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ABSTRACT. In this article we study different properties of the statistically convergent and
statistically null sequence classes of fuzzy real numbers with fuzzy metric, like complete-
ness, solidness, sequence algebra, symmetricity and convergence free.

1. Introduction

The concept of fuzzy set, a set whose boundary is not sharp or precise has been
introduced by L. A. Zadeh in 1965. It is the origin of new theory of uncertainty,
distinct from the notion of probability. After the introduction of fuzzy sets, the
scope for studies in different branches of pure and applied mathematics increased
widely. The notion of fuzzy sets has successfully been applied in studying sequence
spaces by Nanda [4], Nuary and Savas [5], Savas [7], Syau [9], Tripathy and Baruah
[11], Tripathy and Dutta [12], Tripathy and Sarma ([13], [14]) and many others.

The notion of statistical convergence was introduced by Fast [1] and Schoenberg
[8] independently. The potential of the introduced notion was realized in eighties
by the workers on sequence spaces. Since than, a lot of work has been done on
classical statistically convergent sequences. It is evidenced by the works of Fridy
[2], alt [6], Tripathy [10], Tripathy and Sen [15] and many others. Though some
work have been done on statistically convergent sequences of fuzzy real numbers
under classical metric, but a very little work has been done on fuzzy metric. This
motivated us to investigate statistically convergent sequence spaces of fuzzy real
numbers by fuzzy metric.
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2. Definitions and Preliminaries

Definition 2.1. A fuzzy real number X is a fuzzy set on R, i.e. a mapping
X : R — I(=[0,1]) associating each real number ¢ with its grade of membership
X(¢).

Definition 2.2. A fuzzy real number X is called convez if X (t) > X(s) A X(r) =
min (X (s), X(r)), where s <t < r.

Definition 2.3. If there exists ¢y € R such that X(tg) = 1, then the fuzzy real
number X is called normal.

Definition 2.4. A fuzzy real number X is said to be upper-semi continuous if, for
each e > 0, X~1([0,a + €)), is open in the usual topology of R for all a € I.

The set of all upper-semi continuous, normal, convex fuzzy real numbers is denoted
by R(I). Throughout the article, by a fuzzy real number we mean that the number
belongs to R(I).

Definition 2.5. The a-level set [X]* of the fuzzy real number X, for 0 < a < 1,
is defined by [X]* = {t € R : X(t) > a}. If a = 0, then it is the closure of the
strong 0-cut. (The strong « -cut of the fuzzy real number X, for 0 < a < 1 is the
set {t € R: X(t) > a}).

Let X,Y € R(I) and a-level sets be [X]* = [af, b}], [Y]* = [ag, bS], a € [0, 1].
Then the arithmetic operations on R(I) in terms of a-level sets are defined as fol-
lows:

[X®Y]a: [a?"_aga b(ll"_b%]v
(X ©Y]* = [af — b3, b —aj],

[X®Y]"‘:{ min_a7bf, max ab§

1,5€{1,2} i,j5€{1,2}
and  [T+v]e= [k, L] 0gy.
2 2

For X,Y € R(I) consider a partial ordering < (refer to Kaleva and Seikkala [3]) as
X <Y if and only if af < a¥ and by < b5 , for all « € (0,1],
where [X]* = [a$, b}, [Y]* = [a%, bS], a € [0,1].

Definition 2.6. The absolute value, | X| of X € R(I) is defined by (see for instance
Kaleva and Seikkala [3] )

1X|(t) = {(r)rjaX(X(t), X(=1)), igi i i 87
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Definition 2.7. A fuzzy real number X is called non-negative if X (t) = 0, for all
t < 0. The set of all non-negative fuzzy real numbers is denoted by R*(I).

Definition 2.8. A fuzzy real number sequence (Xj) is said to be bounded if | Xj| <
w, for some p € R*(I).

Definition 2.9. A subset F of N is said to have natural density §(EF) if

1 oo
0(F) = nlggoﬁ;x];(k) exists,
where xg (k) is the characteristic function of E. Clearly all finite subsets of N have
zero natural density and §(E°) = §(N — E) =1 — §(F).

Definition 2.10. A sequence (X}) is said to be statistically convergent to L if

stat

for every ¢ > 0, d({k € N: | Xy, — L| > e}) = 0. We write X, — L or stat-lim
X, =1L.

Definition 2.11. Let (Xj) and (Y)) be two sequences, then we say that X;= Y}
for almost all k (in short a.a.k. ) if 6(k € N : X}, #Yy) =0.

Definition 2.12. A class of sequences E is said to be normal (or solid) if (Y3,) €
EF | whenever |Yy| < |Xg|, for all k € N and (X}) € EF.

