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(k1, -+ ,kp)-CONVEXITY IN R"

SUNG-HEE PARK

Abstract. In this paper, we first introduce and study new con-
cepts of (k1,- -+, kn)-convexity and k-segment. Secondly, we shall
discuss some properties of nonisotropically starlike domains in R"
with respect to the origin.

1. Introduction

In this paper, we introduce new notions of convexity, derived from the
notion of “generalized balanced domain”, can be found in [1] and [3]. We
also study some basic properties of these new notions. Next, we propose
a modified line segment “k-segment” and give its elementary properties.
Finally, we recall the definition of a nonisotropically starlike domain
in R™ with respect to the origin and present some related elementary
results.

We refer to, e.g. [2], for general information about convexity in the
classical sense used throughout this paper.

2. (ki,--- ,kn)-convex sets in R"

Throughout in this paper we fix a natural number n € N and we
always let k := (ki,--- ,k,) € N”. A set S C R” is called k-convex
if either S = @ or, whenever (1 — t)¥x 4 t&y € S for any x,y € S
and any t € [0,1], where we denote t*x := (tFixy,--- thng,) for x :=
(x1, - ,zp) and t > 0.
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Example 2.1. The followings are some examples of k-convex sets:

(a) For x° := (a9,---,2%) € R"™ the set {x € R" : sgn(z;) =

n
sgn(x?), j=1,---,n} is k-convex.

(b) If k1 < --- < ky, then the set {x e R" : xy > --- > x, > 0} is
k-convex.

(c) Forry,- -+ ,ry, > 0 the open (resp. closed) n-polydisk [[j_,(=7j,75),
H?Zl [—rj,7;] are k-convex.

(d) It follows from the Minkowski inequality that for every r > 0
the open (resp. closed) n-ball {x € R™ : 70, x5 < r?}, {x e R" :
> i a5 < r?} are k-convex.

Example 2.2. Let 1:=(1,---,1) € R™ and let k € N.

(a) Obviously, any 1-convex set is convex in the classical sense.

(b) A closed half-space or an open half-space is a k1-convex set.

(c) A set that is the intersection of a finite number of close half-spaces
is called a convex polytope. Since a half-space is a kl-convex set, any
convex polytope is a k1-convex set.

We can easily check the following results

Proposition 2.3. (a) If a set S C R" is k-convex, so is S.

(b) If two sets S,T C R™ are k-convex, sois S+ T :={x+y:x €
S,y eT}.

(c) The intersection of any number of k-convex sets is k-convex.

Remark 2.4. The empty set is k-convex, but every nonempty finite
subset of R"™ is not k-convex. For example, if x; # 0, k; # 1 for some j,
then the singleton set {x} is not k-convex, because

(0 ) () e

In particular, in contrast to Proposition 2.3 (c), a union of k-convex sets
is not k-convex in general.

Remark 2.5. Since a translated set x + 5 :={x+y:y € S} of a
k-convex set S with x # 0 is not k-convex in general, e.g., consider the
set

(1,3) x---x(1,3) =214 (—-1,1) x --- x (—1,1)
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and see Example 5.2. Furthermore, any open n-ball with center x # 0
is not k-convex whenever k # 1. In particular, the k-convexity of sets
is in general not translation invariant.

3. (k1, -, kn)-convex functions

Now we introduce the notion of a k-convex function.

Definition 3.1. Let S C R" be a k-convex set. A function f : S —
R is called k-convexr whenever

F( =t x + %) < (1 — ) f(x) +tf(y)

for x,y € S and t € [0,1]. If strict inequality holds in the previous
inequality whenever x # y and 0 < t < 1, we say that f is strictly
k-convex on S. The epigraph of f is defined as

Epi(f) :=={(x,0) e R"" xR:x € S, f(x) <a}.

Remark 3.2. (a) Any linear combination with positive coefficients
of k-convex functions is k-convex.

(b) If f is a k-convex function on a k-convex subset S of R" and a
function ¢ : R — R is non-decreasing and convex, then ¢o f: S — R
is k-convex.

Example 3.3. The function f : R™ — R, defined by
fx) =l (xeRY),
j=1

is k-convex, because

(1= )My + oy [VR < (1= t)|ay V5 + tly; Y™ (=1, ,n)
for all x,y € R™ and t € [0,1]. In particular, in view of Remark 3.2 (b),
there are lots of other k-convex functions from R™ to R.

