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Abstract. We show that in quasi-topological spaces, separation axiom T2 is equivalent

to α− T2, T0 is equivalent to semi− T0, and semi− T 1
2
is equivalent to semi− TD. Also,

we give characterizations for α − T1, semi − T1 and semi − T 1
2
generalized topological

spaces.

1. Introduction

A generalized topology µ [1] on a nonempty set X is a collection of subsets
of X such that ∅ ∈ µ and µ is closed under arbitrary union. Elements of µ are
called µ−open sets. A subset A of X is said to be µ−closed if X − A is µ−open.
The pair (X,µ) is called a generalized topological space (GTS). By a space (X,µ),
we will always mean a GTS (X,µ). For A ⊂ X, cµ(A) is the intersection of all
µ−closed sets containing A and iµ(A) is the union of all µ−open sets contained
in A. A subset A of a space (X,µ) is said to be µα−open [3] (resp., µ−semiopen
[3], µ−preopen [3], µb−open [11], µβ−open [3] ) if A ⊂ iµcµiµ(A) (resp., A ⊂
cµiµ(A), A ⊂ iµcµ(A), A ⊂ iµcµ(A) ∪ cµiµ(A), A ⊂ cµiµcµ(A) ). We will denote
the family of all µα−open (resp., µ−semiopen, µ−preopen, µb−open, µβ−open)
sets by α(µ) (resp., σ(µ), π(µ), b(µ), β(µ)) or simply, α (resp., σ, π, b, β). For
κ ∈ {α, σ, π, b, β}, κ is a generalized topology such that α ⊂ σ ⊂ b ⊂ β, α ⊂ π ⊂
b ⊂ β and α = σ∩π. If A is a subset of a space (X,κ), then cκ(A) is the intersection
of all κ−closed sets containing A and iκ(A) is the union of all κ−open sets contained
in A. Note that the operator cκ is monotonic, increasing and idempotent, and the
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spaces for i = 0, D, 1
2
, 1 and 2.
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operator iκ is monotonic, decreasing and idempotent on ℘(X). Clearly, A is κ−open
if and only if A = iκ(A) and A is κ−closed if and only if A = cκ(A). Also, for every
subset A of a space (X,κ), X − iκ(A) = cκ(X − A). A subset A of a space (X,µ)
is said to be µ− rare [9] (resp., µr− open [2]) if iµcµ(A) = ∅ (resp., A = iµcµ(A)).
A space (X,µ) is said to be a quasi-topological space [4], if µ is closed under finite
intersection. In [4], it is established that in a quasi-topological space, iµ and cµ
preserve finite intersection and finite union, respectively. Moreover, all the results
established in [11] are true for quasi-topological spaces. A space (X,µ) is said to be
strong if X ∈ µ. If (X,µ) is a space which is not strong, then by Proposition 1.2 of
[5], X ∈ σ and so, it follows that X ∈ b and X ∈ β. Throughout the paper, if µ is a
generalized topology on X, let Mκ = ∪{A | A ∈ κ}, where κ ∈ {µ, α, σ, π, b, β}.
Since κ | Mκ = {V ∩ Mκ | V ∈ κ} = κ, (Mκ, κ) is a strong subspace of (X,κ).
Moreover, always Mσ = Mb = Mβ = X and if Mµ ̸= X, then Mµ = Mα = Mπ.

A space (X,µ) is said to be a T0 space [10] if for every pair of distinct points
x, y of Mµ, there exists a µ−open set containing one of the points but not the other.
(X,µ) is said to be a T1 space [10] if for every x ∈ Mµ, {x}∪(X−Mµ) is µ−closed.
(X,µ) is said to be a T2 space [10] if for x, y ∈ Mµ with x ̸= y, there exist disjoint
µ−open sets G and H such that x ∈ G and y ∈ H. A subset A of Mµ of a space
(X,µ) is said to be g⋆µ−closed [7] if cµ(A)∩Mµ ⊂ M whenever A ⊂ M and M ∈ µ.
A subset A of Mµ in a space (X,µ) is said to be g⋆µ−open [7] if Mµ−A is g⋆µ−closed.
A space (X,µ) is said to be a µ − T 1

2
space if every g⋆µ−open set is a µ−open set

or equivalently, every g⋆µ−closed set is a closed set in the subspace (Mµ, µ). The
following lemmas will be useful in the sequel.

Lemma 1.1. ([9, Theorem 3.2]) Let (X,µ) be a quasi-topological space and A be
a µ−open subset of X. Then cµ(A)−A is µ−rare.

Lemma 1.2. ([9, Theorem 3.3]) Let (X,µ) be a quasi-topological space. If A and
B are µ−rare subsets of X, then A ∪B is also a µ−rare set.

Lemma 1.3. ([10, Theorem 3.8]) Let (X,µ) be a space. Then (X,µ) is a T1 space
if and only if cµ({x}) ∩ Mµ = {x} for every x ∈ Mµ. Equivalently, (X,µ) is a T1

space if and only if {x} is µ−closed in (Mµ, µ) for every x ∈ Mµ.

Lemma 1.4. ([7, Lemma 3.1]) Let (X,µ) be a space which is not strong and
A ⊂ X. Then the following hold.

(a) (X,λ) is a strong generalized space for every λ ∈ {σ, b, β}.
(b) (X,α) and (X,π) are not strong and Mµ = Mα = Mπ.

(c) X −Mµ is a µ−closed set contained in every µ−closed set.

(d) A ⊂ Mµ is µ−closed in (Mµ, µ) if and only if A = cµ(A) ∩Mµ.

