1.4
C 39.7 4.4

PZT-5A
D 49.7 5.5

Table 2 Material properties of PZT specimens

Properties
Values

PZT-4 PZT-5A

Mechanical

Mas density
× kgm   7.60 7.70

Elastic 
compliance

×  mN


 12.30 16.40


 -4.05 -5.74


 -5.31 -7.22


 15.50 18.80


 39.0 47.5


 32.9 44.3

Dielectric Relatice
permittivity




  
635 830

Electro-
mechanical

Piezoelectric
strain constant
×  CN

 -123.0 -171.0
 289 374
 496 584

Table 3 Material properties of PZT specimens, cov-
erted from the properties in Table 2

Properties
Values

PZT-4 PZT-5A

Mechanical Elastic stiffness
Nm


 139.0 120.4


 77.8 75.2


 74.3 75.1


 115.4 110.9


 25.6 21.1


 30.6 22.6

Dielectric
Relatice

permittivity
× C N∙m


 5.62 7.35

Electro-
mechanical

Piezoelectric
strain constant
Cm

 -5.20 -5.40
 15.10 15.80
 12.70 12.30

They will be compared with the experimental re-
sults in Section 4.

Table 4 Natural frequencies of the radial modes cal-
culated for free specimens

Mode
Natural frequency(kHz)

A B C D
1 91.3 81.5 49.7 39.8

2 238 217 129 103

3 378 338 205 164

(a)

(b)

(c)

Fig. 3 Radial mode shapes obtained by theoretical 
analysis ; (a) 1st mode, (b) 2nd mode, (c) 
3rd mode
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2.2 Finite-element Analysis

The theoretical analysis described in the pre-
vious section has advantages in the expressions to 
calculate the natural frequencies and mode shapes. 
However, it has disadvantages in that the analysis 
is based on some assumptions to simplify the real 
physical phenomenon. Before comparing the theo-
retically-calculated results with experimental ones, 
the theoretical analysis is enhanced by a finite-ele-
ment analysis.

The natural frequencies and mode shapes are 
obtained by using the commercial software 
ANSYS. Modal analysis and harmonic analysis 
were carried out with the boundary conditions that 
all surfaces are mechanically free and the electric 
field is established in the thickness direction by 
the electrodes on the top and bottom surfaces.

Harmonic analysis results are displayed in Fig. 
4 in the form of impedance curves for the models 
of four specimens. In the impedance curves, the 
minimum points represent the resonances of the 
transducers. The natural frequencies obtained by 
the finite-element analysis are listed in Table 5. 
The fundamental frequencies are 91.0, 81.4, 49.5, 
and 39.6 kHz for specimens A, B, C, and D, 
respectively. They are compared with the theoret-
ically-calculated values in Section 4. Incidentally, 
the mode shapes obtained by the finite-element 
modal analysis are displayed in Fig. 5. The results 
of specimen A only are shown in the figure as an 
example. The shapes of the first three modes in 
Fig. 5 show radial modes even though other types 
of modes were not excluded in the analysis.

Table 5 Natural frequencies obtained by the finite ele-
ment analysis

Mode
Natural frequency(kHz)

A B C D

1 91.0 81.4 49.5 39.6

2 236 212 126 101

3 369 336 193 155

 

(a)                      (b)

 

(c)                      (d)

Fig. 4 Impedance curves obtained by the finite ele-
ment analysis; (a) specimen A, (b) specimen 
B, (c) specimen C, (d) specimen D

(a)

(b)

(c)

Fig. 5 Mode shapes obtained by the finite-element 
analysis for specimen A; (a) 1st mode, (b) 
2nd mode, (c) 3rd mode
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3. Experiments

The vibration characteristics of the piezoelectric 
disk transducers are experimentally determined in 
this section, and they are compared with theoret-
ical predictions in the next section. The specimens 
used in the experiments are shown in Fig. 2, and 
their sizes and materials are listed in Table 1.

3.1 Impedance Analysis

By using an impedance gain/phase analyzer 
(Agilent Technology 4192A), impedance curves 
were measured for four kinds of specimens. The 

Table 6 Natural frequencies experimentally-obtained 
by the impedance-curve measurement

Mode
Natural frequency(kHz)

A B C D
1 88.3±0.3  79.6±0.2  48.4±0.3  38.3±0.3

2 228.7±0.9 206.6±0.6 122.8±0.4  96.5±0.5

3 355.0±1.3 326.0±0.9 184.8±1.0 146.2±0.6

 

(a)                      (b)

 

(c)                      (d)

Fig. 6 Impedance curves obtained by experiments; (a) 
specimen A, (b) specimen B, (c) specimen C, 
(d) specimen D

measurements were repeated with three pieces of 
four specimens. The results of impedance curves 
obtained with one piece of each specimen are dis-
played in Fig. 6. In the impedance curves, the 
minimum points represent the resonances of the 
transducers. The natural frequencies experimentally
-obtained by the impedance curve measurements 
are listed in Table 6, where the values were aver-
aged from the results of three pieces. The funda-
mental frequencies are 88.3, 79.6, 48.4, and 38.3
kHz for specimens A, B, C, and D, respectively. 
They are compared with the theoretically-obtained 
results in Section 4.

3.2 In-plane Laser Interferometry

The mode shapes of the radial in-plane vi-
bration were measured by using an in-plane laser 
vibrometer. The apparatus used in the experiment 
is based on the laser interference, and it consists 
of an optical sensor head (LSV-065-306F) and a 
controller (OFV-3320) made by Polytec. This ap-
paratus is to measure the moving velocity of the 
plane perpendicular to the central line bisecting 
two converging laser beams as shown in Fig. 7. 
The principle of this apparatus is the Doppler 
phenomenon, where an optical frequency shift of 

Fig. 7 Schematic diagram of the in-plane laser vibro-
meter
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the back-scattered laser light caused by surface 
motion is evaluated electronically.

