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Abstract

It presents the concepts of ordinary smooth interior and ordinary smooth closure of an ordinary
subset and their structural properties. It also introduces the notion of ordinary smooth (open)
preserving mapping and addresses some their properties. In addition, it develops the notions
of ordinary smooth compactness, ordinary smooth almost compactness, and ordinary near
compactness and discusses them in the general framework of ordinary smooth topological
spaces.
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1. Introduction

By considering the degree of openness of fuzzy sets, Badard [1] introduced the concept of a
smooth topological space as a generalization of a classical topology as well as a Chang’s fuzzy
topology [2]. Hazra et al. [3], Chattopadhyay et al. [4], Demirci [5], and Ramadan [6] have
investigated the smooth topological spaces in the various aspects. El Gayyar et al. [7] showed
how the concepts of closure, interior, subspace, almost and near compactness can be smoothed
while obtaining more general structures with even nice properties. Ying [8, 9] presented the
notion of a fuzzifying topology (called an ordinary smooth topology (OST) by Lim et al. [10])
with the consideration of the degree of openness of ordinary subsets, and discussed some of
its properties. Cheong et al. [11] constructed the collection OST(X) of all ordinary smooth
topologies on a set X and investigated it in the perspective of a lattice.

Here we first introduce the concepts of ordinary smooth interior and ordinary smooth
closure of an ordinary subset and we investigate some of their structural properties. We also
present the notions of ordinary smooth (open) preserving mapping and some their properties.
In addition, we develop the notions of ordinary smooth compactness, ordinary smooth almost
compactness, and ordinary near compactness and examine them in the general framework of
ordinary smooth topological spaces.

2. Preliminaries

Let 2 = {0, 1} and let 2 denote the set of all ordinary subsets of a set X.
Definition 2.1 [10]. Let X be a nonempty set. Then a mapping 7 : 2% — I is called an
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ordinary smooth topology (in short, ost) on X or a gradation of
openness of ordinary subsets of X if T

satisfies the following axioms:

(OST) 7(0) = 7(X) = 1.

(0ST2) 7(AN B) > 7(A) AT(B), VA, B € 2%.

(0ST3) 7(Uner Aa) = Aver T(Aa), V{Aa} € 2%

The pair (X, 7) is called an ordinary smooth topological

space (in short, osts). We will denote the set of all ost’s on X
as OST(X).

Remark 2.2. Ying [8] called the mapping 7 : 2X — I [resp.
7: 1% — 2and 7 : IX — I satisfying the axioms in Def-
inition 2.1 as a fuzzyfying topology [resp. fuzzy topology and
bifuzzy topology] on X.

Remark 2.3. If I = 2, then Definition 2.1 coincides with the
known definition of classical topology.

Definition 2.4 [10]. Let X be a nonempty set. Then a mapping
C : 2X — I is called an ordinary smooth cotopology (in short,
osct) on X or a gradation of closedness of ordinary subsets of
X if C satisfies the following axioms :

(OSCT1) C(0) =C(X) = 1.

(OSCT,) C(AU B) > C(A) AC(B), VA, B € 2X.

(OSCT3) C(( )] 4a) = A C(Aq). ¥{Ao} C 2.

ael ael
The pair (X, C) is called an ordinary smooth cotopological

space (in short, oscts). We will denote the set of all osct’s on X
as OSCT(X).

Remark 2.5. If I = 2, then Definition 2.4 also coincides with

the known definition of classical topology.

Result 2.A [10, Proposition 2.7]. Let X be a nonempty set.
We define two mappings f : OST(X) — OSCT(X) and ¢ :
OSCT(X) — OST(X) as follows, respectively :

[f(T)](A) = T(A°), VT € OST(X), VA € 2%
and

[9(C)](A) = C(A°),VC € OSCT(X), VA € 2¥.
Then f and g are well-defined. Furthermore g o f = idogr(x)

and f o g =idoscT(x)-

Remark 2.6. Let f(7) = C; and ¢g(C) = 7¢. Then, by Result
2.A, we can easily see that 7¢_ = 7 and C,, = C.

www.ijfis.org

Definition 2.7 [10]. Let (X, 7) be an osts and let r € I. Then
we define two ordinary subsets of X as follows :

(7, ={Ae2X:7(4) >r}
and

[7]: = {A €2X :7(4) > r}.
We call these the r—level set and the strong r-level set of T,
respectively.

