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ABSTRACT. We show that in quasi-topological spaces, separation axiom T is equivalent
to a — Ty, Tp is equivalent to semi — Ty, and semi — T1 is equivalent to semi — Tp. Also,
we give characterizations for a — 711, semi — 11 and semi — T% generalized topological
spaces.

1. Introduction

A generalized topology p [1] on a nonempty set X is a collection of subsets
of X such that § € p and pu is closed under arbitrary union. Elements of p are
called p—open sets. A subset A of X is said to be u—closed if X — A is u—open.
The pair (X, u) is called a generalized topological space (GTS). By a space (X, u),
we will always mean a GTS (X, u). For A C X, ¢,(A) is the intersection of all
p—closed sets containing A and ¢,(A) is the union of all y—open sets contained
in A. A subset A of a space (X, u) is said to be pa—open [3] (resp., u—semiopen
[3], p—preopen (3], pb—open [11], pB—open [3] ) if A C iycuiy (A) (vesp., A C
cuip(A), A C iyeu(A), A Ciyeu(A) Ueyin(A), A C cpipcu(A)). We will denote
the family of all pa—open (resp., u—semiopen, pu—preopen, pub—open, pB—open)
sets by a(u) (resp., o(u), m(u), b(u), B(w)) or simply, « (resp., o, w, b, 3). For
k € {a, o, m, b, B}, k is a generalized topology such that « Co CbC 8, a C 7w C
b C fand o = oNm. If Ais asubset of a space (X, ), then ¢, (A) is the intersection
of all k—closed sets containing A and 4, (A) is the union of all k—open sets contained
in A. Note that the operator ¢, is monotonic, increasing and idempotent, and the
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operator i, is monotonic, decreasing and idempotent on p(X). Clearly, A is k—open
if and only if A =i,(A4) and A is k—closed if and only if A = ¢,(A). Also, for every
subset A of a space (X, k), X —iy(A4) = (X — A). A subset A of a space (X, u)
is said to be p — rare [9] (vesp., pr — open [2]) if i,c,(A) = 0 (resp., A =i,c,(A)).
A space (X, p) is said to be a quasi-topological space [4], if u is closed under finite
intersection. In [4], it is established that in a quasi-topological space, i, and c,
preserve finite intersection and finite union, respectively. Moreover, all the results
established in [11] are true for quasi-topological spaces. A space (X, p) is said to be
strong it X € p. If (X, p) is a space which is not strong, then by Proposition 1.2 of
[5], X € o and so, it follows that X € b and X € . Throughout the paper, if 4 is a
generalized topology on X, let M, = U{A | A € k}, where k € {u, o, o, 7, b, 8}.
Since k | M,, = {VNnM, |V € &} =k, (M, k) is a strong subspace of (X, k).
Moreover, always M, = My = Mg = X and if M, # X, then M, = My = M.

A space (X, p) is said to be a Ty space [10] if for every pair of distinct points
x,y of M,,, there exists a yi—open set containing one of the points but not the other.
(X, 1) is said to be a Th space [10] if for every x € M,,, {z}U(X —M,) is p—closed.
(X, p) is said to be a Th space [10] if for z,y € M, with = # y, there exist disjoint
pu—open sets G and H such that x € G and y € H. A subset A of M, of a space
(X, p) is said to be gy, —closed [7] if ¢,,(A) "M, C M whenever A C M and M € p.
A subset A of M, in a space (X, 1) is said to be g, —open [7] if M, — A is g}, —closed.
A space (X, u) is said to be a p — T% space if every g;,—open set is a u—open set
or equivalently, every g7 —closed set is a closed set in the subspace (M, w). The
following lemmas will be useful in the sequel.

Lemma 1.1. ([9, Theorem 3.2]) Let (X, i) be a quasi-topological space and A be
a p—open subset of X. Then ¢,(A) — A is p—rare.

Lemma 1.2. ([9, Theorem 3.3]) Let (X, 1) be a quasi-topological space. If A and
B are p—rare subsets of X, then AU B is also a u—rare set.

Lemma 1.3. ([10, Theorem 3.8]) Let (X, 1) be a space. Then (X, i) is a T} space
if and only if ¢,({z}) N M, = {z} for every x € M,. Equivalently, (X, p) is a T}
space if and only if {z} is p—closed in (M, u) for every x € M,,.

Lemma 1.4. ([7, Lemma 3.1]) Let (X,u) be a space which is not strong and
A C X. Then the following hold.

(a) (X, ) is a strong generalized space for every A € {o, b, B}.

(b) (X, ) and (X, m) are not strong and M, = M, = M.

