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Mathematically deductive reasoning skill is one of the major learning objectives stated in
senior secondary curriculum (CDC & HKEAA, 2007, page 15). Ironically, student per-
formance during routine assessments on geometric reasoning, such as proving geometric
propositions and justifying geometric properties, is far below teacher expectations. One
might argue that this is caused by teachers’ lack of relevant subject content knowledge.
However, recent research findings have revealed that teachers’ knowledge of teaching
(e.g., Ball et al., 2009) and their deductive reasoning skills also play a crucial role in stu-
dent learning. Prior to a comprehensive investigation on teacher competency, we use a
case study to investigate teachers’ knowledge competency on how to teach their students
to mathematically argue that, for example, two triangles are congruent. Deductive rea-
soning skill is essential to geometry. The initial findings indicate that both subject and
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pedagogical content knowledge are essential for effectively teaching this challenging
topic. We conclude our study by suggesting a method that teachers can use to further im-
prove their teaching effectiveness.

Keywords: mathematics teachers’ competency, pedagogical content knowledge, congru-
ent triangles
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INTRODUCTION

It is often challenging for teachers to teach students to use logical deduction when
proving geometric propositions. The difficulty of formally proving geometric proposi-
tions frustrated students; they often find it difficult to write coherent and logical argu-
ments, even though they have an idea of what the final result should be. This occurs even
during a simple proof of the verification of two similar or congruent triangles in an irreg-
ularly-oriented geometric figure. Writing down a systematic sequence of arguments in
proper mathematical language requires a skilful mastery of mathematical symbols and
logic. Sharpen students’ deductive reasoning skills is challenging.

When we mention a mathematics learning disability, we intuitively refer to a student’s
difficulty in learning abstract mathematical concepts. By contrast, in his frequently cited
paper “Why Jonny Can't Prove”, Dreyfus (1999) explained why it is difficult to train stu-
dents to present a logical proof. He stated that students cannot correctly and logically
write down a proof because they lack training on how to reach, from an explanation
through an argument to justify the proof of a theorem or proposition.

Deductive argument and reasoning are necessary to prove geometric propositions.
Proving the congruence of two triangles is a topic that both teachers and students com-
monly find difficult, to teach and learn respectively.

From the time students learn to compare two mathematical quantities, they are asked
to determine the values of these two quantities, and identify which quantity is greater or
less than the other. When asked to compare two figures, such as, two triangles, we inevi-
tably measure their sizes (areas). However, other than the measurement and the abstract
aspects of topological equivalence, another method exists for comparing the equality of
two triangles — whether they are similar or congruent. When justifying similarity and
congruence, one must identify the condition (same shape, for similarity) to prove similari-
ty and its size to prove congruency (congruent shapes are of the same shape and size).
Geometry learners and teachers must be able to initially visualize a geometric image to
justify common features during comparison. This ability involves the capability to identi-



Prospective Teachers’ Competency in Teaching how to Compare Geometric Figures 173

fy figures with the same shape even if they are different sizes, to deduce geometric prop-
erties from the figures that students perceive. Unfortunately they do not necessarily pos-
sess the ability to see through the geometric imagery to obtain the elements of compari-
son. To recreate a typical example, we tested a small group of prospective teachers and
asked them to compare the shape of a solid figure projected onto a plane, and vice versa.
The test problem required the prospective teachers to construct a plane figure that would
generate the illustrated solid. To our surprise, some of the teachers could not answer the
problem completely correctly. Two of the teachers could not even visualize the images of
revolution (See Figure 1(b), (c)). For some information on visualization and imagery, re-
fer to studies by Jones & Bills (1998).
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Figure 1. Deficiencies in interpreting a three dimensional solid figure and its two
dimensional representation, which reflects difficulties depicting geometric features
by comparing of shapes under dimensional exchange of geometric figures.