Definition 2.13. Let K = {k; < ks < k3...} C N and E¥ be a class of sequences.
A K-step set of ET' is a class of sequences )\EF = {(Xy,) € wf: (X,,) € BF}.

Definition 2.14. A canonical pre-image of a sequence (X, ) € )\kEF is a sequence
(Y,,) € w¥ defined as follows:

Yn:{X"’ for n € K,

0, otherwise.

Definition 2.15. A canonical pre-image of a step set )\kEF is a set of canonical
pre-images of all elements in )\kEF, i.e. Y is in canonical pre-image )\kEF if and only
if Y is canonical pre-image of some X € A;’ .

Definition 2.16. A class of sequences E¥ is said to be monotone if EF contains
the canonical pre-images of all its step sets.

From the above definitions we have the following well known Remark.

Remark 2.1. A class of sequences E¥ is solid = E" is monotone.

Definition 2.17. A class of sequences E¥ is is said to be symmetric if (Xam)) €
EF | whenever (X) € EF', where 7 is a permutation of N.

Definition 2.18. A class of sequences ET is is said to be sequence algebra if
(X ®Yy) € EF | whenever (X3), (V) € EF.
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Definition 2.19. A class of sequences ET is is said to be convergence free if
(Vi) € EY, whenever (X}) € B and X, = 0 implies Y;, = 0.

Fuzzy Metric Space:

Let d be a mapping from R(I) x R(I) into R*(I) and let the mappings L, M :
[0,1] x [0,1] — [0,1] be symmetric, non-decreasing in both arguments and satisfy
L(0,0) =0 and M (1,1) = 1. Denote

[A(X,Y)]a = Pa(X,Y), pa(X,Y)], for X, Y € R(I) and 0 < o < 1.

Definition 2.20. The quadruple (R(I),d, L, M) is called a fuzzy metric space and
d a fuzzy metric, if

(1) d(X,Y) =0 if and only if X =,
(2) d(X,Y) = d(Y, X) for all X,Y € X,
(3) for all X,Y,Z € R(I),
(i) d(X,Y)(s+t) > L(d(X, Z)(s), d(Z,Y)(t)) whenever s < \;(X, Z),
E<M(ZY) and (s +1) < A\ (X,Y)
(i) d(X,Y)(s+t) < M(d(X, Z)(s), d(Z,Y)(t)) whenever s > A\ (X, Z),
t>X(Z,Y) and (s +1t) > A(X,Y)

It is known (refer to Kaleva and Seikkala [3] ) that in a fuzzy metric space
(X,d, Min, Maz) the triangle inequality (3) is equivalent to

AX,Y) <d(X,Z)+d(Z,Y).

Let A : R(I) x R(I) — R*(I) be such that A(X,Y) = sup A (X,Y), where
0<a<1

Aa(X,Y) =min{| a1* = 0:% |, | ae® — b2 |}, for - cut of X = [a1%, a2®] and

a- cut of Y = [b1%, bo?].

Similarly, let p : R(I)xR(I) — R*(I) besuch that p(X,Y) = sup po(X,Y), where
0<a<1

Pa(X,Y) =max{| a1* — b1 |, | ax® — 0™ |}, for - cut of X = [a1®, a2®] and

a- cut of Y =[b1%, bo?].

Throughout the paper we consider the fuzzy metric space with L = Min and
M = Max. Hence from Kaleva and Seikkala [3] it is clear that (R(I),d, Min, Max)

is a complete metric space.

With the concept of fuzzy metric, the following classes of sequences are defined.

F = {X = (X3) € wf :sup A(Xy, 0) < oo and sup p(Xg, 0) < oo}.
k k
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65 = {X = (Xp) e wh : i{)\(Xk, 0)}"” < oo and i{p(Xk, 0)}" < oo}.
k=1 k=1

cF={X =(Xy) € w" : \(Xy, L) =0 and p(Xs, L) — 0, as k — oo,
for some L € R(I)}.
e ={X = (Xy) € w" : \(Xy, 0) = 0 and p(Xy, 0) -0, as k — oo} .
= (({keN:XNXp, T)>€e})=0and 6({k € N : p(Xy, T) > €}) =0),
for some T' € R(I).

o =(6({ke N: XXy, 0)>€}) =0and 6 ({k € N: p(X, 0)>€}) =0).
Throughout wf’, ¢£ Eg, cF,ocl, e, mP and % denote the classes of all,
bounded, p-absolutely summable, convergent, null, statistically convergent, bounded
statistically convergent and statistically null sequences of fuzzy real numbers re-
spectively.