Lemma 1.5. Let (X,µ) be a space and A ⊂ X. Then the following hold.

(a) cα(A) = A ∪ cµ(iµ(cµ(A))) [3, Lemma 2.2].

(b) cσ(A) = A ∪ iµ(cµ(A)) [3, Lemma 2.2].
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(c) If µ is a quasi-topology, then cπ(A) = A ∪ cµiµ(A), cb(A) = cσ(A) ∩ cπ(A)
and cβ(A) = A ∪ iµcµiµ(A) [11].

(d) If µ is a quasi-topology, then B ⊂ Mµ is π−closed in (Mµ, π) if and only if
cµiµ(B) ∩Mµ ⊂ B.

(e) If µ is a quasi-topology, then B ⊂ X is b−closed in X if and only if
iµcµ(B) ∩ cµiµ(B) ⊂ B.

(f) If µ is a quasi-topology, then B ⊂ X is β−closed in X if and only if
iµcµiµ(B) ⊂ B.

(g) B ⊂ Mµ is α−closed in (Mµ, α) if and only if cµiµcµ(B) ∩Mµ ⊂ B.

Proof. (d) By Lemma 1.4(d), B ⊂ Mµ is π−closed in (Mµ, π) if and only if A =
cπ(A)∩Mµ if and only if B = (B∪cµiµ(B))∩Mµ = B∪(cµiµ(B)∩Mµ). Therefore,
cµiµ(B)∩Mµ ⊂ B. The proof of (e) and (f) are similar to the proof of (d) in which
Mb = Mβ = X and the proof of (g) is similar to the proof of (d).

Lemma 1.6.([10, Theorem 3.4]) Let (X,µ) be a space which is not strong. Then
(X,µ) is T0 if and only if for every pair of distinct points x and y in Mµ, cµ({x}) ̸=
cµ({y}).

Lemma 1.7.([10, Theorem 3.24]) A space (X,µ) is µ − T 1
2
if and only if each

x ∈ Mµ is either µ−open or µ−closed in (Mµ, µ).

Theorem 1.8. Let (X, τ) be a space and x ∈ X. Then the following hold.
(a) Every subset A of X −Mµ is µ−rare and {x} ⊂ Mµ is either π−open

or µ−rare.

(b) For every x ∈ Mµ, {x} is π−open if and only if {x} is β−open.

(c) For every x ∈ Mµ, {x} is µ−open if and only if {x} is α−open.

(d) For every x ∈ Mµ, {x} is µ−open if and only if {x} is α−open
if and only if {x} is σ−open.

(e) For every x ∈ Mµ, if {x} is µ−rare, then {x} is α−closed in (Mµ, α). Hence
{x} is σ−closed, b−closed and β−closed.

(f) For every x ∈ Mµ, {x} is σ−closed if and only if {x} is µ−rare or µr−open.

Proof. (a) If A ⊂ X − Mµ, then cµ(A) = X − Mµ so that iµcµ(A) = ∅ and so A
is µ−rare. Suppose x ∈ Mµ. If iµcµ({x}) = ∅, then {x} is µ−rare. Suppose that
iµcµ({x}) ̸= ∅. Then y ∈ iµcµ({x}). Since y ∈ cµ({x}) and iµcµ({x}) is a µ−open
set containing y, iµcµ({x}) ∩ {x} ≠ ∅ and so x ∈ iµcµ({x}). Hence {x} is π−open.
(b) Suppose that x ∈ Mµ and {x} is β−open. Then {x} ⊂ cµiµcµ({x}). If
iµcµ({x}) = ∅, then cµiµcµ({x}) = X − Mµ and so x ∈ X − Mµ, a contradic-
tion. Hence iµcµ({x}) ̸= ∅. As in the proof of (a), we can prove that {x} is π−open.
The converse is clear.
(c) Let x ∈ X and {x} be α−open. Then {x} ⊂ iµcµiµ({x}). Suppose iµ({x}) = ∅.
Then {x} ⊂ iµcµiµ({x}) = iµcµ(∅) = iµ(X − Mµ) = ∅, a contradiction and so
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iµ({x}) ̸= ∅, which implies that iµ({x}) = {x}. The converse is clear.
(d) Suppose x ∈ Mµ and {x} is σ−open. Then {x} ⊂ cµiµ({x}) which implies that
iµ({x}) ̸= ∅ and so iµ({x}) = {x}. Hence {x} is µ−open.
(e) Let x ∈ Mµ and {x} be µ−rare. Then iµcµ({x}) = ∅. Now cα({x}) ∩ Mµ =
(cµiµcµ({x}) ∪ {x}) ∩Mµ = (cµ(∅) ∪ {x}) ∩Mµ = ((X −Mµ) ∪ {x}) ∩Mµ = {x}
and so {x} is α−closed in (Mµ, α).
(f) Proof is clear.

In every topological space (X, τ), for each point x ∈ X, either {x} is open or {x}
is preclosed. The following Example 1.9 shows that the statement for x ∈ Mµ, {x}
is either µ−open or π−closed need not be true in a quasi-topological space.

Example 1.9. Consider the space (X,µ) where X = {a, b, c, d} and µ =
{∅, {a}, {b, c}, {a, b, c}}. Clearly, the space is a quasi-topological space. For b ∈
Mµ = {a, b, c}, cµiµ({b}) = cµ(∅) = {d} ̸⊂ {b} and so {b} is not π−closed. Note
that {b} is not µ−open.