The congruency and similarity of triangles are two major topics included in the local
secondary mathematics curriculum. Deductive reasoning skills are essential for justifying
the congruence of two triangles. Two triangles are congruent if they are of the same size
and shape. The sizes of the interior angles (A), the lengths of the corresponding sides (S),
and the special case: (a right angle (R) and the length of hypotenuse (H) and another side
(S) contribute to the prerequisite conditions for congruence. It is always challenging to
teach this topic. The underlying reason why a minimal number of conditions (e.g. A.S.A.)
sufficient for congruence is a key concept to understand and many students finds it diffi-
cult in justify the reason. A competent teacher is supposed to clearly explain the following
conditions to justify why a pair of triangles is congruent:



174 LEUNG, K. C. Issic; DING, Lin; LEUNG, Allen Yuk Lun & WONG, Ngai Ying

(1) Any one of four conditions: S.S.S., A.S.A,, S.A.S., and R.H.S. is sufficient to show
that two triangles are congruent;

(2) Comparing three features (S and/or A) is sufficient to show that two triangles are
congruent;

(3) Neither condition A.S.S. nor A.A.A. are sufficient to show that two triangles are
congruent; and

(4) R.H.S.is a special sufficient condition.

These four propositions included all aspects of what students should learn regarding
congruent triangles in the secondary school curriculum. Teachers usually find it difficult
to teach condition (2) to (4), and they tend to teach students to check the measures (angles
and sides) of two given triangles before concluding that they are congruent according to
one of the four conditions stated in (1). Our teaching experience tells us that few students
can properly explain why condition (4) is a special case of (3). That is, in a special case,
insufficient condition A.S.S. becomes sufficient condition R.H.S.

THEORETICAL BACKGROUND

Mathematics learners may easily acquire knowledge from multiple representations of
a described concept through the inferential connections between corresponding elements
and structures in those representations (Seufert 2003; Mayer 2003). When learning plane
geometry, these representations are mainly plane figures. Research findings have indicat-
ed that students may not be able to perceive a geometric figure and comprehend its prop-
erties without having the real object physically placed in front of them (e.g., Piaget & In-
helder, 1967); Jones, 1998); Fujita, Jones & Yamamoto, 2004a; Fujita, Jones & Yamamo-
to, 2004b; Jones & Bills, 1998). When justifying that two triangles are congruent, teach-
ers may show students two identical paper-cut triangle, placing them on top of each other
to demonstrate that they are the same. However, this is not a rigorous proof justified
through geometric reasoning. Teaching geometry requires teachers to present dual picture
demonstrations and narrative explanations of their abstract images of real objects to stu-
dents. The bridge between a real object and a student’s mental image is a relevantly con-
structed geometric figure that is well perceived by the student. A crucial step required for
geometry teachers to deliver effective instruction is to unpack the mathematical
knowledge and ideas and scaffold them for students (Ball et al., 2009). However, our ex-
perience shows that misconceptions of geometric properties sometimes occur because
students are not able to transform the image of the observed structures into a meaningful
geometric interpretation. Decreasing the number of opportunities for believing miscon-
ceptions is challenging to teachers when teaching abstract geometric concepts. In particu-
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lar, when teaching the concept of congruent of triangles, students must learn to justify the
pre-conditions, and deduce the conclusion by checking the sufficiency of these conditions.
Real object presentation is hardly a helpful metaphor for learning to use logical argu-
ments to make this justification. For example, placing two right-angled triangles together
as a pair of half rectangles (formed by cutting a rectangle along a diagonal; see the figure
2(a)) would be straight forward for students to see that the two triangles are identical.
This is a procedure of “seeing first, justifying later” is easy. However, justifying that tri-
angles that appear in a complex diagram with different orientations or backgrounds are
congruent (Figure 2(b), two triangles are circumscribed by a semi-circle) takes some de-
ductive reasoning to reduce uncertainty and to lead the argument logically toward the
conclusion.

Figure 2. Any of the four conditions: S.S.S., A.S.A., S.A.S., and R.H.S. can justify
the congruence of a pair of half rectangles in (a), but justifying the congruence of
the two circumscribed triangles in (b) requires rigorous deductions.