We now present a characterization of k-convexity for functions

Theorem 3.4. Let S C R"™ be a k-convex set. For a function f :
S — R, the following statements are equivalent:

(a) f is k-convex.
(b) Epi(f) is (k, 1)-convex, where (k,1) := (k1,--- , kn, 1).
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(c) (Jensen’s Inequality) For every z',--- 2™ € S and nonnegative
real numbers ty,- - ,t,, with 1 =3",t;, we have

(1) f (Z tﬁ‘xi) <) Lf(
i=1 i=1

Proof. (a)=(b): Let (x,a),(y,b) € Epi(f) and let 0 < ¢ < 1. Then
f(x) <a, f(y) <b, and also the (k, 1)-convexity of f implies that

FIL =%+ %) < (1= ) f(x) + tf(y) < (1 = t)a + tb.

But since (1 — )& (x,a) 4+ t®D (y,b) = ((1 — t)*x + Xy, (1 — t)a + tb),
the set Epi(f) is (k, 1)-convex.

(b)=(a): Let x,y € S and let 0 <t < 1. It is clear that (x, f(x)),
(v, f(y)) € Epi(f), and by the (k, 1)-convexity of Epi(f) one has

(1=t x + 5, (1= 1) f(x) + tf(y))
= (1= 1)V(x, f(x)) + %D (y. f(v)) € Epi(f),

that is, f((1 — t)¥x + t¥y) < (1 — t)f(x) + tf(y). Thus f is k-convex.
(¢)=(a): It is trivial.

(a)=(c): Let us use mathematical induction on m. The inequality
(1) is true for m = 1. Assume the inequality (1) holds for the integer
m > 1, let x',--- ,x™ € Sandlett; >0( = 1,---,m+ 1) with
1= Z:’;{l t;. At least one of t1,- -+, t,;,4+1 must be less than 1 (otherwise
the inequality (1) is trivial). Now we may assume that ¢,,41 < 1. Let
t:=1—ty41 and s; :=1¢;/t(i=1,---,m). Then0<¢t <1, > " s =
Ly:=Y" skxie S, and

m+1
x = Z thl _ tky + (1 )k m+1
=1

But since f is k-convex on S, f(x) < tf(y) + (1 —t)f(x™"1) and, by
our induction hypothesis, f(y) < >, s;f(x'). Hence, combining the
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above two inequalities, we get that

m+1
(itk z) <tzszf 1—t)f( m+1)
m+1

<th ) + tm g1 f(x™H) th

Thus, the inequality (1) is established for m ~» m+ 1, and therefore, by
mathematical induction, it holds for any natural number m. O

Notice that the infimum taken over the empty set is, by convention,
assumed to be +o0.

Theorem 3.5. Let E C R""! be a (k,1)-convex set. If a function
f:R"™ — R defined by f(x) :=inf{c € R: (x,¢) € E} is k-convex.

Proof. In view of Theorem 3.4, it suffices to show that the set Epi(f)
s (k,1)-convex. For this, let (x,a), (y,b) € Epi(f) and let € > 0. Since
f(x) <a+eand f(y) < b+e, it follows from the definition of f that
there exist ¢,d € R such that ¢ <a+¢€,d < b+e¢ and (x,¢),(y,d) € E.
The (k, 1)-convexity of E implies that for any ¢ € [0, 1] one has

(1=t + 5y, (1 - )+ td) = (1 - ) D (x,¢) + 15D (y,d) € B

and so f((1 —t)kx+t¥y) < (1 —t)c+td < (1 —t)a+tb+e. But since e
was arbitrary, f((1—t)*x+tKy) < (1—t)a+tb, that is, (1—1)&D(x,a)+
tdD (y, b) € Epi(f), as desired. O

The next result can be easily checked.

Proposition 3.6. Let S C R™ be a k-convex set. If f : § — R is
k-convex, then, to every c € R two sets S.(f) := {x € S : f(x) < ¢} and
Se(f) :=={x € S: f(x) < c} are k-convex.

Remark 3.7. The fact that the converse of the above proposition
does not hold in general can be easily seen from the function xr —
2/ k) from [0,00) to R, where k € N.

Example 3.8. (cf. [2], p.109) Let S be nonempty and closed. Define
dg(x) :=min{|x—y| :y €S}  forany x € R".