2. Main Results

Let (X,µ) be a space and κ ∈ {α, σ, π, b, β}. Then the space (X,µ) is said
to be κ − Ti [10] if and only if (X,κ) is Ti for i = 0, 1

2 , 1, 2. By Lemma 1.4(b),
we have for i = 0, 1, 2, Ti ⇒ α − Ti ⇒ π − Ti and by Lemma 1.4(a), we have for
i = 0, 1, 2, σ− Ti ⇒ b− Ti ⇒ β − Ti. The following Theorem 2.1 gives a characteri-
zation of µα−open sets of quasi-topological spaces. Example 2.2 below shows that
the condition quasi-topology on the space (X,µ) cannot be dropped in Theorem 2.1.

Theorem 2.1. Let (X,µ) be a quasi-topological space. Then α = {U −R | U ∈ µ
and R is µ−rare }.

Proof. Suppose A ∈ α. Then A ⊂ iµcµiµ(A) and A = iµcµiµ(A)−(iµcµiµ(A)−A) =
U −R. Now iµcµ(R) = iµcµ( iµcµiµ(A)−A) ⊂ iµ(cµiµ(A)− iµ(A)) = ∅, by Lemma
1.1 and so R = iµcµiµ(A)−A is a µ−rare set. Conversely, suppose that A = U −R
where U ∈ µ and R is µ−rare. Then cµiµ(A) = cµiµ(U −R) = cµ(iµ(U)− cµ(R)) ⊃
iµ(U)−iµcµ(R) = iµ(U) = U. Thus, U ⊂ cµiµ(A) which implies that U ⊂ iµcµiµ(A).
Since A ⊂ U, A ⊂ iµcµiµ(A) and so A ∈ α.

Example 2.2. Consider the space (X,µ) where X = {a, b, c, d} and µ =
{∅, {a}, {a, b}, {b, c}, {a, b, c}}. Note that µ is not a quasi-topological space and
α = {∅, {a}, {a, b}, {b, c}, {a, b, c}}. If A = {b}, then A = {b, c} − {c}, where {c} is
µ−rare. But A ̸∈ α.

In Theorem 2 of [8], it is established that a topological space (X, τ) is T2 if and
only if (X, τα) is T2 where τα is the family of all α−open sets of the topological
space (X, τ). The following Theorem 2.3 is a generalization of the above result.
Theorem 2.4 below shows that every α− T2 space is a σ − T2 space.
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Theorem 2.3. Let (X,µ) be a quasi-topological space. Then (X,µ) is T2 if and
only if (X,α) is T2.

Proof. Suppose that (X,α) is T2. Let x, y ∈ Mµ with x ̸= y. Then there exist
disjoint α−open sets U and V such that x ∈ U and y ∈ V. By Theorem 2.1, there
exist µ−open sets G, H and µ−rare sets I, J such that U = G− I and V = H − J.
Now U ∩V = ∅ implies that (G∩H)−(I∪J) = ∅ and so G∩H ⊂ I∪J ⊂ cµ(I∪J).
Therefore, iµ(G ∩H) ⊂ iµcµ(I ∪ J) which implies that G ∩H ⊂ iµcµ(I ∪ J). Since
I and J are µ−rare sets, by Lemma 1.2, I ∪ J is a µ−rare set and so G ∩H = ∅.
Hence (X,µ) is T2, since x ∈ G and y ∈ H. The converse is clear.

Theorem 2.4. Every α − T2 space (X,µ) is a σ − T2 space as well as a π − T2

space.

Proof. Suppose that (X,µ) is an α − T2 space. Let x, y ∈ X such that x ̸= y. If
x, y ∈ Mµ, then the points are separated by disjoint α−open sets and hence are
separated by disjoint σ−open sets. If x ∈ Mµ and y ∈ X −Mµ, then Mµ and {y}
are the disjoint σ−open sets containing x and y, respectively, since cµiµ({y}) =
cµ(∅) = X −Mµ. If x, y ∈ X −Mµ, then {x} and {y} are the disjoint σ−open sets
containing x and y, respectively. Therefore, (X,µ) is a σ−T2 space. Clearly, every
α− T2 space (X,µ) is a π − T2 space.

Theorem 2.5. Every π − T2 space (X,µ) is a b− T2 space.

Proof. Let x, y ∈ X such that x ̸= y. If x, y ∈ Mµ, then the proof is clear. Suppose
that x ∈ Mµ and y ̸∈ Mµ. Then cµiµ({y}) ∪ iµcµ({y}) = cµ(∅) ∪ iµ(X − Mµ) =
X −Mµ ⊃ {y} which implies that {y} ∈ b. So Mµ and {y} are the required disjoint
b−open sets containing x and y. If x ̸∈ Mµ and y ̸∈ Mµ, then {x} and {y} are the
required disjoint b−open sets containing x and y. Therefore, (X,µ) is b− T2.

Remark 2.6. (a) In every space (X,µ), since every α−open (resp., π−open) set
is a subset of some µ−open set, we cannot find α−open (resp., π−open) sets con-
taining points of X −Mµ.
(b) One can easily verify that the converse part of Theorems 2.4 and 2.5 are not
true. Moreover, it is well known that they are not true even in topological spaces.
The following Theorem 2.7 gives a characterization of α − T1 spaces and Theorem
2.8 below gives a characterization of α− T0 spaces.

Theorem 2.7. A quasi-topological space (X,µ) is α − T1 if and only if (X,µ) is
both σ − T1 and π − T1.