It is clear that [7]y = 2, the classical discrete topology on

X and [7]7 = 0. Also it can be easily seen that [7] C [7], for
eachr € [.

Result 2.B [10, Proposition 2.10]. Let (X, 7) be an osts and
let T'(X) be the set of all classical topologies on X . Then :
@) [t], e T(X),Vr € 1.
@' 7] e T(X),Vr € L.
(b) For any r, s € I, if r < s, then [7]; C [7], and [7]% C

717

© [l = ()]s ¥r € Io.
s<r
©) [r]r = U[T]:, Vr € Iy, where I; = [0,1) and I =
(O’IL s>r

3. Closures and Interiors in Ordinary Smooth
Topological Spaces

Definition 3.1. Let (X, 7) be an ordinary smooth topological
space and let A € 2X. Then the ordinary smooth closure of A
in (X, 7), denoted by A4, is defined by

0, if C-(A) = 1,
({Fe2X:ACF
and C(A) < C,(F)},

A=
ifC(A) £ 1.

Proposition 3.2. Let (X, 7) be an ordinary smooth topological
space and let A, B € 2% Then :

(@) C-(A) < Cr(A).

(b)If BC Aand C,(B) < C.(A), then B C A.
Proof. (a) From Definition 3.1 and the condition (OSCT}), it
is obvious.

(b) Let A, B € 2%. Suppose B C A and C,(B) < C.(A).

Case (i): Suppose C,(B) = 1. Then B = B. Since C,(B) <
C(A),C.(A) = 1. Thus A = A. Since B C A, B C A.

Case (ii): Suppose C,(B) # 1 and C,(A) = 1. Then A = A
and

B=({Fe2¥:BCF and C.(B)<C (F)}.
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Since C.(A) =1,Ae {Fe2X :BCF and C,(B) <
C-(F)}. Thus

B=({Fe2X:BCF and C.(B)<C/(F)}CA.

So B C A.
Case (ii): C-(B) # 1 and C;(A) # 1. Then

B=({Fe2X:BCF and C/(B)<C (F)}
and
A=({Fe2¥:ACF and C/(A)<C.(F)}

Thus, by the hypothesis, V' C A. This completes the proof.

Proposition 3.3. Let (X, 7) be an ordinary smooth topological
space, and let A, B € 2. Then:

()0 =0.

(b) AcC A.

() AcC A

(dANBcAUB.

Proof. (a) From Definition 3.1, it is obvious.
(b) Let A € 2.
Case (i): Suppose C,(A) = 1. Then A = A.
Case (ii): Suppose C-(A) # 1. Then, by Definition 3.1,
AC A Thus A C A.

(c) By (b), A C A. Moreover, C,(A) < C,(A), by Proposi-
tion 3.2 (a). Thus, by Proposition 3.2 (b), A C A.

(d)Let A, B € 2¥.

Case (i): Suppose C,(A) = C,(B) = 1. Then, by the
condition (OSCT,), C,(AUB) = 1. Thus AUB = AU B.
By the hypothesis, A = Aand B = B.So ANB C AUB.

Case (ii): Suppose C-(A) =1,C.(B) # landC,(AUB) #
1. Then, by the condition (OSCTs), C.(A U B) > C,(B).
Thus, by Proposition 3.2 (b), BC AUB.So ANB C AUB.

Case (iii): Suppose C,(A) = 1,C-(B) # landC,(AUB) =
1.Then AC AUB.Thus ANB C AUB.

Case (iv): Suppose C(A) # 1,C-(B) = land C,(AUB) #
1. Then it is similar to Case (ii).