Apart from student learning disabilities, teaching disabilities may also exist, in the
sense that teachers themselves may not possess the relevant competency required to teach.
This competency consists of a certain standard of subject matter knowledge (SMK) and
pedagogical content knowledge (PCK) (Ball et al., 2009; Hill, Ball & Schilling, 2008;
Shulman, 1986). Ball (2005) also included common content knowledge (CCK) and spe-
cialized content knowledge (SCK) in their construct of SMK. In particular, they defined
SCK, which is different from CCK, as something “that allows teachers to engage in par-
ticular teaching tasks, including how to accurately represent mathematical ideas, provide
explanations of common rules and procedures, and examine and understand unusual solu-
tion methods to problem” (Ball, 2005). By contrast, Buchholtz et al. (2013) emphasized
Klein’s concept of elementary mathematics from an advanced standpoint (EMFAS) as
another essential component of teachers’ professional knowledge. The results of their in-
ternational comparative study (Buchholtz et al., 2013) indicated that prospective teachers
from countries where students achieve top mathematics performance in international as-
sessments, still find it difficult to systematically connect school mathematics and univer-
sity knowledge. The EMFAS construct is different to the concept of SCK. EMFAS is
more related to mathematical concept, and SCK refers to mathematics knowledge applied
to teaching. However, we hypothesize that EMFAS and SCK share common content, both
of them lead to conceptual-understanding oriented mathematics teaching.
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This paper presents the result of a portion of a larger study. We investigated how capa-
ble the Hong Kong (HK) prospective mathematics teachers were at delivering the con-
cepts related to the sufficiency of congruent triangles. In particular we aimed to answer
the followings questions:

e What SMK and PCK do HK prospective teachers possess for teaching the topic of
congruent triangles?

o How does the geometric thinking of the HK prospective teachers relate to the richness
of PCK when teaching the concept of congruent triangles?

Student achievement is closely connected to teachers’ knowledge and skill when
teaching mathematics. (Ma, 1999; Tchoshanov, 2011). Barlow & Reddish (2006) asserted
that mathematical ideas are initially based on intuitive notions and that deduction is an
essential skill required for mathematical arguments and proofs. We also believe that it is
essential for geometry learners to undergo a rigorous process to learn deductive reasoning
skills before they can master geometric arguments (Jones & Mooney, 2003; Brown, Jones
& Taylor, 2003). Using the example of identifying a pair of congruent triangles, the capa-
bility of mathematics teachers relevant to effectively delivering the concepts of congru-
ence and justification through deductive reasoning of the conditions of congruency re-
flects the richness of their SMK and PCK.

METHOD

This paper describes a portion of a larger project in which two groups of prospective
secondary mathematics teachers from HK participated. The prospective teacher were in
either their third or fourth year of study toward a Bachelor of Education majoring in
mathematics, or were full-time or part-time students enrolled in the Postgraduate Diploma
in Education in mathematics program. The project comprised both quantitative and quali-
tative data collection. Quantitative data were collected using a questionnaire on prospec-
tive teachers’ beliefs on the nature of mathematics, mathematics teaching and mathemat-
ics knowledge. Based on the results of this phase, five participants were selected to take
part in the second phase, which constituted an interview aimed at capturing the prospec-
tive teachers’ PCK and SMK relevant to teaching three topics. They were assigned the
pseudonyms: Shing, Fai, Alan, Henry and Patrick. Video-based interviews were em-
ployed in second phase. The video was a TIMSS 1999 HK video and the video was of a
40-minute Grade 8 lesson. During the interview, both the researcher and interviewee sat
next to each other. The researcher controlled the video play and asked questions (Figure
3).
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Figure 3. The context of video-based interview

The candidates were asked hypothetical questions based on the teaching in the video
teaching, where illustrative examples and diagrams were used in the classroom. They
were required to respond to the teaching approaches used by the demo teacher in the vid-
eo clip of the lesson. The hypothetical classroom environment enables prospective teach-
ers to experience an intermediate stage of professionalism because professional teachers
are pragmatic, application directed, and survival oriented (Vermunt, 2007). We modified
and adopted questions in the interview that were developed by Wong & Su (1995). The
questions, were hypothetical in nature. The questions were:

o “As a start, how would you introduce this topic?”

“What do you think the expected teaching and learning goal of that particular sub-
routine was?”’

o “What would you do if a student indicated that she or he didn 't understand this?”

e “Ifyou must proceed in a way that is different from that shown in the video, what other
teaching strategies can you think of?”