Proof. Clearly, (X,µ) is α−T1 implies that (X,µ) is π−T1. Let x ∈ X. If x ∈ Mµ,
then {x} is σ−closed, by hypothesis. If x ̸∈ Mµ, then cσ({x}) = iµcµ({x}) ∪
{x} = iµ(X − Mµ) ∪ {x} = {x} and so {x} is σ−closed. Hence (X,µ) is σ − T1.
Suppose (X,µ) is both σ − T1 and π − T1. Let x ∈ Mµ. Now, (X,µ) is π − T1
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implies that {x} is π−closed and (X,µ) is σ−T1 implies that cσ({x}) = {x}. Since
iµcµ({x})∩Mµ ⊂ {x}, by Lemma 1.5(d), we have iµcµ(cσ({x}))∩Mµ ⊂ {x} which
in turn implies that cµiµcµ({x}) ∩ Mµ ⊂ {x}, by Lemma 2.4 of [11]. By Lemma
1.5(g), (X,µ) is α− T1.

Theorem 2.8. If (X,µ) is a quasi-topological space, then (X,α) is T0 if and only
if (X,σ) is T0.

Proof. Suppose (X,σ) is T0. If (X,α) is not T0, then by Lemma 1.6, there exist
distinct points x and y ∈ Mµ such that cα({x}) = cα({y}) which implies that
{x} ∪ cµiµcµ({x}) = {y} ∪ cµiµcµ({y}), by Lemma 1.5(a) and so x ∈ cµiµcµ({y})
and y ∈ cµiµcµ({x}), since x ̸= y. Since (X,σ) is T0, either x ̸∈ cσ({y}) or y ̸∈
cσ({x}). Suppose that x ̸∈ cσ({y}) = {y} ∪ iµcµ({y}), by Lemma 1.5(b). Now
cµiµcµ({x}) ̸= ∅ implies that iµcµ({x}) ̸= ∅, since y ∈ Mµ. Let z ∈ iµcµ({x}). Since
iµcµ({x}) is µ−open and z ∈ cµ({x}), it follows that x ∈ iµcµ({x}) and so iµcµ({x})
is a µ−open set containing x. Since x ∈ cµiµcµ({y}), iµcµ({y}) ∩ iµcµ({x}) ̸= ∅
and so iµ(cµ({y}) ∩ cµ({x})) ̸= ∅, since (X,µ) is a quasi-topological space. Let
u ∈ iµ(cµ({y}) ∩ cµ({x})). Then iµ(cµ({y}) ∩ cµ({x})) is a µ−open set containing
u and also u ∈ cµ({y}) ∩ cµ({x}). Hence x, y ∈ iµcµ({y}) ∩ iµcµ({x}) and so x ∈
{y}∪ iµcµ({y}) = cσ({y}), a contradiction. Therefore, (X,µ) is α−T0. Conversely,
suppose that (X,µ) is α − T0. Let x, y ∈ X = Mσ with x ̸= y. If x, y ∈ Mµ, then
there exists U ∈ α containing one point but not the other point. Since α ⊂ σ, (X,µ)
is σ − T0. Suppose x ∈ Mµ and y ̸∈ Mµ. If X − Mµ = {y}, then {y} is µ−closed
and hence σ−closed. Thus, x ̸∈ cσ({y}) which implies that cσ({x}) ̸= cσ({y}). If
X − Mµ contains points other than y, then cµ({y}) = X − Mµ and x ̸∈ X − Mµ

which implies that cσ({y}) ⊂ X − Mµ and so cσ({x}) ̸= cσ({y}), since x ̸= y.
If x ̸∈ Mµ and y ̸∈ Mµ, then cµ({x}) = X − Mµ = cµ({y}). By Lemma 1.5(b),
cσ({x}) = {x} ∪ iµcµ({x}) = {x} ∪ iµ(X − Mµ) = {x} ∪ ∅ = {x}. Similarly,
cσ({y}) = {y}. Since x ̸= y, cσ({x}) ̸= cσ({y}). Hence by Lemma 1.6, (X,µ) is
σ − T0.

The following Theorem 2.9 gives a characterization of α− T1 spaces and Theo-
rem 2.10 below gives a characterization of σ − T1 spaces.

Theorem 2.9. A space (X,µ) is α−T1 if and only if for every x ∈ Mµ, either {x}
is µ−rare or cµ({x}) ∩Mµ = {x}.

Proof. Suppose that (X,µ) is α − T1. Let x ∈ Mµ. Then by Lemma 1.3,
cα({x}) ∩ Mα = cα({x}) ∩ Mµ = {x}, since Mµ = Mα. Therefore, by Lemma
1.5(a), ({x} ∪ cµiµcµ({x})) ∩ Mµ = {x} and so {x} ∪ (cµiµcµ({x}) ∩ Mµ) = {x}
which implies that either cµiµcµ({x}) ∩ Mµ = ∅ or cµiµcµ({x}) ∩ Mµ = {x}.
If cµiµcµ({x}) ∩ Mµ = ∅, then cµiµcµ({x}) = X − Mµ which implies that
iµcµiµcµ({x}) = iµ(X − Mµ) = ∅ which in turn implies that iµcµ({x}) = ∅
and so {x} is µ−rare. If cµiµcµ({x}) ∩ Mµ = {x}, then iµcµ({x}) ̸= ∅. For, if
iµcµ({x}) = ∅, then cµiµcµ({x}) ∩ Mµ = cµ(∅) ∩ Mµ = (X − Mµ) ∩ Mµ = ∅,
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a contradiction. Since ∅ ̸= iµcµ({x}) ⊂ cµiµcµ({x}) ∩ Mµ = {x}, it follows
that iµcµ({x}) = {x} which implies that cµ({x}) ∩ Mµ = {x}. Conversely, let
x ∈ Mα. Since Mα = Mµ, x ∈ Mµ. If {x} is µ−rare, then iµcµ({x}) = ∅.
Therefore, cα({x}) ∩ Mα = ({x} ∪ cµiµcµ({x})) ∩ Mα = ({x} ∪ cµ(∅)) ∩ Mα =
({x}∪(X−Mµ))∩Mµ = {x}∩Mµ = {x}. On the other hand, if cµ({x})∩Mµ = {x},
then {x} ⊂ cα({x})∩Mα ⊂ cµ({x})∩Mµ = {x} and so cα({x})∩Mα = {x}. Hence
by Lemma 1.3, (X,µ) is α− T1.