Then the function dg is k-convex on R if and only if S is a k-convex
set.
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Proposition 3.9. If {f,}aea is a family of k-convex functions on
a k-convex set S C R", its upper envelope f : S — R, defined by
f(x) :=supyen fa(x) for x € S is also k-convex.

Proof. Since each f, is k-convex, in virtue of Theorem 3.4, each
Epi(fa) is (k,1)-convex. Hence the (k,1)-convexity of Epi(f) follows
immediately from the fact that Epi(f) = (),cx EPi(fo) and, by Theo-
rem 3.4, the function f is k-convex. O

We finish this section by introducing the notion of quasi-k-convexity.

Definition 3.10. A function f defined on a k-convex set S C R" is
called quasi-k-convex whenever f((1 — t)*x 4 tXy) < max{f(x), f(y)}
for any x,y € S and t € [0,1].

Proposition 3.11. A function f defined on a k-convex set S C R"
is quasi-k-convex if and only if the sub-level set S.(f) is k-convex for
every c € R.

Proof. (=) Fix ¢ € R. Let x,y € S.(f) and let ¢ € [0,1]. Then the
k-convexity of S(resp. f) implies that (1 — ¢)¥x + t*y € S and

(=% +ty) < (1= t)f(x) +tf(y) < (1 —t)e+te=c,
so (1 —t)*x + 5y € Sc(f).

(<) Let x,y € S and let ¢ € [0,1]. If we put ¢ := max{f(x), f(y)},
it is clear that x,y € S¢(f), and so by the k-convexity of S.(f) one has
(1—t)x+ <y € Se(f), i, f((1—t)x+1tKy) < max{f(x),f(y)}. O

Corollary 3.12. (i) If fi1,--- , fm are quasi-k-convex on a k-convex
subset S of R™ and ¢y, ,¢pm > 0, then f:=max{cjf;j:j=1,---,m}
is a quasi-k-convex function on S.

(ii) If f is a quasi-k-convex function on a k-convex subset S of R"
and ¢ : R — R is a non-decreasing function, then ¢ o f : S — R is
quasi-k-convex

The proofs of the above results are trivial and we omit it.
4. Extrema of (ki,--- ,ky,)-convex functions
Proposition 4.1. Let S C R" be compact and k-convex. If a func-

tion f : S — R is continuous and strictly k-convex, then there exists a
unique x° € S such that f(x%) < f(x) for any x € S.
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Proof. The existence of x” € S is guaranteed by the fact that S
is compact and f is continuous on S. To show the uniqueness of the
point x°, we assume that there is a x' € S with x! # x° such that
f(x!) < f(x) for any x € S. For any t € (0,1), using the strict k-
convexity of f,

FIL ="+ (1= t)x") < (L= ) f(x) + tf(x});
moreover, using the fact that x° and x! are minimums, one has
FI =" + (1 = )"
<@=tf(Q -+ (1 -t x") +tf((1— )"+ (1 —t)*x!)
= f(1 -t " + (1 - t)kx")
which is a contradiction. O

We now present a maximum principle for k-convex functions as fol-
lows.

Theorem 4.2. If f is a k-convex function on a k-convex subset S
of R™ and attains a global maximum at an interior point of S, then f is
constant on S.

Proof. Assume that f is not constant and attains a global maximum
at the point p € intS. Choose r > 0 with B, (p;r) := {u € R" :
|lu—pl| <r} CSand x € S with f(x) < f(p). Forany 0 < e < 1 we
put y, := (y1, - ,yn) € R", where

Yj = (1—|—e)kjpj—eijj for 7=1,---,n.
Observe that

n
Ye—P = {[(1 +eh - 1} P~ eijj}ej

j=1
S NED DI G P SIS
j=1 i=1
where {eq, - ,e,} is the standard basis for R™, and also
kj—1 L
lye —pll < vn max S ) Elpsl p 4 €lpy — ay
]717 ,T i=1 ?

< VnMe|lplloo + €l[p — x|l < € (VM |lp| + P — x|))
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ki—1/k.
where M := maxj—i..,» ;7 (kZJ )s IIPllo := maxj—i... , [pj|. Hence,

we can choose a sufficiently small € € (0,1) so that y, € B,(p;r). On
the other hand, for every j = 1,--- ,n one has

1 1 k; k;
Jp— ( ,+€ij.) — y+ € T
bi (14 €)ki Yi ! 1+e€ / 1+e€ 7

that is, p = (1/(1 4 €))* y, + (¢/(1 + €))" x, which yields a contradiction
since

1 € 1 €
flp) < mf(yc)+17_|_€f(x) < 174_610(13)1L 1+6f(P) = f(p)
by the k-convexity of f. O

Proposition 4.3. Let f be a k-convex function on a k-convex subset
S of R™. Then the set of points, Amin(f), at which f attains its minimum
is k-convex.