(c) X =M, is a p—closed set contained in every p—closed set.

(d) Ac M, is p—closed in (M, ) if and only if A = ¢,(A) N M,.
Lemma 1.5. Let (X, 1) be a space and A C X. Then the following hold.

(a) ca(A) = AU cu(iy(cu(A))) [3, Lemma 2.2].

(b) ¢o(A) = AUidu(cu(A)) [3, Lemma 2.2].
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(c) If p is a quasi-topology, then c(A) = AU c,i,(A4), e(A) = cs(A) Ner(A)
and cg(A) = AUi,cui,(A) [11].

(d) If p is a quasi-topology, then B C M, is m—closed in (M, 7) if and only if
cuin(B)NM, C B.

(e) If u is a quasi-topology, then B C X is b—closed in X if and only if
incu(B) Neyiy(B) C B.

(f) If p is a quasi-topology, then B C X is f—closed in X if and only if
incuin(B) C B.

(g) B C M, is a—closed in (M, «) if and only if ¢,i,c,(B) "M, C B.

Proof. (d) By Lemma 1.4(d), B C M, is m—closed in (M, m) if and only if A =
cr(A)NM,, if and only if B = (BUcyi,(B))NM, = BU(cui,(B)NM,,). Therefore,
cutn(B)NM,, C B. The proof of (e) and (f) are similar to the proof of (d) in which
My = Mg = X and the proof of (g) is similar to the proof of (d). O

Lemma 1.6.([10, Theorem 3.4]) Let (X, ) be a space which is not strong. Then
(X, p) is Ty if and only if for every pair of distinct points z and y in M,,, ¢, ({z}) #

cu({u})-

Lemma 1.7.([10, Theorem 3.24]) A space (X, pu) is p — Ty if and only if each
x € M, is either u—open or p—closed in (M, ©).

Theorem 1.8. Let (X, 7) be a space and « € X. Then the following hold.

(a) Every subset A of X —M,, is p—rare and {z} C M, is either 7—open
or p—rare.

(b) For every € M,,, {z} is m—open if and only if {z} is S—open.

(c) For every @ € M,,, {z} is p—open if and only if {z} is a—open.

(d) For every x € M,,, {z} is p—open if and only if {z} is a—open
if and only if {z} is c—open.

(e) For every x € M, if {z} is y—rare, then {z} is a—closed in (M, o). Hence
{z} is o—closed, b—closed and S—closed.

(f) For every € M,,, {z} is o—closed if and only if {z} is p—rare or pr—open.

Proof. (a) If A C X —M,, then ¢, (A) = X — M, so that i,c,(A) = () and so A
is p—rare. Suppose x € M. If i,¢,({z}) = 0, then {z} is p—rare. Suppose that
incu({x}) # 0. Then y € iy, ({x}). Since y € ¢,({}) and i,c,({z}) is a p—open
set containing y, i,c,({z}) N {z} # 0 and so = € iy, ({z}). Hence {z} is m—open.
(b) Suppose that x € M, and {z} is f—open. Then {z} C cui c,({z}). If
incu({z}) = 0, then ¢, iuc,({z}) = X — M, and so z € X — M, a contradic-
tion. Hence i,c,({z}) # 0. As in the proof of (a), we can prove that {z} is 7—open.
The converse is clear.

(c) Let z € X and {z} be a—open. Then {z} C i,c,i,({z}). Suppose i, ({z}) = 0.
Then {z} C iyc i ({z}) = i, (0) = i, (X —M,) = 0, a contradiction and so
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iu({x}) # 0, which implies that i,({z}) = {z}. The converse is clear.

(d) Suppose € M, and {z} is c—open. Then {z} C ¢,i,({z}) which implies that
iu({z}) # 0 and so i, ({z}) = {«}. Hence {z} is p—open.

(e) Let x € M, and {z} be p—rare. Then i,c,({z}) = 0. Now co({z}) "M, =
(pipea({2}) UTa}) N0, = (6 (0) U {zh) N M, = (X — M) U {zh) M, = {a}
and so {z} is a—closed in (M, @).

f) Proof is clear. O

In every topological space (X, ), for each point x € X, either {z} is open or {z}
is preclosed. The following Example 1.9 shows that the statement for x € M, {z}
s either p—open or m—closed need not be true in a quasi-topological space.

Example 1.9. Counsider the space (X,u) where X = {a,b,¢,d} and p =
{0,{a},{b,c},{a,b,c}}. Clearly, the space is a quasi-topological space. For b €
M, = {a,b,c},cuipn({b}) = cu(0) = {d} ¢ {b} and so {b} is not m—closed. Note
that {b} is not u—open.