Theorem 2.10. A space (X,µ) is σ− T1 if and only if for every x ∈ X, either {x}
is µ−rare or {x} is µr−open.

Proof. Let x ∈ X. If {x} is µ−rare, then iµcµ({x}) = ∅ and so cσ({x}) = {x} ∪
iµcµ({x}) = {x}. If {x} is µr−open, then iµcµ({x}) = {x} which implies that
cσ({x}) = {x}. Therefore, by Lemma 1.3, (X,µ) is σ − T1. Conversely, let x ∈ X.
Since (X,µ) is σ − T1, by Lemma 1.3, {x} = cσ({x}) which implies that {x} =
{x} ∪ iµcµ({x}) and so iµcµ({x}) ⊂ {x}. If iµcµ({x}) = ∅, then {x} is µ−rare. If
iµcµ({x}) = {x}, then {x} is µr−open.

Corollary 2.11. Every α− T1 space (X,µ) is a σ − T1 space.

Corollary 2.12. If (X,µ) is a space and κ ∈ {α, σ, π, b, β}, then (X,µ) is a
κ− T 1

2
space if and only if each x ∈ Mκ is either κ−open or κ−closed in (Mκ, κ).

Corollary 2.13. For κ ∈ {µ, α, σ, π, b, β}, every κ−T1 space (X,µ) is a κ−T 1
2

space.

Proof. The proof follows from Lemma 1.7 and Lemma 1,3.

The following Theorem 2.14 gives a characterization of σ − T 1
2
spaces.

Theorem 2.14. A space (X,µ) is a σ−T 1
2
space if and only if for every x ∈ X, {x}

is either µ−rare or µ−open.

Proof. Suppose that for every x ∈ X, {x} is either µ−rare or µ−open. If {x} is
µ−rare, then iµcµ({x}) = ∅ ⊂ {x} and so {x} is σ−closed. Therefore, for each x ∈
X, either {x} is σ−closed or σ−open. Hence (X,µ) is σ−T 1

2
. Conversely, let x ∈ X.

Then {x} is either σ−open or σ−closed. If {x} is σ−open, then {x} ⊂ cµiµ({x})
which implies that iµcµ({x}) ⊂ iµcµiµ({x}). If iµ({x}) = ∅, then iµcµiµ({x}) = ∅
and so iµcµ({x}) = ∅. Hence {x} is µ−rare. If iµ({x}) ̸= ∅, then {x} is µ−open.
Suppose that {x} is σ−closed. Then by Lemma 1.7(f), {x} is either µ−open or
µ−rare. This completes the proof.

Let (X,µ) be a space and κ ∈ {µ, α, σ, π, b, β}. A subset A of Mκ in a space
(X,µ) is said to be κ − locally closed if A = U ∩ V where U is κ−open and V is
κ−closed in (Mκ, κ). A space (X,µ) is said to be a κ− TD space if {x} is κ−locally
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closed for every x ∈ Mκ. Note that, if (X,µ) is not strong, then for λ ∈ {σ, b, β},
every λ−open as well as λ−closed sets are λ−locally closed sets. The following
Lemma 2.15, gives some expected relations between κ− T 1

2
and κ− TD spaces. In

Theorem 2.16 below, we show that in quasi-topological spaces, the concepts σ−T 1
2

and σ − TD are identical. Example 2.17 below shows that the condition quasi-
topology on µ cannot be dropped in Theorem 2.16.

Lemma 2.15. Let (X,µ) be a space. Then the following hold.

(a) For λ ∈ {σ, b, β}, if (X,µ) is λ− T 1
2
, then (X,µ) is λ− TD.

(b) For λ ∈ {µ, α, π}, if (X,µ) is λ− T 1
2
, then (X,µ) is λ− TD.

(c) If (X,µ) is α− TD, then (X,µ) is σ − TD.

Proof. (a) Suppose that (X,µ) is a λ − T 1
2
space. Let x ∈ X = Mλ. Then by

Lemma 1.7, {x} is either λ−open or λ−closed in (Mλ, λ) and so {x} is λ−locally
closed. Hence (X,µ) is λ− TD.
(b) Let x ∈ Mλ. Then by Lemma 1.7, {x} is either λ−open or λ−closed in (Mλ, λ).
If {x} is λ−closed in (Mλ, λ), then {x} = {x}∪(X−Mλ) = F and so {x} = F ∩Mλ.
Hence {x} is the intersection of a λ−open set Mλ and a λ−closed set F . If {x} is
open in (Mλ, λ), then {x} = {x} ∩ Mλ, an intersection of a λ−open set {x} and
a λ−closed set Mλ in (Mλ, λ). Hence for every point x in Mλ, {x} is λ−locally
closed. This completes the proof.
(c) Suppose (X,µ) is α−TD. Let x ∈ Mσ = X. If x ∈ X−Mµ, then {x} is σ−open.
Then {x} = {x} ∩X, an intersection of a σ−open and a σ−closed set. If x ∈ Mµ,
then {x} = U ∩ V where U is α−open and V is α−closed. Since α ⊂ σ, {x} is an
intersection of a σ−open set and a σ−closed set. Hence (X,µ) is σ − TD.

