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A NOTE ON ANALOGUE OF WIENER SPACE WITH
VALUES IN ORLICZ SPACE

YEON HEE PARK

Abstract. In this note we find the upper bound for p(u™, M) =
fOT O'"(t)‘ p(s)dsdt and show that F(y) = y" is m}’-Bochner inte-
grable on C'(Oyr) for 0 <t < T when fO}\l lwol|3rdp(uo) is finite.

1. Introduction

In this section, we present some notations, definitions, Theorems and
Remarks from [4][9].

(1) A real valued continuous function M (u) is called an N-function
Mu) _ M(u)

w u

if it is even and satisfies lim,,_,q 0 and lim,_,s = 00, equiv-

alent to it admits of the representation M (u) = O‘u‘ p(t)dt when the
function p(t) is right continuous for ¢t > 0, positive for ¢ > 0 and nonde-
creasing which satisfies the condition p(0) = 0 and lim;—, p(t) = oo.

(2) Let p(t) be a function which is positive for ¢ > 0, right contin-
uous for ¢ > 0, nondecreasing, and satisfying conditions p(0) = 0 and
limy oo p(t) = co. We defined the function ¢(s)(s > 0) by the equality
q(s) = suppy<st. Then g(s) is positive for s > 0, right continuous for
s > 0, nondecreasing and satisfies ¢(0) = 0, lims_,o g(s) = co. The
functions M (u) = Au‘p(t)dt, N(v) = Av‘ q(s)ds are called mutually
complementary N-functions.

(3) We say that the N-function M (u) satisfies the Ag-condition for
large values of w if there exist constants k > 0,ug > 0 such that

Received October 23, 2015. Accepted December 1, 2015.
2010 Mathematics Subject Classification. 28C20.
Key words and phrases. analogue of Wiener measure space. Orlicz space.



506 Yeon Hee Park

M(2u) < kM (u),(u > up) and we say that the N-function M (u) satis-
u?)

fies the A,-condition if Euﬁw% < 0.

Remark 1.1. (a) The Ag-condition is equivalent to M (lu) < k(1) M (u),
[ > 1 for u > uyg.
(b) The N-function M (u) satisfies the Ay -condition is equivalent

(c) If N-function M (u) satisfies the Ag-condition, then there are two
constants « > 1, ¢ > 0 such that M (u) < c|u|® for large value of u.

(d) If N-function M (u) satisfies the A,-condition, M (u) satisfies the
As-condition.

Proof. Since limy_yoo M(( )) < 00, there exist ug > 2 and k£ > 1 such

that M (u?) < kM (u) for u > ug. If u > 2, then 2u < u? and M (2u) <
M (u?) < kM (u) for u > ug. So M (u) satisfies the Ag-condition. O

(4) For a N- function M and a measurable function w : [0,7] — R,
let p(u, M) fo fo u®l ) s)dsdt. The space Ky =
{ulu : [0 T] — R, p(u M) < oo} is called Orhcz class and let Kps be
the space of all equivalence classes of functions in s which are equal
almost everywhere with respect to the Lebesgue measure.

Remark 1.2. K, is linear iff M satisfies the As-condition.

Lemma 1.3. If N-function M (u) satisfies the A,-condition, then for
k>1,

n

/0 " p(s)ds < K /0 " p(s)ds.

Proof We show by mathematical induction. Let n = 1. Then

Jo p(s)ds < k [ p(s)ds, k > 1. Since M (u) satisfies the A,-condition,

limy o0 A]@(f")) < 00. So there ex1st k > 1,up > 2 such that M(u ) <

kM (u )foru > ug. Therefore fo s)ds = ( ) <kM(a) = kfo
< k2 fo s)ds for k > 1. Assume that n = m. Then fo s)ds <
kmfo ds If n>m+ 1 n=2m,

n 2m

/0“ p(s>d5:/0“

m

(a™)? a
p(s)ds = /0 p(s)ds < k:/o p(s)ds
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Ifn=2m+1,
a™ a2m+1 a2m+2 (arn+1)2
[ ooas= [ pois< [ peds= [ psjas
0 0 0 0
m—+1 2m

<k [
0

Hence for all n, foanp(s)ds < k" [ p(s)ds. O

p(s)ds < k:/ p(s)ds < kam/ p(s)ds = kzmH/ p(s)ds.
0 0 0

Lemma 1.4. Let N-function M (u) satisfies the A,-condition. For
a N function M( ) and a measurable function u : [0,T7] — R, let

fo fou s)dsdt. Then

p(u™, M) < k" / ma] / M sys. /Oap(s)ds}dt.