3. Main Results
Theorem 3.1. m% =¢" N¢EL s a closed subspace of the complete metric space
0F with the fuzzy metric d* defined by

[d"(X,Y)]a = Sl;pAa(Xka Yi), Sl;ppa(le Yi)|

where X = (Xg) and Y = (Y3) areinm? and 0 <a<1.

Proof. Since we are considering (R(I),d, Min, Max) metric space, so it can be
verified that d* is a metric on Efo. Now we show that m¥ is complete with respect
to d* . Let (X(™) is a Cauchy sequence in m . Then (X)) be a Cauchy
sequence in ££ . Since (L is a complete metric space, so X(™ — X , as n — oo,
say, in ¢L . We show that

(1) Xemf.

Since X = (X,gn)) = (x™ x{™ x{™ ) emF, sofor each n € N there
exists A, € R(I) such that

stat-lim X,g") =A,.
We prove the followings:

(i) lim A, = A.

n— oo
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(ii) stat-lim X = A.

(i). Since (X(™) is a convergent sequence, so for a given > 0, there exists
such a ng € N that for each m,n > ng we have

dr (X XMy < %
ie.,
sup )\(X,(Cm),X,gn)) < % and sup p(X,gm),X]in)) < %
k k
(2) =A™ xM) < g and p(X™, x{") < %

Again, since X" = (X,gn)) € mP, so for a given e > 0, we have

(3) AXT™ A,) <= and p(X(™) A,,) <

, for a.a.k.

w| M

(4) AX™ A,) < % and p(X™ A,) < g for a.a.k.
Now for each m,n > ny € N and from the inequalities (2), (3) and (4), we get
AAm, An) < M A, XUy + A, XM £ A(X™, 4,),  for a.a.k.
< = + = + Z= €
373 3
and p(Am, Ap) < p(Ap, X,gm)) + p(X,im), X,g")) + p(X,in), Ap), for a.a.k.

<tHi4i=c
3 3 3

Thus (A,) is a Cauchy sequence in R(I). Since R(I) complete, so there exists
such a number A € R(I) such that
lim A, = A.

n— oo

(ii). We have X(™) — X. For a given £ > 0, there exists such a ¢ € N that

sup /\(X,iq),Xk) < g and sup p(X,Eq),Xk) < g
k k

(5) = AXY X)) < g and p(X\? X) < g for each k € N.

The number ¢ can be chosen in such a way that together with (5), we get
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AAq, A) < g and p(A44,A) <

Wl

Since, stat-lim X,EQ) = A,.

For a given £ > 0,

§

)\(X,gq)7Aq) < 3 and p(XIgQ),Aq) < 2, for a.a.k.,for each fixed q.

W v

Now,
A X, A) < )\(Xk,Xlgq)) + )\(Xlgq),Aq) + A(Ag, A), for a.a.k., for eachfixed gq.
<f+i+5=¢
(X, A) < p(Xk, XIEQ)) + p(X,SI), Ay)+p(Ag, A), for a.a.k., for each fixed g.
<s+3+3=¢
Hence stat-lim X = A. This proves the result.

F

Theorem 3.2. The class of sequences ¢y is solid and as such is monotone.

Proof. Consider two sequences (X}) and (Y}) such that
Y| < |Xg|, for all k € N and (X;) € &7 .
Then for a given € > 0, we have
{ke N:\NXp, 0)>e} D{keN:AYi, 0)>¢}
and {keN:p(Xi, 0)>c} D2{keN:p(Ys, 0)>¢}.

Since (Xj) €g” ,s0 S ({k€N:A(Xy, 0)>¢}) =0
and §({keN:p(Xy, 0)>¢})=0.

Hence 6 ({k € N: A(Yy, 0) >¢}) =0 and §({k€N:p(Ys, 0)>¢€})=0

Thus (Y3) € @ and the class &7 is solid.

F

The class of sequences ¢y is monotone follows from Remark 2.1.

F

Theorem 3.3. The classes of sequences ¢& and m¥ are neither monotone nor

solid.
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Proof. The result follows from the following example.
Example 3.1. Let us consider the sequence (X) € mf, defined as follows:

t—2, for2<t<3,
For k=n%neN, Xk(t):{él—t, for 3 <t <4,
0, otherwise

Cn(p_ o—1 -1 -1 -1
and for, k #n?n¢€N, Xk(t):{l k(t—277), for270 <t <270+,

0, otherwise.
Now for o € (0,1] we get,
[X3,]* = 2+a,4—al, for k=n%neN,
T 272 4 k71— a)],  otherwise.

Clearly, A € (Xk, % ) <eandpe€e <Xk, g ) <e, for a. a. k. Thus (X)€ée.