Theorem 2.16. Let (X,µ) be a quasi-topological space. Then (X,µ) is a σ − T 1
2

space if and only if (X,µ) is a σ − TD space.

Proof. Suppose that (X,µ) is a σ − T 1
2
space. By Lemma 2.15(a), (X,µ) is a

σ − TD space. Conversely, assume that X is σ − TD and x ∈ X. If {x} is not
µ−rare, then iµcµ({x}) ̸= ∅ and so x ∈ iµcµ({x}). Since (X,µ) is σ − TD, {x} is
σ−locally closed which implies that cσ({x})− {x} is σ− closed, by Theorem 2.8 of
[9]. This implies that ({x}∪ iµcµ({x}))−{x} is σ−closed and so iµcµ({x})−{x} is
σ−closed. Hence {x} ∪ (X − iµcµ({x})) is σ−open. Therefore, there exists G ∈ µ
such that G ⊂ {x}∪ (X− iµcµ({x})) ⊂ cµ(G). Since x ∈ cµ(G), G∩ iµcµ({x}) ̸= ∅.
Suppose x /∈ G. If (iµcµ({x}) − {x}) ∩ G = ∅, then iµcµ({x}) ∩ G = {x} and so
x ∈ G, which is a contradiction. Hence (iµcµ({x})−{x})∩G ̸= ∅ which implies that
(iµcµ({x})− {x}) ∩ ({x} ∪ (X − iµcµ({x}))) ̸= ∅, which is not possible. Therefore,
x ∈ G. Hence iµcµ({x}) ∩G = {x} is µ−open in X.

Example 2.17. Consider the space (X,µ) of Example 2.2. Clearly, (X,µ) is σ−TD.
Since {b} is neither σ−open nor σ−closed, by Lemma 1.7, (X,µ) is not a σ − T 1

2
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space. Note that, the space is not a quasi-topological space.

The following Theorem 2.18 shows that the separation axioms α−T 1
2
and σ−T 1

2

are equivalent.

Theorem 2.18. Let (X,µ) be a space. Then (X,µ) is α− T 1
2
if and only if (X,µ)

is σ − T 1
2
.

Proof. Let (X,µ) be a σ − T 1
2
space and x ∈ Mα. By Theorem 2.14, {x} is µ−rare

or µ−open. If {x} is µ−rare, then cα({x}) = {x} ∪ cµiµcµ({x}) = {x} ∪ cµ(∅) =
{x} ∪ (X − Mµ) and so cα({x}) ∩ Mµ = {x} which implies that {x} is α−closed
in (Mα, α). If {x} is µ−open, then clearly, {x} is α−open in (Mα, α). Hence (X,µ)
is α − T 1

2
, by Lemma 1.7. Conversely, suppose (X,µ) is α − T 1

2
space. Suppose

x ∈ Mσ = X. If x ̸∈ Mα, then iµcµ({x}) = iµ(X −Mα) = ∅ and so {x} is µ−rare.
If x ∈ Mα, then {x} is either α−open or α−closed in (Mα, α), by Lemma 1.7. If
{x} ∈ α, then {x} ∈ σ and so iµ({x}) ̸= ∅. Therefore, {x} ∈ µ. If {x} is α−closed,
then iµcµ({x}) ⊂ cµiµcµ({x}) ⊂ {x} and so iµcµ({x}) is either ∅ or {x}. Hence {x}
is either µ−rare or µ−open. By Theorem 2.14, (X,µ) is a σ − T 1

2
space.

Corollary 2.19. Let (X,µ) be a quasi-topological space. Then the following are
equivalent.

(a) (X,µ) is α− T 1
2
.

(b) (X,µ) is σ − T 1
2
.

(c) (X,µ) is σ − TD.

(d) (X,µ) is α− TD.

Proof. (a) and (b) are equivalent by Theorem 2.18.
(b) and (c) are equivalent by Theorem 2.16.
(a) implies (d) by Lemma 2.15(b) and so (c)⇒(d). By Lemma 2.15(c), (d)⇒(c) and
so (c) and (d) are equivalent.

Corollary 2.20. A quasi-topological space (X,µ) is a α− TD space if and only if
(X,µ) is a σ − TD space.

A space (X,µ) is said to be κ − symmetric for κ ∈ {µ, α, σ, π, b, β}, if for
any x, y ∈ Mκ, x ∈ cκ({y})∩Mκ implies y ∈ cκ({x})∩Mκ. The following Theorem
2.21 shows that in κ−symmetric spaces, the concepts κ − Ti for i = 0, 1

2 , D, 1 are
equivalent.

Theorem 2.21. Let (X,µ) be a κ−symmetric space for κ ∈ {µ, α, σ, π, b, β}.
Then the following are equivalent.

(a) X is κ− T1.
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(b) X is κ− T 1
2
.

(c) X is κ− TD.

(d) X is κ− T0.

Proof. It is enough to prove that (d)⇒(a). Let x, y ∈ X. Suppose, there exists
G ∈ κ containing x but not y. Now G ∩ {y} = ∅ implies that x /∈ cκ({y}). By
hypothesis, y /∈ cκ({x}) and so there is a H ∈ κ such that y ∈ H and x /∈ H.
Therefore, X is a κ− T1 space.

The following Theorem 2.22 gives a characterization of π−T1 quasi-topological
spaces.