“How would you proceed at this stage of the lesson?”

The interviewees watched the video and sometimes wrote answers on the whiteboard.
The whole process was recorded. We adopted the interview questions from Wong & Su
(1995), referenced Hill, Ball & Schilling (2008) and Ball et al. (2009), and used the MKT
framework (and incorporating EMFAS). The elements of knowledge are depicted in Table
1. According to the framework and knowledge of content and teaching (KCT), knowledge
of content and students (KCS) constitute most PCK, while CCK and SCK constituent
most of SMK.
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Table 1. Interview questions and how they correspond to PCK categories

Interview questions

Video context

KCT

KCT

PCK

KCS
KCT

How do you view the teacher’s 10
warm-up exercises that are used
as the introduction in the video
clip? If you were teaching this
topic, how would you introduce
this topic on congruent triangles?

Why did the teacher ask the stu-
dents to write down the steps that
they had completed and asked the
other students in their group fol-
low these steps?

If you were the teacher, would
you use similar methods? If not,
what alternative methods would
you use to achieve your goals?

How did you interpret the stu-
dent’s thinking when she said “I
could write all my angles and all
my sides”?

If you were the teacher, how
would you respond to your stu-
dent?

The teacher in the TIMSS video assigned the
students 10 warm-up exercises as part of the
introduction to this lesson based on the fol-
lowing pair of right —angled triangles.

B E

A C D F
Figure 4. A pair of right-angled triangles
used by the teacher in the video

To understand the different requirements to
prove that two triangles are congruent. Teach-
er in the TIMSS video organized group work.
Each person in the group constructed a trian-
gle and wrote down the steps that were fol-
lowed to construct it. The group members
followed the instructions to construct a new
triangle to check if the two triangles were
congruent. They determined the minimal
numbers of sides and angles required to con-
struct the congruent triangles.

During the group work, one student suggested
writing down all of the sides (lengths) and
angles of the triangle she had constructed for
her group members to reconstruct.

CCK
SCK

SMK

Why is R.H.S. a condition and a
special case (special case) of
A.S.S.?

After the group activity, the teacher explained
the R.H.S. method. Some students were con-
fused about the difference between R.H.S.
and A.S.S

RESULTS AND ANALYSIS

KCT- How would you introduce the topic regarding congruent triangles?

All five HK prospective teachers had a negative opinion of the teacher’s approach (in



Prospective Teachers’ Competency in Teaching how to Compare Geometric Figures 179

the TIMSS 1999 video) to introducing the topic by assigning 10 warm-up problems be-
cause they were concerned with the lesson time constraint. Instead, four prospective
teachers, excluding Alan, suggested that the relevant information should be introduced in
a more straightforward manner. All four of teacher would have prepared pairs of triangles
to allow the students to identify the properties of congruent triangles.

The types of triangle pairs that they preferred to draw on the chalkboard also reflected
their various understandings of what should be viewed as prerequisite knowledge for the
taught topic. For example, Patrick indicated that the “same angles and same sides” could
apply to all polygons. He suggested drawing a pair of pentagons and a pair of hexagons
with same corresponding angles and sides for students to observe and explore.

In addition, he also stated that the orientation of the pair of right-angled triangles (in
Figure 4) might confuse students. He suggested drawing the triangles with the same ori-
entation. Henry suggested preparing the four pairs of triangles to introduce the different
conditional requirements for congruence.

“There are four types [of requirement], R.H.S., S.S.S., S.A.S., and A.A.S., and she [the
teacher in the TIMSS 1999 video] didn’t point out which type it was. If | had taught the
class, | would have given some sets of triangles to my students so that they would be
able to remember which type they were. Is that S.S.S.? Is that R.H.S.? Is that ....? Some-
thing like that. I think that this would help the students remember which type is which.

Also, one type is S.S.A. | would also give them two types of S.S.A. to see whether they
are congruent because this is a common mistake.” (Henry)

Only Alan agreed with the teacher’s approach, but he suggested that extra questions
should be provided for different needs. As he mentioned,

“Maybe some students can finish 10 questions in 1 minute. Maybe some students need
10 minutes. So... [ would provide extra questions for the high-ability students.” (Alan)

KCT: What methods would you use to help students learn the different conditions to justi-
fy that the given triangles are congruent?