2. Main Results

Let (X, ) be a space and « € {a, o, 7, b, 8}. Then the space (X, u) is said
to be k — T; [10] if and only if (X,x) is T; for i = 0,3,1,2. By Lemma 1.4(b),
we have for i = 0,1,2, T; = o — T; = 7m — T; and by Lemma 1.4(a), we have for
1=0,1,2, 0 —T; = b—T; = 8 —T;. The following Theorem 2.1 gives a characteri-
zation of pa—open sets of quasi-topological spaces. Example 2.2 below shows that
the condition quasi-topology on the space (X, 1) cannot be dropped in Theorem 2.1.

Theorem 2.1. Let (X, i) be a quasi-topological space. Then a ={U — R |U € u
and R is p—rare }.

Proof. Suppose A € . Then A C i,¢,0,(A) and A = d,¢,8,(A) — (iucpin(A)—A) =
U—R. Now i,cu(R) =iuc,(ipcuin(A) —A) Ciyleuin(A) —iyu(A)) =0, by Lemma
1.1 and so R = i,c,i,(A) — Ais a p—rare set. Conversely, suppose that A =U — R
where U € p and R is p—rare. Then ¢,i,(A) = ¢,i,(U—R) = ¢, (i,(U) —cu(R)) D
i, (U)—iucy(R) =i,(U) = U. Thus, U C c,i,(A) which implies that U C i,¢,i,(A).
Since A C U, A Ciycuiy(A) and so A € a. O

Example 2.2. Consider the space (X,pn) where X = {a,b,c,d} and u =
{0,{a},{a,b},{b,c},{a,b,c}}. Note that p is not a quasi-topological space and
a={0,{a},{a,b},{b,c}, {a,b,c}}. If A= {b}, then A = {b,c} — {c}, where {c} is
p—rare. But A & a.

In Theorem 2 of [8], it is established that a topological space (X, 7) is Ty if and
only if (X,7%) is To where 7% is the family of all a—open sets of the topological
space (X, 7). The following Theorem 2.3 is a generalization of the above result.
Theorem 2.4 below shows that every a — T5 space is a 0 — T, space.
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Theorem 2.3. Let (X, u) be a quasi-topological space. Then (X, u) is Tp if and
only if (X, «) is T5.

Proof. Suppose that (X, «) is T. Let z,y € M, with  # y. Then there exist
disjoint a—open sets U and V such that z € U and y € V. By Theorem 2.1, there
exist y—open sets G, H and u—rare sets I, J suchthat U=G -1 and V = H — J.
Now UNV = () implies that (GNH)—([UJ) =0 andso GNH C IUJ C ¢,(IUJ).
Therefore, 4,(G N H) C i,c,(I UJ) which implies that GNH C i,¢,(I U J). Since
I and J are p—rare sets, by Lemma 1.2, I U J is a u—rare set and so G N H = (.
Hence (X, pt) is T, since © € G and y € H. The converse is clear. O

Theorem 2.4. Every o — T5 space (X, pu) is a 0 — Ty space as well as a 7 — Tp
space.

Proof. Suppose that (X, u) is an a — T space. Let z,y € X such that « # y. If
x,y € My, then the points are separated by disjoint a—open sets and hence are
separated by disjoint c—open sets. If x € M, and y € X —M,,, then M, and {y}
are the disjoint c—open sets containing z and y, respectively, since c,i,({y}) =
cu(0) =X —M,. If z,y € X — M, then {z} and {y} are the disjoint c—open sets
containing z and y, respectively. Therefore, (X, i) is a 0 — T3 space. Clearly, every
a — Ty space (X, u) is a m — Ty space. O

Theorem 2.5. Every m — T space (X, ) is a b — Ty space.

Proof. Let x,y € X such that x # y. If x,y € M,, then the proof is clear. Suppose
that « € M, and y & M,,. Then ¢,i,({y}) Uic,({y}) = ¢, (0) Ui (X —M,) =
X —M,, D {y} which implies that {y} € b. So M, and {y} are the required disjoint
b—open sets containing x and y. If « ¢ M, and y ¢ M,,, then {z} and {y} are the
required disjoint b—open sets containing x and y. Therefore, (X, p) isb—Tp. O

Remark 2.6. (a) In every space (X, u), since every a—open (resp., m—open) set
is a subset of some p—open set, we cannot find a—open (resp., 7—open) sets con-
taining points of X — M,,.

