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ON THE DYNAMICS OF z,.1 =
Tp-1+ Tn—k
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ABSTRACT. In this paper, we investigate the behavior of solutions of the
difference equation
a+ Tp—1Tp—
Tpgp = ——n=lnok 2 0,1,2, ...
Tn—1+Tn—k

where k € {1,2} ,a>0,and z_; >0, j=0,1,...,k.
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1. Introduction

Difference equations appear as natural descriptions of observed evolution phe-
nomena because most measurements of time evolving variables are discrete and
as such these equations are in their own right important mathematical models.
More importantly, difference equations also appear in the study of discretization
methods for differential equations. Several results in the theory of difference
equations have been obtained as more or less natural discrete analogues of cor-
responding results of differential equations.

Recently there has been a lot of interest in studying the global attractivity,
boundedness character, periodicity and the solution form of nonlinear difference
equations. For example,

Abu-Saris et al.[1] investigated the asymptotic stability of the difference equa-
tion

For other related results([2-16]).
In this paper, we investigate the behavior of solutions of the difference equa-
tion n
a Tn-1Tpn—k
x =— n=012,.. 1.1
n+1 Tn1 ¥ Tk ) 9y &y ( )
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where k € {1,2} ,a>0,and z_; >0, j=0,1, ..., k.
We need the following definitions.

Definition 1.1. Let I be an interval of real numbers and let

foIMt T
be a continuously differentiable function. Consider the difference equation
Tnt1 = f(TnyTn-1, -y Tnk), n=0,1,.., (1.2)

with @ _g, % _ky1,...,20 € I. Let T be the equilibrium point of Eq.(1.2). The
linearized equation of Eq.(1.2) about the equilibrium point Z is

Yn+1 = C1Yn + C2Yn—1 + ... + Cht1Yn—k (1.3)

(T,T,..,T) , cp = aﬁlfil(f,f,...,f),...,ck+1 — Dmif_k (T,T, ..., T).

The characteristic equation of Eq.(1.3) is

where ¢; = aa—f

Tn

k+1 )
ARFL N oAbt =, (1.4)
i=1

(i) The equilibrium point T of Eq.(1.2) is locally stable if for every ¢ > 0, there
exists d > 0 such that for all z_g,x_g11,...,2-1,20 € I with

|T_p — T+ |2_py1 — T| + ... + |zg — T| < 4,

we have
|, —ZT| <e forall n>—Fk.

(ii) The equilibrium point T of Eq.(1.2) is locally asymptotically stable if T is
locally stable and there exists v > 0, such that for all z_x,2_g41,....,2-1, Tg €
I with

|T_k —Z| + |T—pr1 — T| + ... + |z0 — T| <7,
we have

lim =z, =7.
n—oo

(iii) The equilibrium point Z of Eq.(1.2) is global attractor if for all ey, _j11, ..., 21,
zo € I, we have

lim =z, =T.
n— o0

(iv) The equilibrium point T of Eq.(1.2) is globally asymptotically stable if T is
locally stable, and 7 is also a global attractor of Eq.(1.2).
(v) The equilibrium point T of Eq.(1.2) is unstable if Z is not locally stable.

Definition 1.2. A positive semicycle of {z,} — , of Eq.(1.2) consists of a
‘string” of terms {x;,2;41,...,Zm }, all greater than or equal to T, with [ > —k
and m < oo and such that either I = —k or [ > —k and x;_1 < T and either
m=o0orm< oo and ;1 < 7.

A negative semicycle of {z,}.. _, of Eq.(1.2) consists of a ‘string’ of terms
{z1, 2141, ..., Tm }, all less than Z, with | > —k and m < oo and such that either
l=—korl >—Fkand z;—1 > T and either m = oo or m < co and z,,,4+1 > T.
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Definition 1.3. A solution {z,,},. , of Eq.(1.2) is called nonoscillatory if there
exists N > —k such that either

T, >T Yn>N or x,<T Vn>N,
and it is called oscillatory if it is not nonoscillatory.
We need the following theorems.
Theorem 1.4 ([16]). (i) If all roots of Eq.(1.4) have absolute value less than
one, then the equilibrium point T of Eq.(1.2) is locally asymptotically stable.