Before asking the prospective teachers’ about their methods of teaching the concept of
congruent triangles, the five prospective teachers were invited to comment on the func-
tion of group work adopted by the teacher in the video clip. Similar to their attitudes to-
ward the warm-up exercises, all five prospective teachers tended to reject this type of
group-activity. In addition to their time limitation concern, they claimed that the activity
was to complex. They were probably influenced by the capability of the students they
were currently teaching. Two prospective teachers Patrick and Shing, suggested providing
more hints and guidelines to facilitate the students’ own discovery.

“First, I let the student use your method... their method to design one... a pair of con-

gruent triangles. If they cannot draw them, then | guide them to focus on the angle rela-
tionship, the side relationships ... This can help them to discover it.” (Shing)
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Two prospective teachers, Fai and Henry, proposed other manipulating activities. Hen-
ry suggested cutting different triangles out of paper. Some of their sides or angles should
be fixed, and students could be asked to rotate the triangles to see that some of them over-
lapped. Fai suggested using toothpicks to form different pairs of triangles with some of
fixed sides or angles.

“We can have a toothpick that is 10 cm long, and use it as one side to form two trian-
gles.... It is easier to change the other sides or angles of the two triangles and see if they

are congruent. I think it will be easier to understand by manipulating it with real objects.”
(Fai)

{ SSA) " 414
Figure 5. Fai’s toothpick-forming examples

KCS and KCT: How did you interpret the students thinking when she (the student in the
TIMSS video) suggested writing down all the angles and all the sides? How would you
respond to this student?

The KCS of the five prospective teachers when responding to the student’s (in the
TIMSS video) suggestion to “...write down all sides and angles for the other group mem-
bers to follow” was demonstrated to be insufficient. All the prospective teachers misinter-
preted her statement as a reflection of her poor capabilities (e.g., Shing) or they felt that
the student did not know what to do during the group activity. Correspondingly, the
methods that they selected to respond to the student tended to be practical and straight-
forward. Here is one typical response:

“Of course, three corresponding angles and sides that are equal can prove that the trian-
gles are congruent. | would talk about some special requirements, for example, if two
corresponding sides are equal, and the corresponding angles between the two sides are

equal, even though we do not know whether the third sides of two triangles are equal, we
can still justify that the triangles are congruent.” (Fai)

CCK and SCK: Why RHS is a condition and a special case (special case) of A.S.S.?

No interviewees identified that R.H.S. is actually a condition and a special case of
A.S.S. Most of them only claimed that R.H.S. is a rule specifically for the case of right
angled triangles or they explained the R.H.S. rule. Alan explicitly admitted that his
knowledge on teaching the topic was weak and he did not know why. Only Shing at-
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tempted to compare the A.S.S. and R.H.S. rule, however, his explanation reflected that his
knowledge was merely procedural.

“In comparing A.S.S. and R.H.S., we find that for R.H.S., we know one right- angle one
side and the hypotenuse; for A.S.S., the length of the last side cannot be fixed.” (Shing)

What Shing intended to say was that the last condition (the length of side) for A.S.S.
could not be determined. He might have known that the corresponding sides of the two
triangles may exhibit different orientations, hence they could have different shapes even
though they are the same length. However, Shing still could not properly explain the suf-
ficiency of R.H.S. This knowledge is typically a type of SCK.

CONCLUSION

The teacher on the TIMSS 1999 video intended to teach the concept of sufficiency
through an activity that allowed students to explore the minimal conditions required to
justify the congruence of triangles. The first objective appeared to have been met: identi-
fying the three sufficient features (a combination of sides and angles). The second objec-
tive was to identify the four conditions: S.S.S., A.S.A., S.A.S., and R.H.S. The TIMSS
teacher did not clearly explain why R.H.S. is special (Item (4) in the Introduction), nor
did the prospective teachers. A competent teacher should understand why R.H.S. is spe-
cial and they should be able to explain why A.S.S. (Item (3) in the Introduction) is an in-
sufficient condition. In other words, a competent teacher should be able to disprove the
proposition “A.S.S. is a condition for congruence” by using an illustrative counter exam-
ple, and simultaneously demonstrating that R.H.S. is a special case of A.S.S.