(b) One can easily verify that the converse part of Theorems 2.4 and 2.5 are not
true. Moreover, it is well known that they are not true even in topological spaces.
The following Theorem 2.7 gives a characterization of o — T spaces and Theorem
2.8 below gives a characterization of o — Ty spaces.

Theorem 2.7. A quasi-topological space (X, u) is a — T3 if and only if (X, p) is
both ¢ — T; and © — Tj.

Proof. Clearly, (X, p) is o —T7 implies that (X, p) is 7 —T,. Let z € X. If z € M,,,
then {z} is o—closed, by hypothesis. If = ¢ M,, then ¢,({z}) = ic,({z}) U
{z} =i, (X —M,) U {z} = {2} and so {z} is o—closed. Hence (X, p) is o — T7.
Suppose (X, u) is both ¢ — 77 and 7 — Ty. Let € M,. Now, (X,p) is 7 — T
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implies that {z} is m—closed and (X, p) is 0 — T} implies that ¢, ({z}) = {z}. Since
ipcp({z}) M, C {2}, by Lemma 1.5(d), we have i ¢, (co({z})) "M, C {z} which
in turn implies that ¢,i,c,({z}) "M, C {z}, by Lemma 2.4 of [11]. By Lemma
1.5(g), (X,p) is a — T3. O

Theorem 2.8. If (X, i) is a quasi-topological space, then (X, a) is Tp if and only
if (X,0) is Tp.

Proof. Suppose (X,0) is Tp. If (X, ) is not Ty, then by Lemma 1.6, there exist
distinct points « and y € M, such that co({z}) = co({y}) which implies that
{z} Uecpipe,({2}) = {y} Ucpipcu({y}), by Lemma 1.5(a) and so x € cyiuc,({y})
and y € c,iyc,({z}), since z # y. Since (X, 0) is Tp, either = & c,({y}) or y &
co({x}). Suppose that & c,({y}) = {y} U iucu({y}), by Lemma 1.5(b). Now
cuipcy({x}) # 0 implies that i,c,({z}) # 0, since y € M,,. Let z € i,¢,({z}). Since
ipcu({x}) is p—open and z € ¢, ({z}), it follows that = € i,¢,({z}) and so i,c,({z})
is a p—open set containing z. Since x € ¢uiyc, ({y}), iuc({y}) Nipe,({x}) # 0
and so i,(c,({y}) Neu({z})) # 0, since (X, p) is a quasi-topological space. Let
u € i,(c,({y}) Nep({x})). Then i, (c,({y}) Neu({x})) is a p—open set containing
u and also u € ¢,({y}) Nc,({z}). Hence z, y € i c,({y}) Niuc,({2}) and so z €
{y}Uiue,({y}) = co({y}), a contradiction. Therefore, (X, 1) is o« — Tpy. Conversely,
suppose that (X, p) is @ — Ty. Let 2,y € X = M, with  # y. If 2,y € M,,, then
there exists U € « containing one point but not the other point. Since o C o, (X, )
is 0 — Tp. Suppose x € M, and y & M,,. If X — M, = {y}, then {y} is p—closed
and hence o—closed. Thus, z &€ ¢, ({y}) which implies that ¢, ({z}) # co({y}). If
X — M, contains points other than y, then ¢,({y}) = X —M, and z ¢ X — M,
which implies that ¢, ({y}) € X — M, and so ¢,({z}) # co({y}), since = # y.
If 2 ¢ M, and y € M, then ¢,({z}) = X — M, = ¢,({y}). By Lemma 1.5(b),
(o) = {o} Uipea(leh) = {0} Uiu(X — M) = o} U0 = {o}. Similarly,
co({y}) = {y}. Since = # y, c,({z}) # co({y}). Hence by Lemma 1.6, (X, pu) is
g — To. O]

The following Theorem 2.9 gives a characterization of o — 77 spaces and Theo-
rem 2.10 below gives a characterization of ¢ — T} spaces.

Theorem 2.9. A space (X, ) is a — T if and only if for every x € M,,, either {z}
is p—rare or ¢, ({z}) "M, = {z}.