Case (v): Suppose C-(A) # 1,C-(B) =1andC.(AUB) =
1. Then it is similar to Case (iii).

Case (vi): Suppose C-(A) # 1,C.(B) # 1landC,(AUB) =
1. Then, by Proposition 3.2 (b), ACcAUBand BC AUB.
Thus ANB Cc AUB.

Case (vii): Suppose C,(A) # 1,C.(B) # 1 and C.(A U
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B) # 1. Then

AUB

=({{Fe€2¥:AUBCF and C,(AUB) < C,(F)}

S ({Fe2¥: AUBCF and C.(A) AC-(B) < C-(F)}
[By the condition (OSCT2)]

=({Fe2¥:ACF,BCFandC(A)<C(F)or
C-(B) <C-(F)}

=({F €2¥:(ACF,BCF andC(A) < C(F)) or
(ACF,BC FandC.(B) <C,(F))}

=({F €2¥: AC F and C.(A) < C,(F)}
U{F€2X:BCF and C,(B) <C,(F)}]

S[({Fe2¥:ACF and C.(A) < C.(F)}]
N{F €2 :BCF and C,(B) < C.(F)}]

= ANB.

Hence, in any cases, ANBcC AUB.

Definition 3.4 Let (X, 7) be an ordinary smooth topological
space, let 7 € I and let A € 2. Then the [7],. - closure of A,
denoted by cl, (A), is defined by

c(A)=[{Fe2X:FeF,, and ACF},

where Fi;j, denotes the set of all [7],-closed sets in X.

Remark 3.5. Let (X, 7) be a classical topological space. Then:

(a) T can be identified with an ordinary smooth topology 71
on X defined as follows : 77 : 2% — I is the mapping given
by for each A € 2%

1, if AeT,

mr(A) =
0, otherwise.

In fact, [77], = 1.

(b) Also T can be identified with an ordinary smooth cotopol-
ogy Cr on X defined as follows : Cr : 2% — I is the mapping
given by for each A € 2%,

1, if A°eT,

0, otherwise.

(c) We can calculate the ordinary smooth closure of A w.r.t
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77, denoted by cl..(A), defined by Definition 3.1:

A, if Crp(A) = 1,
({Fe2X:ACF
and C,. (A) < C..(F)}

cloy (A) =
ifCrp(A) # 1.

Proposition 3.6. Let (X, 7) be an ordinary smooth topological
space and let A € 2%,

(@) cli7), (A) = cl.(A), Vr € L.

(b) IfC.(A) = 1, then A = cl,(A),Vr € I,.

©IfCr(A) # 1, then A =, £ (4 cl(A).

Proof. (a) From Result 2.B and Remark 3.5 (a), it is obvious
that 7,1, € OST(X) for each 7 € Iy.

Case (i) : Suppose Cr, (A) = 1. Then, by Remark 3.5(b),
A¢ € [r],. Thus A € Fl;,. Socl(A) = [|{F € 2

F € F;, and A C F} = A. On the other hand, by
the hypothesis and Remark 3.5 (c), clr (A) = A. Hence
clrp,,, (A) = cli(A).

Case (ii): Suppose Cr, (A) # 1. Then

el (A)

=({Fe2¥:ACFandC,, (A) <Cr, (F)}
=({Fe2*:ACFand(C,, (F) =1}

[By Remark 3.5(b)]
(J{Fe2¥:ACFandFeFp,}

[By Remark 3.5(b)]
cl (A). [By Definition 3.4]

(b) Suppose C,(A) = 1. Then, by Definition 3.1, A = A. Let
r € Iy. Then, by the hypothesis, 7(A°) = C.(A) =1 > r.
Thus A° € [7],. So A € F; . Hence, by Definition 3.4,
cl,(A) = A. Therefore A = cl,(A) for each r € Ij.