Theorem 2.22. Let (X,µ) be a quasi-topological space. Then (X,µ) is π − T1 if
and only if for every x ∈ Mµ, {x} is either µ−open and cµ({x}) ∩ Mµ = {x} or
iµ({x}) = ∅.

Proof. Suppose that the conditions hold. Let x ∈ Mµ. If iµ({x}) = ∅, then by
Lemma 1.5(c), cπ({x}) ∩ Mµ = ({x} ∪ cµiµ({x})) ∩ Mµ = ({x} ∪ cµ(∅)) ∩ Mµ =
({x} ∪ (X − Mµ)) ∩ Mµ = {x}. If {x} is µ−open and cµ({x}) ∩ Mµ = {x}, then
cπ({x})∩Mµ = ({x}∪cµiµ({x}))∩Mµ = ({x}∪cµ{x})∩Mµ = {x}. Hence (X,µ) is
π−T1. Conversely, suppose (X,µ) is π−T1. Let x ∈ Mµ. Then cπ({x})∩Mµ = {x}
which implies that ({x}∪cµiµ({x}))∩Mµ = {x} and so {x}∪(cµiµ({x})∩Mµ) = {x}
which implies that cµiµ({x}) ∩Mµ ⊂ {x}. If cµiµ({x}) ∩Mµ = ∅, since iµ({x}) ⊂
cµiµ({x}) ∩ Mµ, we have iµ({x}) = ∅. Suppose that cµiµ({x}) ∩ Mµ = {x}. If
iµ({x}) = ∅, then cµiµ({x}) = cµ(∅) = X −Mµ so that cµiµ({x}) ∩Mµ = ∅, which
is not possible. Hence iµ({x}) ̸= ∅ and so iµ({x}) = {x} which implies that {x} is
µ−open. Also, cµ({x}) ∩Mµ = cµiµ({x}) ∩Mµ = {x}.

The following Theorem 2.23 shows that every quasi-topological space is π− T 1
2

which generalize the existing result that every topological space is π − T 1
2
[6].

Theorem 2.23. Every quasi-topological space (X,µ) is a π − T 1
2
space.

Proof. Let x ∈ Mµ. If iµ({x}) = {x}, then {x} = iµ({x}) ⊂ iµcµ({x}) and so
{x} is π−open in (Mπ, π). Again, if iµ({x}) = ∅, then cπ({x}) ∩ Mµ = ({x} ∪
cµiµ({x})) ∩ Mµ = ({x} ∪ cµ(∅)) ∩ Mµ = {x} ∪ ((X − Mµ) ∩ Mµ) = {x} so that
cπ({x})∩Mµ = {x} which implies that {x} is π−closed in (Mπ, π). By Lemma 1.7,
(X,µ) is a π − T 1

2
space.

The proof of the following Corollary 2.24 follows from Lemma 2.15(b). For the
sake of completeness, we give the proof for Corollary 2.25.

Corollary 2.24. Every quasi-topological space (X,µ) is π − TD.

Corollary 2.25. Every quasi-topological space (X,µ) is π − T0.
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Proof. Let x, y ∈ Mµ such that x ̸= y. By Theorem 2.23, {x} and {y} are ei-
ther π−open or π−closed in (Mµ, π). If {x} or {y} is π−open, then {x} or {y} is
the required π−open containing one but not the other. Suppose {x} and {y} are
π−closed. Since {x} is π−closed, cπ({x})∩Mµ = {x} and so Mµ−{x} is a π−open
set containing y but not x. Hence (X,µ) is π − T0.

The following Theorem 2.26 shows that every quasi-topological space (X,µ) is
a b− T 1

2
space. Corollaries 2.27, 2.28 and 2.29 below follow from Theorem 2.26.

Theorem 2.26. Every quasi-topological space (X,µ) is a b− T 1
2
space.

Proof. Let x ∈ X = Mb. Suppose x ∈ Mµ. If iµ({x}) = {x}, then {x} is b−open.
Again, if iµ({x}) = ∅ and so cµiµ({x}) = X −Mµ. Then iµcµ({x}) ∩ cµiµ({x}) =
iµcµ({x}) ∩ (X − Mµ) = ∅ ⊂ {x} and so {x} is b−closed. On the other hand, if
x ∈ X − Mµ, then iµ({x}) = ∅ and so cµiµ({x}) = X − Mµ. Then iµcµ({x}) ∩
cµiµ({x}) = ∅ ∩ (X − Mµ) = ∅ ⊂ {x} and so {x} is b−closed. Hence (X,µ) is
b− T 1

2
.

Corollary 2.27. Every quasi-topological space (X,µ) is a β − T 1
2
space.

Corollary 2.28. Every quasi-topological space (X,µ) is a b− TD space as well as
a b− T0 space.

Corollary 2.29. Every quasi-topological space (X,µ) is a β − TD space as well as
a β − T0 space.

The following Theorem 2.30 gives a characterization of β−T1 quasi-topological
spaces, and Theorem 2.31 below shows that the separation axioms β−T1 and b−T1

are equivalent in quasi-topological spaces.

Theorem 2.30. A quasi-topological space (X,µ) is β − T1 if and only if for each
point x ∈ X, either {x} is µr−open or iµ({x}) = ∅.

Proof. (X,µ) is β − T1 if and only if {x} is β−closed for every x ∈ X if and only
if for each x ∈ X, iµcµiµ({x}) ⊂ {x}. Now, iµcµiµ({x}) ⊂ {x} implies that either
iµcµiµ({x}) = {x} or iµcµiµ({x}) = ∅. If iµcµiµ({x}) = ∅, then iµ({x}) = ∅ and
so either iµ({x}) = {x} or iµ({x}) = ∅. If iµ({x}) = {x}, then iµcµ({x}) = {x}
and so {x} is µr−open. Conversely, if either iµcµ({x}) = {x} or iµ({x}) = ∅, then
iµcµiµ({x}) ⊂ {x} and so {x} is β−closed.