Proof. Suppose that (X,u) is o — Ti. Let « € M,. Then by Lemma 1.3,
ca({z}) "My = coa({z}) N M, = {z}, since M, = M,. Therefore, by Lemma
15(a), ({o} U cuipen({) 0 My = {2} and s0 {o} U (cpiueu({}) 0 M) = o)
which implies that either c,i,c,({z}) N M, = 0 or ¢ui e, ({z}) N M, = {z}.
If cpipe,({z}) N M, = 0, then ¢,i c,({z}) = X — M, which implies that
ipcpipc,({z}) = i,(X —M,) = 0 which in turn implies that i,c,({z}) = 0
and so {z} is p—rare. If ¢,i,c, ({z}) N M, = {z}, then i,c,({z}) # 0. For, if
incp({z}) = 0, then cyipe,({z}) "M, = c, (D) NM, = (X —M,)NM, = 0,
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a contradiction. Since 0 # i c,({z}) C cuipe,({z}) N M, = {z}, it follows
that i,c,({z}) = {z} which implies that c¢,({z}) N M, = {z}. Conversely, let
r € M,. Since My, = M,z € M,. If {z} is p—rare, then i,c,({z}) = 0.
Therefore, co({z}) "My = ({2} U cuipe,({z})) N My = ({2} Ucu(0)) N M, =
{z}u(X—=M,))NM,, = {z}NM,, = {z}. On the other hand, if ¢, ({z})NM,, = {z},
then {z} C co({z}) "My C cp({z})NM, = {2} and so co ({z}) "My = {z}. Hence
by Lemma 1.3, (X, p) is o — T7. O

Theorem 2.10. A space (X, u) is o — T} if and only if for every € X, either {z}
is pu—rare or {z} is pr—open.

Proof. Let x € X. If {z} is p—rare, then i, c,({z}) = 0 and so ¢, ({z}) = {z} U
inc,({z}) = {z}. If {«} is pr—open, then i,c,({z}) = {z} which implies that
¢o({z}) = {z}. Therefore, by Lemma 1.3, (X, p) is 0 — T;. Conversely, let z € X.
Since (X, p) is o — T1, by Lemma 1.3, {z} = c¢,({z}) which implies that {z} =
{z} Uiuc,({z}) and so iyc,({2}) C {z}. If iyc, ({x}) = 0, then {z} is p—rare. If
incu({x}) = {z}, then {z} is pr—open. O

Corollary 2.11. Every o — T space (X, p) is a o — T space.

Corollary 2.12. If (X, pu) is a space and « € {«, o, 7, b, 8}, then (X,pu) is a
K — T% space if and only if each & € M,; is either k—open or k—closed in (M, k).

Corollary 2.13. For k € {u, a, o, m, b, B}, every k —Tj space (X, u) is a k=T
space.

Proof. The proof follows from Lemma 1.7 and Lemma 1,3. O

The following Theorem 2.14 gives a characterization of o — T% spaces.

Theorem 2.14. A space (X, u) is a o—T1 space if and only if for every z € X, {z}
is either p—rare or y—open.

Proof. Suppose that for every x € X, {z} is either p—rare or uy—open. If {z} is
p—rare, then i,c,({z}) =0 C {z} and so {z} is c—closed. Therefore, for each = €
X, either {z} is c—closed or c—open. Hence (X, p) is o —T,. Conversely, let z € X.
Then {z} is either o—open or o—closed. If {«} is c—open, then {z} C ¢, i, ({z})
which implies that i,c,({z}) C i cui,({z}). If iy({z}) = 0, then i e i, ({z}) =0
and so i,c,({z}) = 0. Hence {x} is p—rare. If i,({z}) # 0, then {z} is p—open.
Suppose that {z} is o—closed. Then by Lemma 1.7(f), {«} is either u—open or
p—rare. This completes the proof. O

Let (X, ) be a space and « € {u, «, o, m, b, 8}. A subset A of M,; in a space
(X, p) is said to be k — locally closed if A = U NV where U is k—open and V is
k—closed in (M, k). A space (X, u) is said to be a k — Tp space if {x} is k—locally
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closed for every x € M. Note that, if (X, ) is not strong, then for A € {0, b, 8},
every A\—open as well as A\—closed sets are A—locally closed sets. The following
Lemma 2.15, gives some expected relations between x — T% and k — Tp spaces. In
Theorem 2.16 below, we show that in quasi-topological spaces, the concepts o — T%
and o — Tp are identical. Example 2.17 below shows that the condition quasi-
topology on p cannot be dropped in Theorem 2.16.

Lemma 2.15. Let (X, ) be a space. Then the following hold.
(a) For A € {o, b, B}, if (X, p) is A =Ty, then (X, ) is A — Tp.
(b) For A € {u, a, m},if (X, p) is A =T, then (X, p) is A = Tp.
(¢) If (X, ) is o —Tp, then (X,pu) is o — Tp.

Proof. (a) Suppose that (X,pu) is a A — Ty space. Let v € X = M. Then by
Lemma 1.7, {z} is either A—open or A—closed in (M, A) and so {z} is A—locally
closed. Hence (X, p) is A — Tp.