(c) Suppose C(A) # 1. Then

) <k(A)

r>Cr(A)

= () [N{Fe2*:Feky, adAcF)
r>Cr(A)

= () N{Fe2®:Ac Fand F° € [r],}]
r>C,(A)

= () [[{Fe2¥:ACF and C.(F) = 7(F°) > r}]
r>C,(A)

www.ijfis.org

= () {Fe2¥:AcCFandC.(F)>r}]
r>Cr(A)

=({F €2¥:ACF and C.(A) < C,(F)}

= A. [By Definition 3.1]

This completes the proof.

Definition 3.7. Let (X, 7) be an ordinary smooth topological
space and let A € 2% Then the ordinary smooth interior of A

in (X, 7),denoted by A, is defined as follows:

A, if 7(A)=1,
Uue2X:UcA
and 7(U) > 7(A)}

A=
if 7(A)#1.

Proposition 3.8. Let (X, 7) be an ordinary smooth topological
space and let A, B € 2% Then:

(@) T(A) < 7(A).

() If B € Aand 7(B) > 7(A), then B C A. Proof. (a)
from Definition 3.7 and the condition (OST}), it is obvious.

(b) The proof is similar to that of Proposition 3.2 (b).
Proposition 3.9. Let (X, 7) be an ordinary smooth topological
space and let A, B € 2X. Then:

(a) X = X.
(b) A C A.

(©) (A)° C A,

(d (ANnB)° C AU B. Proof. The proofs are similar to
these of Proposition 3.3.
Definition 3.10. Let (X, 7) be an ordinary smooth topological
space, let » € I and let A € 2X. Then the [7],.-interior of A,
denoted by int,(A), is defined by

int,(A) = {U€2*:Ue[r], and UcCA}

Proposition 3.11. Let (X, 7) be an ordinary smooth topologi-
cal space and let A € 2¥.

(a) int;,, (A) = int,(A),Vr € Iy, where int,, (A) is the
ordinary smooth interior of A in (X, 7j,],), defined by

A, lf T[T]F(A) = 1,
Uve2X:UcA
and T[T]r(U) > T[T],»(A)} if T[T]Y(A).

() If 7(A) = 1, then A = int,(A), Vr € Io.
(©IF7(4) # Lthen A= ., ) int,(A).
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Proof. The proofs are similar to these of Proposition 3.6.

4. Ordinary Smooth Open Preserving Mappings

Definition 4.1. Let (X, 7y ) and (Y, 72) be two ordinary smooth
topological spaces. Then a mapping f : X — Y is said to
be ordinary smooth preserving[resp. ordinary strict smooth
preserving] if for any A, B € 2V,

n(B) < n(4) © ni(f71(B)) < 1u(f71(4))

resp.72(B) < 72(A) & i (f1(B)) < m(f~'(A))].

The following is the characterization of Definition 4.1.
Theorem 4.2. Let (X, ;) and (Y, 72) be two ordinary smooth
topological spaces: Suppose f : X — Y is an ordinary smooth
preserving [resp. an ordinary strict smooth preserving] mapping.
Then for any A, B € v,

Cru(B) < CryA) & Cry (f7H(B)) < Cr (f71(4)
fresp. Cr,y(B) < Cr,(A) 5 Cry (E71(B)) < Cr, (F7(A))].

Proof. (i) Suppose f is ordinary smooth preserving and let
A, B € 2% Then

Cr,(B) < Cry(4)

&T19(B°) < 1o(A°)

[By the definition of C for each 7 € OST(X)]
a1 (f~YB)) < m(f*(A°) [By the hypothesis]
<71 (

(f7H(B))%) < m((F71(A))°)
&Cr, (f7H(B)) < Co (F71(A)).

(ii) Suppose f is ordinary strict smooth preserving. Then the
proof is similar to that of (i).

Definition 4.3 [9]. Let (X, 7;) and (Y, 72) be two ordinary
smooth topological spaces. Then a mapping f : X — Y is said
to be ordinary smooth continuous if (A) < 71 (f~1(A)),
2.