Proof. Let A= {t € [0,T]|u(t) > a} and
let B=1[0,T]—A={te]0, T\u()<a}

p(u™, M) s)dsdt
/ [
= [ ( p(s)ds)dt + [ ( o p(s)ds)dt
K /B J

n

<[ " pdsyat + L[ psras
< [ Y s)as)a + L[ oty
< k" /0 " o /0 o p(s)ds, /0 " p(s)ds Ydt.

(5) Let M and N be mutually complementary N-functions. We let
Dy = {u € Kylu : [0 T] — R is measurable such that for all v in
Ky, (u,v) f[OT t)dt < oo}. Let Oy be the space of all equiv-
alence classes of functlons in Djs which are equal almost everywhere
with respect to the Lebegue measure. From Young’s inequality, we have
Ky C Opn. For win Opy, [[ullar = sup,, ny<i [(u, v)] is called the Orlicz
norm of v and ||luf|(5s) = inf &, where the infimum is taken over all £ > 0
such that p(u/k, M) <1, is called Luxemberg norm of u.

O]
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Remark 1.5. (a) For u in Oy, ||ullpr = 14 p(u, M).

(b) If M satisfies the Aa-condition, then (O ,||ul|as ) is a separable
Banach space and Ky = Oyy.

(c) For u in Onp,llullary < llullar < 2|ullar

(d) Let M and N be mutually complementary N-functions. Let Eyy
be the closure of L, with respect to the topology generated by the norm
| - llar and V* be the dual space of the normed vector space V. Then
(Errs |- )™ = (On, | - [Iv) and (Ear, || - 1ar)* = (O, [ - ()

(e) If M satisfies the Ag-condition, then Ey = Oy = Ky, So if M
satisfies the Ag-condition, then (Oyy, || - ||ar) Is reflexive.

(f) Since Loo C Lo C Oy, the closure of Lo with respect to the
topology generated by the || - ||ar is Opy.

(g) Let M and N be mutually complementary N-functions. For u in
Ou and v in O, |(u, )] < p(u, M) + p(v, N, [(w, )] < Jullaellell vy
and |(u,v)| < [ullapl[olly- Hence for u in Lo, ulla < lullar < 2lullar

(h) If M satisfies the A,-condition, then for u in Oy, u? belongs to
O

(i) If M satisfies the A,-condition, then for u,v in Oy, there exists
a constant ¢ such that ||uv||ar < c||ul|ar]|v]|ar-

(6) A subset I of Lo of the form I = {u € Ly|P(u) € F'} is called a
cylinder set where P is a finite dimensional orthogonal projection of Lo
and F is a Borel subset of P(L2). The Gaussian measure on Ls is a set
function of all cylinder sets defined as follows: If I = {u € Ly|P(u) € F'}
then u(I) = (2m)~"/? Iz e~ 11724t where n is the dimension of P(Ls).
Then f is not o-finite. Suppose {e,|n € N} be an orthonormal ba-
sis of La. Let pie, ... e, (F) = p{u € La|((u,e1),(u,e2), -, (u,e,)) €
F}. Then {fte,, ... ¢, } is a consistence family of probability measure.
By Kolomogorov’s theorem, there exists a probability measure space
(Q,w) and random variables &, : @ — R (n € N) such that w({z €
Q|(&1(2),&(2), - ,&n(2)) € F}) = ey, e, (F). Without loss of gener-
ality, we can put 2 = Ojs because Oy C Lo, the space of all measurable
functions on [0, 7] with the topology of convergence in measure.

Remark 1.6. (a) Oy is a closed subset of Ly.
(b) For nonzero v in Oy and for a real number a,

w{u € Op|(u,v) < a}) = et/ ClIvly) gt

i L
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(7) For two Borel measures m; and mg, we let my x mo(E + F) =
mi x ma(E x F) for E, F in B(O)y), the set of all Borel subsets of Oy.
For A > 0 and for B in B(Oy), let wx(B) = w(A~'/2B). Then for two
positive real numbers s and ¢, wy *xw = W EE and wy * g = w), where
do is the Dirac measure centered at 0.