(b) Let € My. Then by Lemma 1.7, {z} is either A—open or A—closed in (M, A).
If {«} is A—closed in (My, A), then {z} = {x}U(X —M,) = F and so {z} = FNM,.
Hence {z} is the intersection of a A—open set M, and a A—closed set F'. If {z} is
open in (My, A), then {x} = {&} N M,, an intersection of a A—open set {z} and
a A—closed set M) in (My,A). Hence for every point z in My, {z} is A—locally
closed. This completes the proof.

(c) Suppose (X, ) isa—Tp. Let z € M, = X. If € X —M,,, then {z} is c—open.
Then {z} = {z} N X, an intersection of a c—open and a o—closed set. If z € M,
then {x} = U NV where U is a—open and V is a—closed. Since o C o, {x} is an
intersection of a c—open set and a o—closed set. Hence (X, p) is 0 — Tp. O

Theorem 2.16. Let (X, ) be a quasi-topological space. Then (X, pu) is a o — Ty
space if and only if (X, ) is a 0 — Tp space.

Proof. Suppose that (X,pu) is a 0 — Ty space. By Lemma 2.15(a), (X, pu) is a
o — Tp space. Conversely, assume that X is 0 — Tp and z € X. If {z} is not
p—rare, then i,c,({z}) # 0 and so = € i,c,({z}). Since (X, p) is 0 — Tp, {z} is
o—locally closed which implies that ¢, ({z}) — {z} is 0— closed, by Theorem 2.8 of
[9]. This implies that ({z}Ui,c,({z})) — {z} is c—closed and so i,¢,({z}) — {«} is
o—closed. Hence {z} U (X —i,c,({z})) is c—open. Therefore, there exists G € p
such that G C {2} U(X —iuc,({2})) C cu(G). Since x € ¢,(G), GNiuc,({x}) # 0.
Suppose z ¢ G. If (iyc,({z}) —{z}) NG = 0, then i c,({z}) NG = {z} and so
x € G, which is a contradiction. Hence (i,¢,({z})—{z})NG # 0 which implies that
(tpep({z}) = {z}) N ({2} U (X —iucu({x}))) # 0, which is not possible. Therefore,
x € G. Hence i,¢,({2}) NG = {z} is p—open in X. O

Example 2.17. Consider the space (X, ) of Example 2.2. Clearly, (X, u) is c—Tp.
Since {b} is neither c—open nor o—closed, by Lemma 1.7, (X, ) is not a o — T
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space. Note that, the space is not a quasi-topological space.

The following Theorem 2.18 shows that the separation axioms oz—T% and a—T%
are equivalent.

Theorem 2.18. Let (X, 1) be a space. Then (X, u) is o — Ty if and only if (X, )
iso—T1.
2

Proof. Let (X, ) beao— Ty space and © € Mq. By Theorem 2.14, {z} is p—rare
or p—open. If {z} is p—rare, then co({z}) = {z} Ucyiyc,({z}) = {z} Uc,(0) =
{z} U (X —M,) and so co({z}) "M, = {z} which implies that {z} is a—closed
in (Mg, ). If {x} is p—open, then clearly, {z} is a—open in (M, «). Hence (X, i)
is o — T%, by Lemma 1.7. Conversely, suppose (X, pu) is a — T% space. Suppose
reM, =X If o & M, then i,c,({z}) =i, (X —M,) = 0 and so {z} is p—rare.
If x € M, then {z} is either a—open or a—closed in (M, «), by Lemma 1.7. If
{z} € «, then {z} € 0 and so i, ({z}) # 0. Therefore, {z} € p. If {z} is a—closed,
then i,¢,({z}) C cuipc,({x}) C {x} and so i,c,({z}) is either ) or {x}. Hence {z}
is either y—rare or p—open. By Theorem 2.14, (X, ) is a 0 — Ty space. O

Corollary 2.19. Let (X, pu) be a quasi-topological space. Then the following are
equivalent.

Proof. (a) and (b) are equivalent by Theorem 2.18.

(b) and (c) are equivalent by Theorem 2.16.

(a) implies (d) by Lemma 2.15(b) and so (c)=-(d). By Lemma 2.15(c), (d)=-(c) and
so (¢) and (d) are equivalent. O

Corollary 2.20. A quasi-topological space (X, u) is a « — Tp space if and only if
(X, p) is a o0 — Tp space.