Theorem 4.4. Let (X, ;) and (Y, 72) be two ordinary smooth
topological spaces and let f : X — Y be a mapping. Then

f is ordinary smooth continuous if and only if C,,(A4) <

Cr (f7H(4)), vAe2Y.
The following is the immediate result of Result 2.A and
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VA €

Definition 4.3.

Proposition 4.5. Let (X, 71 ) and (Y, 72) be two ordinary smooth
topological space. Suppose f : X — Y is an injective, ordi-
nary strict smooth preserving and ordinary smooth continuous

C f(A), VAe2X

mapping. Then f(A)
Proof. Let A € 2%,
Case (i): Suppose C.,(f(A)) = 1. Then

1=Cr(f(A) <Cr (fH(F(A)))
C. (A).

[Since f is injective]

Thus C, (A) = 1. So, by Definition 3.1, A = A. Hence, by the
hypothesis,
flA) = f(4) = f(4)

Case (ii): Suppose C,(f(A4)) # 1 and C,, (A) = 1. Then
clearly A = A. Thus, by Proposition 3.3 (b),

f(A) = f(A) C f(A).

Case (iii): Suppose Cr,(f(A)) # 1 and C, (A) # 1. Then

FHFA)
{Fe2”:
and C,, (f(A)) < Cr,(F)}] [By Definition 3.1]
{Fe2r:Ac fi(F)
and Cy, (A) < Cr, (f71(F))]
[Since f is injective and ordinary smooth preserving]
= ACfTHE)
and Cy, (A) < Cr, (f1(F))}
=({{Be2X:ACB
and Cr, (A) < Cr, (B)}

f(A) cF

F)e2¥

=A

Hence, in any cases

f(4)

C f(A), VAe2¥,

Proposition 4.6. Let (X, 71) and (Y, 72) be two ordinary smooth
topological space. Suppose f : X — Y is an ordinary strict
smooth preserving and ordinary smooth continuous mapping.
Then f~1(A) C f~'(A), VA€ 2. Proof. Let A € 2V
Case (i): Suppose C,,(A) = 1. Since f is ordinary smooth
1. Then f~1(A) = f~'(A).

continuous, C, (f~1(4)) =
= A. Thus f~1(A) = f~(A). So

By the hypothesis, A
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f7HA) = (A,

Case (ii): Suppose C,(A) # 1 and C, (f~
Proposition 3.3 (b), it is clear that A C A. Then f~
f'(A). Since Cr, (f71(A)) = 1, [~1(A) = [~
f7HA) C A,

Case (iii): Suppose C,(A) # 1and C,, (f~*

1(4)) = 1. By

H(4) c
L(A). Thus

(A)) # 1. Then
F7H(A4)
({Fe2"AcF
and  Cy,(A) < Cry(F)})
S F €2 7 (A) R
and  C,,(F"1(A)) < Cr, (F71(F))})

[Since f is ordinary strict smooth preserving]

=N 1) HF)
and  C,, (f7Y(A)) < C, (71 (F))}
=({Be2X:f'(4HCB
and C., (f7'(A)) < Cr, (B)}
T7HA).

Hence, in any cases, f—

(Fye2X:f~YA)c f-

=71

VA €2V,

71 A) € 1A,

Definition 4.7 [9]. Let (X, 7) and (Y, 73) be two ordinary
smooth topological spaces. Then a mapping f : X — Y is said
to be ordinary smooth open [resp. closed) if for each A € 2%,

71(A) < 72(f(A))  [resp.C1(A) < Co(f(A))];

where (X,C;) and (Y, Cz) are ordinary smooth cotopological
spaces.

Definition 4.8. Let (X, 71 ) and (Y, 72) be two ordinary smooth
topological spaces. Then a mapping f : X — Y is said to be
ordinary smooth open preserving [resp. ordinary strict smooth

open preserving] if for any A, B € 2%,
71(B) < 1i(4) = 2(f(B)) < 72(f(4))
[resp.

71(B) <7(A) = 72(f(B)) < 2(f(A))].

Notice that the concept of an ordinary smooth open preserv-
ing mapping differs from the concept of an ordinary smooth
open mapping.