Proof. Assume that Apin(f) # @. Let m be the minimal value at-
tained by f on S. For any X,y € Anin(f) and any ¢ € [0, 1], one has
(1 —t)kx +tky € S and

m< f(A—t*x+tky) < (1 —8)f(x) +tf(y) = (1 —t)m+tm=m
and so (1 —t)*x+t*y € Apn(f). Hence the set Apin(f) is k-convex. [

Proposition 4.4. Let f be a k-convex function on an open k-convex
subset S of R™. Then every local minimum of f is a global minimum of

fonS.

Proof. Suppose that f attains a local minimum at a point x° €
S. Then f(x) > f(x°) for all x in a sufficiently small neighborhood
B, (x%8) C S. Let x be any point in S. Since ¢t — (1 — t)¥x + tkx?
is a continuous function passing through the point x°, we can find some
t € (0,1) suffficiently close to 1 such that (1 — t)*x + t*x0 ¢ B,,(x%;¢),
and also f((1 — t)*x + t*x%) > f(x%). But since f is k-convex on S,
one has (1 —#)f(x) +tf(x%) > f((1 —t)*x + t*x0). Combining the last
two inequalities, we get that f(x) > f(x?). Hence f attains a global
minimum at the point x°. O

Proposition 4.5. Let f be a strictly k-convex function on an open
k-convex subset S of R™. If f attains its minimum on S, it is attained
at a unique point of S.
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Proof. Suppose that Apin(f) contains two distinct points x,y € S
and put m := f(x) = f(y). By the strictly k-convexity of f, one has
m< f(1—t*x+ty) < 1 —t)f(x) +tf(y)=m for 0<t<1

which is a contradiction. O

5. k-segments in R
Let k € N. For z,y € R with z <y, the k-segment (determined by x
and y) is defined by
[z, ]k = {(1 =)z +t*y: 0 <t < 1}

First we will give some elementary properties of this k-segment.

Lemma 5.1. Let k € N. Then any k-segment is a closed interval
in R, and [z,y] C [z,y|x, where the equality holds iff k = 1 or xzy < 0.
More explicitly, there exists a point ®(x,y) € R such that

[@x(z,y),y] € (0,y] (y>2>0)
[z,y] C [z, 9]k = 1 [2,9] (x<0<yoray=0)
[z, Pk (x,y)] C [2,0) (x<y<0)

where

YU/ (6=1) F L1/(k=1) F
Dp(z,y) = 201 1 /D) | ¥ T\ ey ¢ g/ ) Y

fory > x > 0 and ®y(x,y) = —P(—y, —x) for x <y < 0. In particular,

2) 0<dp(ey) <o (y>v>0),
(3) y < Pp(x,y) <0 (x <y<0).

Proof. Define ¢ : [0,1] — R by ¢(t) := (1 — t)¥z + tFy, t € [0,1].
Then ¢ is a (continuous) polynomial of one variable ¢ connecting = =
¢(0) with y = ¢(1), which gives [z,y] C ¢([0,1]), and also

Ft)=k{t"y - (1=t} (0<t <)
Moreover, if £ > 1 then we have:
(i) in case zy > 0, = # 0: one has

dt)=0 +—= t:;::to

1+ "Vy/x

and in particular,
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e in case x > 0: y > 0 and ¢ is strictly decreasing and increasing
on [0, %] and [to, 1], respectively, and ¢ has the minimum at
to. In particular, [xay] - [«T,y}k = [¢(t0)7y] - (an];

e incase x < 0: y < 0 and ¢ is strictly increasing and decreasing
on [0, %] and [tg, 1], respectively, and ¢ has the maximum at
to. In particular, [z,y] C [z,y]r = [z, #(to)] C [,0).

(i) in case zy <0 and z # 0: © < 0,y > 0, and ¢/(t) > 0, ¢t € [0, 1],
with equality holds iff ¢t = 1,y = 0, which implies that ¢ is strictly
increasing on [0,1]. In particular, [z,y] = [z, y]k.