A space (X, p) is said to be kK — symmetric for k € {y, o, o, 7, b, B}, if for
any z,y € M, « € ¢,.({y}) "M,; implies y € ¢, ({x}) NM,. The following Theorem
2.21 shows that in k—symmetric spaces, the concepts k — T; for i = 0, %,D, 1 are
equivalent.

Theorem 2.21. Let (X, u) be a k—symmetric space for & € {u, «, o, m, b, B}.
Then the following are equivalent.

(a) Xis k — T4.
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(b) X'is £ — T1.
(c) Xis k = Tp.
(d) X is k — T.

Proof. 1t is enough to prove that (d)=-(a). Let z,y € X. Suppose, there exists
G € k containing = but not y. Now G N {y} = 0 implies that = ¢ c,({y}). By
hypothesis, y ¢ c.({z}) and so there is a H € k such that y € H and = ¢ H.
Therefore, X is a k — T} space. 0

The following Theorem 2.22 gives a characterization of m — T} quasi-topological
spaces.

Theorem 2.22. Let (X, 1) be a quasi-topological space. Then (X, u) is 7 — T} if
and only if for every x € M,,, {«} is either p—open and ¢, ({z}) "M, = {z} or

in({x}) = 0.

Proof. Suppose that the conditions hold. Let x € M,. If i,({z}) = 0, hen by
Lemma L5(c), ex({}) N2, = ({2} U cui({a}) N M, = ({1} U, (0) N

{zt U (X —ML))NM, = {z}. If {«} is p—open and cu({x}) nMm, = {x} then
ex (L) OV, = (2} Ui ({2 1) MM, = (LehUe,{z}) MM, = {}. Hence (X, p) s
m—T,. Conversely, suppose (X, ) is 1 —T}. Let © € M,,. Then ¢ ({z}) "M, = {z}
which implies that ({z}Uc,i,({z}))"M,, = {z} and so {z}U(cui,({z})NM,) = {z}
which implies that c,i,({z}) "M, C {z}. If ¢ i, ({z}) N M, = 0, since i,({z}) C
cuip({x}) N M, we have i,({z}) = 0. Suppose that c,i,({z}) "M, = {z}. If
ip({x}) =0, then ¢,i,({z}) = ¢, (0) = X — M, so that ¢ i, ({z}) "M, = 0, which
is not possible. Hence i,,({z}) # 0 and so ¢, ({z}) = {«} which implies that {z} is
p—open. Also, ¢, ({z}) "M, = cuipy({z}) N M, = {z}. O

The following Theorem 2.23 shows that every quasi-topological space is m — T
which generalize the existing result that every topological space is m — T% [6].

Theorem 2.23. Every quasi-topological space (X, ) is a m — T% space.

Proof. Let x € M. If i,({z}) = {z}, then {z} = i,({z}) C iu.c.({z}) and so
{z} is m—open in (M, ). Again, if i,({z}) = 0, then cﬂ({x}) M, = ({z} U
cuin({2})) N My, = ({x} Ucu(0)) N M, = {a} U (X = My) N M) = {a} so that
cr({z}) "M, = {z} which implies that {z} is 7—closed in (M, 7). By Lemma 1.7,
(X,p) is am— Ty space. O

The proof of the following Corollary 2.24 follows from Lemma 2.15(b). For the
sake of completeness, we give the proof for Corollary 2.25.

Corollary 2.24. Every quasi-topological space (X, u) is 7 — Tp.

Corollary 2.25. Every quasi-topological space (X, u) is 7 — Tp.
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Proof. Let z,y € M, such that  # y. By Theorem 2.23, {z} and {y} are ei-
ther m—open or m—closed in (M, ). If {z} or {y} is 7—open, then {z} or {y} is
the required m—open containing one but not the other. Suppose {z} and {y} are
m—closed. Since {z} is m—closed, ¢ ({z})NM, = {z} and so M, — {z} is a m—open
set containing y but not z. Hence (X, ) is m — Tp. O

The following Theorem 2.26 shows that every quasi-topological space (X, p) is
ab— T% space. Corollaries 2.27, 2.28 and 2.29 below follow from Theorem 2.26.

Theorem 2.26. Every quasi-topological space (X, u) is a b— T% space.

Proof. Let © € X = M,. Suppose z € M,,. If i,({z}) = {z}, then {z} is b—open.
Again, if i,({z}) = 0 and so c,i,({z}) = X —M,. Then i,c,({z}) Necuin({z}) =
incu({z}) N (X —M,) =0 C {z} and so {z} is b—closed. On the other hand, if
r € X —M,, then i,({z}) = 0 and so ¢,i,({z}) = X — M. Then i,c,({z}) N
cutp({z}) = 0N (X —M,) = 0 C {2} and so {z} is b—closed. Hence (X,p) is
b—T.. O

Corollary 2.27. Every quasi-topological space (X, ) isa 8 — T% space.