Examples and counter examples are common teaching approaches used to illustrate an
abstract concept when teaching mathematics. In an experiment, Tapan (2009) classified
various types of example according to the level of rigor:

Nave empiricism — conclusion based on a small number of cases

Crucial example — a consideration based on the examination of a number of cases
Generic example — a thought experiment, such as intellectual proofs and arguments
based on concepts and language

Counter example — to disprove a false statement or an incorrect proposition

A competent teacher should be able to achieve at least the last two levels of rigor when
illustrating an example while teaching.
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A

Figure 6. Comparing two triangles in an illustrative example (a), a counter example
(b), and the special A.S.S case (c)

(b) (c)

During the interview, four of the prospective teachers (except Alan) demonstrated that
two triangles of different shapes that are next to each other satisfy the A.S.S. condition
(Figure 6(a)), but they did not show that the two triangles could be put together to
demonstrate the different shapes in one diagram. They only reach the second level (using
crucial examples) defined by Tapan (2009).

Figure 6(b) is a more useful illustration because students can easily grasp the idea that
the two triangles come from the same family, because of the construction of an arc inter-
secting the third side, instead of two isolated and disconnected triangles. Students can see
that the two intersecting points on the arc connected to the bottom right vertex are the ra-
dii of the same circle. (see Figure 6(b), and the experiment on a geometric counter exam-
ple conducted by Potarri, Zachariades & Zaslavaky (2009).

If the two intersecting points move closer to each other, they meet at one point. That is,
the third side becomes a tangent to the constructed arc. The two radii overlap and be-
comes a single side (H) that is perpendicular to the third side, producing the R.H.S. con-
dition (See Figure 6(c)). This is the optimal method of unpacking (Hill, Ball & Schilling,
2008) such a critical geometric idea personally experiencing construction. Using a coun-
ter example to illustrate insufficiency by showing a pair of triangles with different shapes
and applying deductive argument to demonstrate the special case if R.H.S. from the same
pair of triangles requires teachers to exhibit high level of KCS, KCT and SCK. Unfortu-
nately, none of the five prospective teachers can point out that R.H.S. was a special case.

It is easy to identify that the diagrams of (in Figure 6) the arc intersecting the third
side of the triangle to its tangent reflects the knowledge of geometric construction. During
this construction process, students go through the rigorous procedure of constructing a
specific figure with accurate dimensional measures, such as the equal length of some
lines and edges, parallel and perpendicular lines, and equally sized interior angles. Geo-
metric construction was also the intention of the teacher in the TIMSS 1999 video. Weak
knowledge of geometric construction implies that prospective teachers may be restricted
when transmitting their geometrical knowledge during activity of a construction activity
or justification task (Tapan, 2009). Through construction, even a rough sketch, students
must cognitively perceive many relevant ideas. A geometry teacher should be able to un-
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pack and transmit geometric knowledge to students through classroom activities that in-
volve geometric construction. The question is, how well equipped are our teachers to
teach geometry through geometric construction. Although current information technology
is so sophisticated that we seldom use traditional tools, such as compasses and straight
ruler, construction skills can be used to unpack the mathematical knowledge and ideas
that scaffold student learning. Using knowledge of construction and its geometric impli-
cations as a tool to justify congruence is also a type of EMFAS.

It is difficult to teach the concept of congruent triangles. Diagrams (Figure 6) also
demonstrate how to move from insufficient (A.S.S.) to sufficient (R.H.S.) congruency
conditions. When the height of a triangle is fixed (two sides overlap), all of its angles and
sides are fixed. This tells the learners that three identical properties are sufficient for con-
gruence. This type of logical reasoning is vital for deducing geometric propositions. It is
more useful to justify congruence by performing cross-checking to compare the angles
and sides of two triangles by placing them side by side (Figure 5). Although we only used
a small sample of interviewees, we believe that the SMK and PCK of our HK prospective
teachers are relatively weak. Their geometric thinking related to PCK can be substantially
improved. Unfortunately, geometric construction was removed from the school mathe-
matics curriculum at the turn of the millennium.
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