Theorem 2.31. A quasi-topological space (X,µ) is β−T1 if and only if it is b−T1.

Proof. If (X,µ) is b−T1, then for each x ∈ X, {x} is b−closed. That is, cµiµ({x})∩
iµcµ({x} ⊂ {x}. But this implies that either cµiµ({x})∩iµcµ({x}) = ∅ or cµiµ({x})∩
iµcµ({x}) = {x}. If iµ({x}) ̸= ∅, then iµ({x}) = {x} and so cµiµ({x})∩iµcµ({x}) =
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cµ({x}) ∩ iµcµ({x}) = iµcµ({x}) and so iµcµ({x}) = {x} or iµcµ({x}) = ∅ which
implies that {x} either is µr−open or iµ({x}) = ∅. Therefore, by Theorem 2.30,
(X,µ) is a β − T1 space. Conversely, if for every point x, either iµ({x}) = ∅ or
iµcµ({x}) = {x}, then cµiµ({x}) ∩ iµcµ({x}) ⊂ {x} so that the space is b− T1.

The proof of the following Corollary 2.32 follows from Theorems 2.21, 2.30 and
2.31.

Corollary 2.32. Every quasi-topological π − T1 space (X,µ) is a b− T1 space.

Theorem 2.33. Every quasi-topological π − TD space (X,µ) is a b− TD space.

Proof. Let x ∈ X. If x ∈ Mµ, then the proof is clear. Suppose that x ∈ X −Mµ.
Then iµcµ({x}) ∩ cµiµ({x}) = iµ(X −Mµ) ∩ cµ(∅) = ∅ ∩ (X −Mµ) = ∅ ⊂ {x} and
so {x} is b−closed, by Lemma 1.5(e). Hence (X,µ) is b− TD.

Theorem 2.34. For every space (X,µ), the following hold.

(a) If (X,µ) is µ− T 1
2
, then (X,µ) is an α− T 1

2
space.

(b) If (X,µ) is a quasi-topological µ− T 1
2
space, then (X,µ) is β − T 1

2
.

Proof. (a) Suppose that (X,µ) is a µ − T 1
2
space and x ∈ Mµ. Then either {x}

is µ−open or cµ({x}) ∩ Mµ = {x}. If {x} is µ−open, then it is α−open. Now
cα({x}) ∩ Mµ = (cµiµcµ({x}) ∪ {x}) ∩ Mµ = (cµiµcµ({x}) ∪ (cµ({x}) ∩ Mµ)) ∩
Mµ = cµ({x}) ∩ (cµiµcµ({x}) ∪ Mµ) ∩ Mµ = cµ({x}) ∩ Mµ = {x}. Therefore,
cα({x}) ∩Mµ = {x}. Thus, (X,µ) is α− T 1

2
.

(b) Let x ∈ X. If {x} is µ−open, then {x} is β−open. If x ∈ Mµ, then cµ({x}) ∩
Mµ = {x}. Now cβ({x}) ∩ Mµ = ({x} ∪ iµcµiµ({x})) ∩ Mµ = ((cµ({x}) ∩ Mµ) ∪
iµcµiµ({x})) ∩Mµ = cµ({x}) ∩ iµcµiµ({x}) ∩Mµ = iµcµiµ({x}) ∩Mµ ⊂ cµ({x}) ∩
Mµ = {x}. But {x} ⊂ cβ({x}) ∩Mµ and so cβ({x}) ∩Mµ = {x}. If x ̸∈ Mµ, then
cβ({x}) = {x} ∪ iµcµiµ({x}) = {x} ∪ iµcµ(∅) = {x} ∪ iµ(X − Mµ) = {x}. Hence
(X,µ) is β − T 1

2
.

Remark 2.35. The converse of some of the theorem established above are not true
for topological spaces (for example, Theorems 2.33 and 2.34 and Corollaries 2.11,
2.13, 2.32 and 2.33) and so are not true for quasi-topological spaces.
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[4] Á. Császár, Further remarks on the formula for γ−interior, Acta Math. Hungar.,
113(2006), 325-332, DOI: 10.1007/s10474-006-0109-6.

[5] A. Guldurdek and O. B. Ozbakir, On γ−semi-open sets, Acta Math. Hungar.,
109(4)(2005), 347-355, DOI: 10.1007/s10474-005-0252-5.

[6] H. Maki, J. Umehara and T. Noiri, Every topological space is pre-T 1
2
, Mem. Fac. Sci.

Kochi. Univ. Math., 17(1996), 33-42.

[7] V. Pankajam and D. Sivaraj, Some separation axioms in generalized topological spaces,
Bol. Soc. Paran. Mat.(3s)., 31(1)(2013), 29-42.

[8] I. L. Reilly and M.K. Vamanamurthy, On α−sets in topological spaces, Tamkang J.
Maths., 16(1)(1985), 7-11.

[9] V. Renukadevi and D. Sivaraj, On δ−sets in γ−spaces, Filomat, 22(1)(2008), 95-
104.

[10] V. Renukadevi and D. Sivaraj, On weak separation axioms in generalized topological
spaces, Annales Univ. Sci. Budapest., to appear.

[11] P. Sivagami, Remarks on γ−interior, Acta Math. Hungar., 119(2008), 81-94, DOI:
10.1007/s10474-007-7007-4.