Corollary 2.28. Every quasi-topological space (X, i) is a b — Tp space as well as
a b —Tj space.

Corollary 2.29. Every quasi-topological space (X, u) is a 8 — Tp space as well as
a 8 — Tj space.

The following Theorem 2.30 gives a characterization of 8 — T quasi-topological
spaces, and Theorem 2.31 below shows that the separation axioms 8 —1T; and b—T}
are equivalent in quasi-topological spaces.

Theorem 2.30. A quasi-topological space (X, u) is 8 — T3 if and only if for each
point z € X, either {«} is pur—open or i,({z}) = 0.

Proof. (X,p) is B — T if and only if {«} is S—closed for every xz € X if and only
if for each = € X, i,cui,({x}) C {z}. Now, i,cui,({x}) C {z} implies that either
incuin({z}) = {a} or ipcpin({z}) = 0. I dpeyin({z}) = 0, then iy,({}) = 0 and
so either i, ({z}) = {z} or i,({z}) = 0. If i,({z}) = {z}, then i c,({z}) = {z}
and so {z} is ur—open. Conversely, if either i,¢,({z}) = {z} or i,({z}) = 0, then
incuiy({z}) C {z} and so {z} is f—closed. O

Theorem 2.31. A quasi-topological space (X, ) is §—T1 if and only if it is b—T7.

Proof. If (X, p) is b—T, then for each x € X, {x} is b—closed. That is, ¢,i,({z})N
incu({x} C {x}. But this implies that either c,i, ({z})Ni e ({z}) = 0 or ¢ i, ({z})N
incu({z}) = {z}. I i,({x}) # 0, then i, ({z}) = {z} and so ¢ i, ({z})Niyc, ({z}) =
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(o)) Nipeul{}) = iucu({z}) and so iucu({o}) = {2} or iucu({w}) = 0 which
implies that {z} either is pr—open or i,({z}) = 0. Therefore, by Theorem 2.30,
(X, ) is a B — Ty space. Conversely, if for every point z, either i,({z}) = 0 or
incp({z}) = {«}, then c, i, ({x}) Niye,({2}) C {x} so that the space is b—T,. O

The proof of the following Corollary 2.32 follows from Theorems 2.21, 2.30 and
2.31.

Corollary 2.32. Every quasi-topological m — T3 space (X, u) is a b — T space.

Theorem 2.33. Every quasi-topological m — Tp space (X, ) is a b — Tp space.

Proof. Let v € X. If x € M, then the proof is clear. Suppose that x € X — M,.
Then iyc,({}) N epip({a}) = ip(X = M) Neu(@) = 0N (X =M,) =0 C {z} and
so {z} is b—closed, by Lemma 1.5(e). Hence (X, pu) is b — Tp. O

Theorem 2.34. For every space (X, 1), the following hold.
(a) If (X, ) is p— Ty, then (X, p) is an a — T} space.
(b) If (X, ) is a quasi-topological p — Ty space, then (X, u) is 8 — Ty.

Proof. (a) Suppose that (X,u) is a p— Ty space and x € My,. Then either {z}
is p—open or ¢,({z}) "M, = {z}. If {z} is p—open, then it is a—open. Now
cal{a}) N M, = (euincu({z}) U{eh) NN, = (e, () U (eu({ah) N M) N
M, = cu({z}) N (cpipc,({z}) UM,) N M, = c,({z}) N M, = {z}. Therefore,
ca({z}) "My, = {a}. Thus, (X, ) is a—T}.

(b) Let « € X. If {z} is p—open, then {z} is B—open. If x € M, then ¢,({z}) N
M, = {o}. Now cs({a}) N M, = ({a} Udpeudu({2}) N, = ((eu({ah) N2, U
incuip({2})) N My, = e ({2}) Nipcuin({a}) "My = dpcuin({a}) N M, C e ({z}) N
M, = {z}. But {z} C cg({z}) "M, and so cg({z}) "M, = {z}. If ¢ M,,, then
¢s({2}) = o} Uineyin({2}) = {2} Uiucu() = {2} U (X — M,) = {a}. Hence
(X,p)is B—Ty. O

Remark 2.35. The converse of some of the theorem established above are not true
for topological spaces (for example, Theorems 2.33 and 2.34 and Corollaries 2.11,
2.13, 2.32 and 2.33) and so are not true for quasi-topological spaces.
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