Example 4.9. Let X = {a,b}, let A = {a} and let B = {b}.

www.ijfis.org

For each i = 1,2,3, we define a mapping 7; : 2% — I as
follows : For each C € 2%,
7(C) =1, ifC=0 or C=X,
71(A) = 0.15, 71(B) = 0.80,
T9(A) = 0.30, T2(B) = 0.50,
73(A) = 0.90, T3(B) = 0.80,
7:(C) = 0.10, if C¢{0,X, A B}.

Then it is obvious that 7; € OST(X) for each i = 1,2,3.
Moreover, we can easily see that the identity mapping id :
(X,71) — (X,72) is ordinary smooth open preserving but
not ordinary smooth open. However, the identity mapping
id : (X, 72) —
nary smooth open preserving.

(X, 73) is ordinary smooth open but not ordi-

Proposition 4.10. Let (X, 7y
smooth topological spaces. Suppose f : X — Y is an ordi-

) and (Y, 72) be two ordinary

nary strict smooth open preserving and ordinary smooth open
mapping. Then f(j{) C (f(A))°, VvAe2X.
Proof. Let A € 2X.

Case (i): Suppose 71(A) = 1. Since f is ordinary smooth
open, 75(f(A)) = 1. Then (f(A))° = f(A). Since 71 (4) =
1, A= A Thus (f(A))° = f(A).

Case (ii): Suppose 71(A) # 1 and TQ(f(A)) =
Proposition 3.9 (b), A C A Thus f( ) f(A).
m(f(4)) = 1, (F(A))° = f(A). Thus f(A) C (f(4))°.

Case (iii): Suppose 71 (A) # 1 and 75(f(A)) # 1. Then

1. By
- Since
C
FA) = fIU €2 . UCA and m(U)>n(A)}]
C fU{U € 2% : f(U) c f(4)
and - 75(f(U)) > 72(f(A))}]
[Since f is ordinary strict smooth open preserving]
=U{f(U) € 2" : f(U) C f(4)
and 7(f(U)) > 72(f(A))}
=u{Ve2:vcfa
and 72(V) > m2(f(A))}

[e]

Hence, in any cases, f(A) C

Proposition 4.11. Let (X, 71) and (Y, 72) be two ordinary
smooth topological spaces. Suppose f : X — Y is an ordinary
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strict smooth preserving and ordinary smooth continuous. Then
for each A € 2Y, f~1(A) C (f~1(4))°.
Definition 3.7, the proof is similar to that of Proposition 4.5.

Proof. By using

5. Some Types of Ordinary Smooth Compact-
ness

For an ordinary smooth topological spaces (X, 7), let us define
S(r) = {A € 2% : 7(A) > 0} and S(7) will be called the
support of T.
Definition 5.1. An ordinary smooth topological space (X, 7)
is said to be:

(i) ordinary smooth compact if for every family {A,}aer
in S(7) covering X, there is a finite subset I'g of I" such that
Uner, 4o = X.

(ii) ordinary smooth almost compact if for every family
{Au}aer in S(7) covering X, there is a finite subset I’y of
[ such that | J,, ., Ao = X.

(iii) ordinary smooth nearly compact if for every family
{Au}aer in S(7) covering X, there is a finite subset I'g of T"
such that J,,cp, (Aa)® = X, or equivalently for every family
{As}aerin {A€2X : 7(A) >0 and A = (A)°}, there
is a finite subset I'g of I such that J,, ¢, Aa = X.

The following is the characterization of Definition 5.1 (i).
Theorem 5.2. Let (X, 7) be an ordinary smooth topological
space. Then (X, 7) is ordinary smooth compact if and only if
every family in S(7) having the finite intersection property (in
short, FI.P.) has a nonempty intersection.