(iii) in case xy = 0: ¢/(t) > 0, t € [0, 1], with equality holds iff x = ¢ =
0 or y =t —1 =0, which implies that ¢ is strictly increasing on
[0,1]. In particular, [0,y] = [0,y]x and [z,0] = [z, 0],

as desired. O

Example 5.2. Note that [0,0]; = [0,0] and ([0,0]x)r = [0,0]. For
any x > 0 one has [z, x]; = [%,x], since by Lemma 5.1

Oz, 1) = (;)ka:—i— (;)ka:: % (z > 0).

In particular, any singleton set with a nonzero real number is never
k-convex for k € N\ {1}.

Lemma 5.3. Let k € N\ {1}. For any a,b,z,y € R with0 <a <b
and 0 < x < y, one has

(4)  ®x(a,b) < Bp(z,y) < BY(X —A) -~ AX(B-Y) >0

where ®, is as in Lemma 5.1 and A := o*/* =V B .= pt/k—1) X .=
xl/(k_l)’ Y = yl/(k_l)'

Proof. Let p,q € R with 0 < p < ¢. Observe that ®;(0,¢q) = 0, and
in case p > 0 one has

k P k
O (p,q) = <P$Q> pPEl (P+Q> Q"
_/PQ N1
“(77a) (77)
1 1 1-k
:<P+Q)
where P := p/(+=1) @ := ¢*/*=1)_ Hence,

1+1
X Y

<

1
B

|

(I)k(avb) < (I)k(xay) —
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which implies (4) as desired. O

Proposition 5.4. Let k € N\{1}. Forz,y,b € Rwith0 <z <y <b,
we have [y7 b]k C [xab]k; and [y’ b]k C ([yab]k)k

Proof. If we put X := oV/¢=1 vy .= V=1 B .— pl/(k=1) then
BB(Y — X)— XY (B —B) = B(Y — X) >0, and so the first assertion
is true by Lemma 5.3. And the second assertion is also true, because
by (2) of Lemma 5.1. O

In contrast to the result of Proposition 5.4, the inclusion [z,y]; C
[a, by does not hold for 0 < a < x < y < b in general, as follows:

Example 5.5. In the case: k > 2,a := 1,z = (3/2)F1 y =
2k=1 b > 0. Note that

—1- (B—2)=——

2

which implies that in that case ®y(a,b) < ®p(z,y) iff 0 < b < 6871,
More generally, if a := 1, z := (m + 1)"1, y < (1 + )1 with 0 <
m<1l,onehasa <z <y<b Ym<m+1, and

BY(X —A)—AX(B—Y)=B(Ym—-m—1)+ (m+ 1),

which implies that in that case

3 6—B
2

| =

BY(X —A)—AX(B-Y)=B-2-

(m + 1)y =D }’“

@k(a,b) < q)k(xay) = 0<b< {m+ 1— myl/(k—l)

The following result gives us the concrete form for iterated k-segment.

Proposition 5.6. Let k € N\ {1} and let z,y € R, 0 < z < y, where
x,y are not all zero. Then we have for any n € N,

._ _ xry
(6)  [znyl = (2, yle)e) - )k = [{mu(k—n DT y] :

n—times

In particular, if x > 0 then 0 < z,, — 0 as n — o0.

Proof. We can easily verify that

Ly—
(6) Tn = Bp(Tn_1,y) = n-1y

{x}z/_(lf_l) i yl/(k—l)}

k—1
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where x( := z, using mathematical induction and Lemma 5.1. Note that

2y P/ =11/ k-n) P
{x1/(k71)+y1/(k71)}k—1 o\ g/ (k1) gt/ (k1)

Ir1 =

Assume that (5) is true for any positive integer n. Observe that
Ty P/ =11/ k-1 T
o {nxl/(k_l) 4 yl/(k—l)}k_1 —\ nal/(=1) 4 y1/(k=1)
and so, by (6),

TnlY
T+l = 1

{x}/@,n + /=) }’“

zy
{ngjl/(kfw—‘,—yl/(k*l)}
k—1
21/ (k=1)y1/(k—1) /(b1
{nxl/(k—1)+yl/(k—l) +y /(k=1)

l‘y2

{(n+1)zt/k=1) 4 yl/(kq)}k’—l y
_ zry
T {(n+ D)al/(k=1) 4 g1/ (k=1) k-1
as desired. Hence by mathematical induction (5) is correct for all posi-
tive integers n. -

=)

6. Nonisotropically Starlike Sets in R”

Definition 6.1. Let n € N withn > 2. A set S C R" is said to be
k-nonisotropically starlike with respect to the origin whenever t*x € S
for any x € S and t € [0,1].