Let J={k € N :k=2i,i € N} be a subset of N and let (m*) ; be the canonical
pre-image of the J-step space (m"); of m%, defined as follows:

(Yy) € (mF") is the canonical pre-image of (Xj) € m! implies

X, forkeld
Y: - b )
k {o for k ¢ J.

Now, for a € (0, 1] we have,

4+ a,(4—a), for k € Jand k =n?n € N,
Vil =< 271,27 +k71(1 — )], for k€ J and k # n?, for any n € N,
[0, 0], k¢J

For a given € > 0, there is no definite point, say H such that A (Xy, H) < € and
p( Xy, H) <eg), for a.a.k.

Thus (Yz) ¢ ¢ (> mf"). Hence ¢ and m!" are not monotone.

The classes ¢ and m? are not solid follows from the Remark 2.1.

F F

Theorem 3.4. The classes of sequences ¢, m¥ and ¥

are not symmetric.

Proof. The result follows from the following example.

Example 3.2. Consider the sequence (X;) € Z, for Z = ¢/, m" and " defined
as follows:
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t—2, for2<t<3,
For k=n%néeN, Xk(t){4t, for 3 <t <4,
0, otherwise

1—2"1kt, for0<t<2 1,

f 2 N X =
and for, k#mn*,neN, k(1) { 0, otherwise.

Now for a € (0, 1] we have,

(X,]* = 2+a,4—a], fork=n%neN,
Mo [0,2k71(1 — )], otherwise.

Clearly, (Xx) € 0..F and for a given € > 0, we have
A (X%, 0) <e and p(X;,0) <e, for a.ak.
Thus (Xi) € Z, for Z =", m! and &'
Let (Yx) be a rearrangement of the sequence (X}), defined as follows:
(Vi) = (X1, Xo, Xu, X3, Xo, X5, Xi6, X6, Xo5, X7 ... ).
Then for o € (0, 1] we get,

Ve = 2+ a,4 — al, for £ odd,
FUOT[0,267 (1 — )], for k even.

For a given £ > 0, there is no definite point, say H such that A (X, H) < ¢ and
p(Xi,H) <¢e), fora.a.k.

Thus (Y;) ¢ Z, for Z =¢" mt and 7.

F

Therefore the classes of sequences ¢, m? and 7 are not symmetric.

F

Theorem 3.5. The classes of sequences ¢-,m* and ¢ are sequence algebra.

Proof. We prove this result for the class @', and for the other classes it can be
proved by following.

Let 0 < & < 1 be given. Suppose (Xy), (Yz) € &t .

Then we have,
{k EN: MNX;®Y;,0) < 6} ) {k EN : M X, 0) < \@} N {k eN : \Y;,0) < \@}

and
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{keN:p(Xy®Y;,0)<e} D{keN:p(Xy,0) < e} N{keEN:p(Ys,0) < e}

Since & ({ke N: XXy, 0)<e})=1, d({keN: XXk, 0)<e})=1
and §({keN:p(Xy, 0)<ye}) =1, §({keN:pYs 0)<ye})=1
So, 6{ke N: AN(X, @Yk, 0)<e}=1 and 6{keN:p(Xp @Yk, 0)<e} =1

Thus (X ® Y3) € ¢o”". Hence the class &” is a sequence algebra.

F

Theorem 3.6. The classes of sequences ¢, m¥ and " are not convergence free.

Proof. The result follows from the following example.

Example 3.3. Consider the sequence (X;) € Z, for Z = ¢, m" and & defined
as follows:

For k=n% né€N, X,=0

1437 'kt, for —3k~1 <t<0,
and for k#n? neN, Xp(t)=<¢1-31kt, for0<t <3k,

0, otherwise.
Then for a € (0, 1] we have,
(X))o = [0, 0], for k=n% neN,
FUOT U Ble— 1Dk, 3(1—a)kTY], otherwise.

Hence, (Xj) € loo” and for a given ¢ > 0, we have
A (X5,0) <e and p(X;,0) <e, for a.ak.
Thus (X},) € Z, for Z =¢",m? and ™.
Let the sequence (V) € Z, be defined as follows:
For k=n% né&cN, Y. =0

1, fork<t<k+1,

and for  k#n®neN, Yi(t)= {0 otherwise

Then for a € (0, 1] we have,

« _ J [0, 0], for k =n% né€N,
[Vi]* = { [k, k+1], otherwise.
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For a given € > 0, there is no definite point, say H such that A (X, H) < ¢ and
p( Xy, H) <¢e), fora.a.k.

Thus (V%) ¢ Z, for Z =¢",m* and &" .

Hence the classes ¢

F mF and 57 are not convergence free.
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