As shown in Fig. 7, the laser output from a di-
ode is divided into two beams. These two beams 
progress with incident angle  into the plane to 
be measured, and the superposition of the beams 
results in the interference pattern of parallel bright 
and dark fringes. The fringe spacing ∆  is a sys-
tem constant which depends only on the incident 
angle  and laser wavelength  as follows:

∆ ∙sin


(21)

When the plane moves with velocity  in the 
in the direction normal to the interference fringe, 
the change of the light scattering on the periodic 
fringe makes the photo detector of the sensor 
head generate signals of Doppler frequency  
proportional to the velocity . The moving veloc-
ity and the Doppler frequency have the following 
relation:

  ∙∆ (22)

The controller measures the Doppler frequency 
 and multiplies ∆ . The output signal of the 
controller is monitored at an oscilloscope or a sig-
nal analyzer.

A signal generator (Agilent 33220A) was used 
to exert electric signals with a constant voltage 

Table 7 Comparison of the fundamental frequencies 
obtained by calculation, finite-element meth-
od, and measurement for three specimens 
with free boundary conditions

Specimen

Fundamental frequency(kHz)

Calculation FEM
Measurement

Impedance
curve

In-plane
vibrometer

A 91.3 91.0 88.3±0.3 88.2±0.4

B 81.5 81.4 79.6±0.2 79.4±0.3

C 49.7 49.5 48.4±0.3 47.9±0.2

D 39.8 39.6 38.3±0.3 38.0±0.4

and variable frequency onto piezoelectric disks.  
The output signal of the controller was monitored 
on an oscilloscope (Tektronix TDS3032) and the 
frequency of the signal resulting at the maximum 
amplitude was determined as the natural frequency 
of the disk. The fundamental frequencies of the 
disks measured in this way are 88.2, 79.4, 47.9, 
and 38.0 kHz for specimen A, B, C, and D, 
respectively. These results are listed in Table 7 
and will be compared with other results in 
Section 4.

Vibration amplitude at the natural frequency 
was measured by using a signal analyzer (B&K 
2035). The measured amplitude is RMS voltage, 
which is proportional to the vibration velocity, 
and is converted to the vibration displacement. 
The measurement is carried out along a radius 
from the center to the perimeter at every 1 mm. 
The measured vibration amplitude was normalized 
to the maximum amplitude and displayed in Fig. 8 

 

(a)                     (b)

 

(c)                     (d)

Fig. 8 Radial mode shapes of the fundamental mode 
measured by the laser vibrometer; (a) speci-
men A, (b) specimen B, (c) speimen C, (d) 
specimen D
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for four specimens. In Fig. 8, the solid line is the 
theoretically-calculated result obtained in Section 
2.1. The mode shapes displayed in Fig. 8 are dis-
cussed in Section 4.

4. Comparisons and Discussions

Natural frequencies and mode shapes obtained 
theoretically in Section 2 and experimentally in 
Section 3 are compared with each other and dis-
cussed in this section.

The fundamental frequencies obtained by calcu-
lation, the finite-element method, and measurement  

(a)

(b)

Fig. 9 Comparison of the fundamental frequencies 
obtained by calculation, finite-element method, 
and measurements; (a) PZT-4, (b) PZT-5A

for four specimens are listed in Table 7 and 
displayed in Fig. 9. The experimental results agree 
well with the theoretical predictions. The funda-
mental frequency of the piezoelectric disk trans-
ducer depends on its radius, and the frequency is 
higher as the radius is smaller. The theoret-
ically-calculated fundamental frequencies are com-
pared with the finite-element results in Fig. 9.  
The theoretically-calculated results agree well with 
the finite-element results for small thick-
ness-to-diameter ratio, and they are accurate within 
7 % error for the ratio up to 0.4.

The mode shapes obtained by the laser vibro-
meter are compared with the theoretical predictions 
in Fig. 8. The results agree well with each other. 
The displacement distribution from the center to 
the perimeter is not monotonic. The vibration am-
plitude is maximum slightly apart from the 
perimeter.

5. Conclusion

The paper presented the radial in-plane vi-
bration characteristics of disk-shaped piezoelectric 
transducers polarized in the thickness direction. 
The radial in-plane vibration characteristics of 
piezoelectric disk transducers were experimentally 
investigated by measuring natural frequencies and 
mode shapes. The natural frequencies of piezo-
electric transducers were measured by using an 
impedance analyzer and compared with theoretical 
predictions. The radial in-plane motion, which 
was induced due to Poisson’s ratio in the piezo-
electric disk polarized in the thickness direction, 
was measured by using an in-plane laser vibro-
meter and compared with theoretically obtained 
results. 

The fundamental mode shape of a piezoelectric 
disk is a radial mode and the radial displacement 
distribution from the center to the perimeter is not 
monotonic but shows maximum slightly apart 
from the perimeter. The fundamental frequencies 
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obtained by the simplified theoretical analysis 
briefly described in this paper well agreed in 
small thickness-to-diameter ratio range with other 
results obtained by finite-element analysis and 
experiments. In the range of the ratio over 0.4, 
the theoretically-obtained natural frequencies 
showed errors more than 7 %. The theoretical 
analysis may be used to predict the vibration 
characteristics of thin piezoelectric disk trans- 
ducers.
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