2. The analogue of Wiener space with value in Orlicz Space

In this section, let M be an N-function which satisfies the A,-condition.
Let M and N be mutually complementary N-functions. Let C(Oy) be
the space of all continuous functions defined on the interval [0, 7] with
values in Oy in the norm ||y[lc(o0,,) = supo<i<r |¥(t)|lar and ¢ be a
probability Borel measure on @yy. Let t = (to,t1,- -+ ,tn) be given with
0=ty <ty <<ty <T and let T} : O”M+1 — (’)7]\71 be a function
given by

n
z_’{(l'o,l'l,' o 7xn) - (xO;xO + \/Exly' 5,0 +Z \/ t] *tjfll‘j)
7=1

We define a set function v? on B(O1) given by

= [ 1] ety a s [[o)e - mldotr)

M j=1

where xp is a characteristic function associated with B. Then v?

is a Borel measure on (O, B(OYY)). Let Jr : C(Oy) — OFf!
be a function with Jx{y) = (y(to),y(t1), -+ ,y(tn)). For Borel subsets
By, Bi,--+ , By in B(Op), the subset J-!([[j_y B;) of C(Op) is called
an interval. Let J be the set all such intervals. Then from [7], J is a semi
algebra. We define a set function My on J by M¢(thl(]_[?:0 Bj)) =
U?(H?:o Bj). Then from [7], My is well defined on J, B(C(Op)) co-
incides with the smallest o-algebra generated by J and there exists a
unique measure mé/[ on (C(On), B(C(Opr))) such that mé/[(l) = My(I)
for all T in J. This measure space (C(OM),B(C(OM)),WL%) is called
the analogue of Wiener measure space with values in Orlicz Space.

From the change of variable theorem, we have the following two the-
orems from [9].



510 Yeon Hee Park

Theorem 2.1. If f : (’)]’(”/;rl — R is Borel measurable and F' :
C(Opm) — R is a function with F(y) = f(y(to),y(t1), -+ ,y(tn)) then
the following equality holds

i/OM[/O (f OT{)((ZL’O,CBL... ’xn))d(H w)(xy, - - axn)]CM)(ZUo)

n
M j=1

where = means that if one side exists then both sides exist and the two
values are equal.

Theorem 2.2. If f : R""' — R is Borel measurable and v is a
nonzero element in Oy .

/ F((0,5(t0)), (0, y(E), -+ (v, y(ta)))dm ()
C(Onr)

%%WWQEWFWJWL%jm%mJH

n

1 (S] — ijl)g
P dsndsp—1 - ds1]do(s
ot 2[|vll vy ]Z_: ti—tj—1 } 1 - ds1]d(so)

where = means that if one side exists, then both sides exist and the two
values are equal.

Lemma 2.3. Let M satisfies the A,-condition. Foru € Opy,||u"||ar <
p(u”, M) + 1.

Proof. By Remark 1.5 (a) and (h), ||u|lar = 1+ p(u, M). Since Oy is
linear, u™ € Oyr. So we replace u with «™. Hence |[u"|[ar < p(u™, M) +
1. O

Theorem 2.4. Suppose fOM |uol|Nyde(ug) is finite. Then for 0 <
t<T, Fly) =y" is mé/[-Bochner integrable on C(Oyy).

Proof. Let D be the set of all rational numbers in [0,7]. Then we
can write D = {t,| n is a natural numbers }. For a natural number m,
let Dy, = {t1,t2, -+ ,tm}. Then by the monotone convergence theorem
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and by Theorem 2.1, and let A = max{p(u¥, M) + 1|k =0,1,2,--- ,n}.

Since F' is weakly measurable and C'(Oyy) is separable, from [2], F(y)
y"is m¢ -Bochner integrable on C(Oyy).

1]

/ 1" e onydm (y) = / sup [y (&)™ [ asdm (3)
C(On) C(Oyp) teD

_ /C ( lim_ sup y(t )| ardm (y)

O ) m— 00 teD

= lim sup [|ly(t)"|ardmy (y)
m=—00 OM tEDm

= lim / / sup ||( uo—i-\[ul)"Hde(ul)dqzﬁ(uo)
m—+00 On J O tEDm

IN

S () Nl o

lim / /
m—r0o0 OM O]\/Ik 0

)mk /O /O e a1 oo (b (o)

L[]+

> 3

> 3

)(ﬁﬁ |l by 4 1hdotan) [ ol o

Om Oum

< 0( b ) W 40O [ ol d(un) < o

Onm

ol

O
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