Remark 6.2. (a) A set S C R" is stralike with respect to the origin
if and only if it is 1-nonisotropically starlike with respect to the origin.

(b) Any k-convex subset of R™ containing the origin is k-nonisotropically
starlike with respect to the origin.

(c) If f is a k-convex function on a k-nonisotropically starlike set
S C R™ with respect to the origin satisfying f(0) < 0, then

f(tx) = f(t*x + (1 = 1)€0) < tf(x) + (1 — 1) £(0) < tf(x)
for any x € S and t € [0,1].
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Definition 6.3. A function f : R — R is called positively k-
homogeneous whenever

f(t*x) =tf(x) for xe€R" and t>0.
Lemma 6.4. A positively k-homogeneous function f : R" — [0, c0)
is k-convex if and only if
(7) fx+y) < f(x)+ f(y) forany x,y€eR"

Proof. (<=) Let (x,a), (y,b) € Epi(f). Since f(x) < a and f(y) <b,
it follows from the subadditivity (7) and the positive k-homogeneity of
f that

FI(L =t x +t%y) < f((1 - 1)*x) + f(t5y)
=1 -t)f(x)+tf(y) < (1 —t)a+tb,
for every t € [0,1], so (1—t)®D(x,a)+t&D(y,b) = (1—t)kx+tKy, (1—
t)a +tb) € Epi(f). Hence, Epi(f) is (k, 1)-convex and we conclude that

f is a k-convex function according to Theorem 3.4.

(=) Let x,y € R and let € > 0. Put

e

A€ 8=
Cf)+ fly) +€ '

Clearly, a, 8 > 0 and a + 8 = 1. Observe that

1 k

k k

ax€+6y€:< ) X+y)

et rmre) XY

By the positive k-homogeneity and by the k-convexity of f we get that

fx+y) fx) f(y)
- +p - <1
f(x)+ f(y) fx)+5 " fy)+5
and so f(x+y) < f(x)+ f(y) + €. But since € was arbitrary, we obtain
the required subadditive inequality (7), and the proof is complete. ]

T SOéf(XE)—f‘ﬁf(ye)SCK

From now on we assume that S C R" is a k-nonisotropically starlike
domain with respect to the origin.

Definition 6.5. We define a functional hy g : R — [0, +00) by
his(x) :=inf{t >0: (1/t)*x € S}  for x €R",
which is called the k-Minkowski functional of S.
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We now recall the following elementary properties of Minkowski func-
tionals, which can be found in [1] and [3].

Proposition 6.6. The following properties hold:
(a) hy s(t%x) = thy g(x) for any t > 0 and x € R".
(b) S ={x e R": hyg(x) < 1}.

(c) hx,s is uniquely determined by (a) and (b)

(

d) hx,s is upper semicontinuous on R™.

Finally, we characterize k-convex sets in terms of its k-Minkowski
functionals:

Theorem 6.7. The following three properties are equivalent:
(a) S is a k-convex set
(b) hy,s is subadditive, i.e, it satisfies the triangle inequality.

(c) hx,s is a k-convex function

Proof. Since hy s is nonnegative and positively k-homogeneous by
Proposition 6.6 (a), the equivalence of (b) and (c) is a consequence of
Lemma 6.4.

(b)=(a): Let x,y € S and 0 <t < 1. Then by (b) and Proposi-
tion 6.6, one has

hes(1— )% + t5y) < by s((1 — 1)%%) + hie s (t¥y)
= (1 —t)hi,s(x) +thes(y) < (1—t)+t=1.

Hence making use of Proposition 6.6 once more, we have (1—t)kx+tky
S.

(a)==(b): Let x,y € S and let € > 0. Put x,y,, o, be as in the
proof of Lemma 6.4. Clearly, x¢,y,. € S by Proposition 6.6 (a) and (b).
Note that o, 8 > 0 and o+ 8 = 1. So the k-convexity of S implies that

1 8 K K
+y)= et By €S
(hk,s(X) + hes(y) + 6) (xty) =+ 5y

By using again Proposition 6.6 (a) and (b), one has hxs(x +y) <
hy,s(x) +hi s(y)+¢, and the desired result follows since € was arbitrary.
O
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