Proof. (=): Suppose (X, 7) is ordinary smooth compact. Let
{A4 }aer be the family in S(C;) having the ELP, i.e., for any fi-
nite subset 'y C I', (o, Ao # 0. Assume that (), Aa

(). Then clearly |J,.r Ao“ = X. Since A, € S(C;) for
eacha € T, C;(4,) = 7(4,°) > 0 for each a € T'. Thus
{A, }acr is a covering of X. So, by the hypothesis, there
is a finite subset I'y C T such that | J,, €Ty = X. Hence
Naer, Aa = 0. This is a contradiction.

(<): Suppose the necessary condition holds. Let { A, }aer
be a family in S(7) covering X. Then |, Aa = X. As-
sume that for any subset I'y C T, UaEFo A, # X. Then
Naer, Aa” # 0. Since { Ay }aer is afamily in S(7), C- (A,°)
7(As) > 0. Thus {Ay }aer is the family in S(C;) hav-
ing the FLP. So, by the hypothesis, (,,cr 4a” # 0. Hence
Uaer Aa # X. This is a contradiction.

acl

Definition 5.3. An ordinary smooth topological space (X, 7)
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is said to be ordinary smooth regular if for each A € S(7),

A= U{B €2¥:7(A)<7(B) and BCA}
Proposition 5.4. Let (X, 7) be an ordinary smooth topological
space.

(a) If (X, 7) is ordinary smooth almost compact and ordinary
smooth regular, then so is it.

(b) If (X, 7) is ordinary smooth nearly compact and ordinary
smooth regular, then it is ordinary smooth compact.
Proof. (a) Suppose (X, 7) is ordinary smooth almost compact
and ordinary smooth regular. Let { A, }qer be a family in S(7)
= X. Since (X, ) is ordinary

covering X, i.e., U,cr Aa

smooth regular, for each o € T,

A = J{Ba €2¥:

Then clearly | J, . Bo = X and {Bq }acr is a family in S(7).
Since (X, ) is ordinary smooth almost compact, there is a finite
subset I'y C I such that UaEF « = X. Since B, C A,
foreacha € T', | A, = X. Hence (X, 7) is ordinary
smooth compact.

7(Ay) € 7(B,) and B, C Au}.

acly

(b) The proof is quite to that of (a) taking into account that
the ordinary smooth interior of an ordinary subset remains al-

ways smaller then itself.

Proposition 5.5. Let (X, 71 ) and (Y, 72) be two ordinary smooth
topological spaces and let f : X — Y be a surjective ordinary
smooth continuous and ordinary strict smooth preserving map-
ping.

(a) If (X, 71) is ordinary smooth almost compact, then so is
(Y, 72).

(b) If (X, 71 ) is ordinary smooth nearly compact, then (Y, 72)
is ordinary smooth almost compact.
Proof. (a) Let { Ay }aer be a family in S(72) covering Y, i.e.,

U el A, =Y. Since f is ordinary smooth continuous,
m(As) < T1(f(As)) foreacha €T.

Since J,er Aa =Y. Uper /71 (Aa) = X. Since 75(A,) >
0 for each a € I‘, 71(f~1(As)) > 0 for each a € T. Thus
(/1A
is ordinary smooth almost compact, there is a finite subset
Lo C T such that e, [~ (A, =

fCU i) = | F(F 1 (Aa)

a€cly a€cly

o) tacr is a family in S(7) covering X, since (X, 71)
X. Since f is surjective,

= X.
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Since f is ordinary smooth continuous and ordinary strict
smooth preserving, by Proposition 4.5,

foreacha € T'.

FH(Aa) C f7H(Aw),

So f(f~1(As)) C f(f~1(AL)) = A,, foreacha € T'. Hence

UOAEFO Aa
compact.

(b) The proof is similar to that of (a).

= X. Therefore (Y, 72) is ordinary smooth almost

6. Conclusions

It is difficult to investigate the compactness using the notions
of the closure and the interior introduced by Ying [8, 9]. To
handle the difficulty, we introduced the new definitions of the
closure and the interior different from the Ying’s definitions.
We discussed the topological properties based on the definitions.
The new definitions help to naturally study some compactness
in an ordinary smooth topological space.
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