(ii) If at least one of the roots of Eq.(1.4) has absolute value greater than one,
then T is unstable.

The equilibrium point T of Eq.(1.2) is called a saddle point if Eq.(1.4) has
roots both inside and outside the unit disk.

Theorem 1.5 ([16]). Assume that p1,p2,....,pr € R and k € {1,2,...}. Then

k
i=1
s a sufficient condition for the asymptotic stability of the difference equation
Tptk + P1Tntk—1+ - +Pexn =0, n=0,1,.... (1.5)
2. Behavior of solutions of Eq.(1.1) when £ =1 and a = 0.

In this section we give the closed form of solutions of Eq.(1.1) when k£ = 1
and a = 0.
In this case the difference equation (1.1) becomes

22 1
Tpi1 = 2%711 =51, n=0,1,2,.. (2.1)

with positive initial conditions z_; and xg.
Eq. (2.1) is linear which have the solution

1 V2 v2\" o1 V2 —v2\"
T, = 3 <x0 + 296—1> <2> + B (330 - 233—1) <2> ;o n=12..
(2.2)

3. Behavior of solutions of Eq.(1.1) when £ =2 and a = 0.

In this section we investigate the behavior of solutions of Eq.(1.1) when k = 2
and a = 0.
In this case the difference equation (1.1) becomes
Lpn—1Tn—2
Tl PR n=20,1,2,.. (3.1)
with positive initial conditions x_5,x_1 and zg.
Eq.(3.1) has a unique equilibrium point Z = 0.
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Theorem 3.1. The equilibrium point T = 0 of Eq.(3.1) is locally asymptotically
stable.

Proof. Since the linearized equation of Eq.(3.1) about the equilibrium point
T = 0 can be written in the following form

Zn+1 = Ezn—l + Zzn—Za
then the proof follows immediately from Theorem B. O

Theorem 3.2. The equilibrium point T = 0 of Fq.(3.1) is globally asymptoti-
cally stable.
Proof. From Eq.(3.1) it is easy to show that z,41 < z,—1 for all n > 0 and so

the even terms converge to a limit (say L, > 0) and the odd terms converge to
a limit (say Ly > 0). Then

 LyL2 and Lo — L1L2
L+ Ly T Lit+ Ly
which implies that L1 = Ls = 0, and the proof is complete. O

4. Behavior of solutions of Eq.(1.1) when £ =1 and a > 0.

In this section we investigate the behavior of solutions of Eq.(1.1) when k =1
and a > 0.

In this case the difference equation (1.1) becomes
a+

=0,1,2, .. 4.1
23371—1 ’ n 07 9 4y ( )

Tpa1 =
with positive initial conditions z_; and xg.

The change of variables z,, = \/ay,, reduces Eq.(4.1) to the difference equation
T+yl
2Yn—1
Eq.(4.2) has a unique positive equilibrium point 7 = 1.

Yn+1 = , n=012,.. (4.2)

Theorem 4.1. The equilibrium point § =1 of Eq.(4.2) is locally asymptotically
stable.

Proof. The linearized equation of Eq.(4.2) about the equilibrium point § =1 is
Zn+1 = 07
and so, the characteristic equation of Eq.(4.2) about the equilibrium point 7 = 1
is
A2 =0,
which implies that [A;| = |[A2] = 0 < 1. Hence, the proof is complete. O

Theorem 4.2. The equilibrium point § =1 of Eq.(4.2) is globally asymptoti-
cally stable.
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Proof. Since 1+ 9721—1 > 2y,—1 for all n > 0, then we have y,, > 1 for all n > 1.
1+y2_ 1 _ 1 _
Furthermore y,.1 = Y1 _ 4 Yot 2 Y
2Yn—1 2yn—1 2 2 2
n > 2. So the even terms {y2, },., converge to a limit (say Ly > 0) and the odd
terms {yon+1},., converge to a limit (say Ly > 0). Then

< yp_1 for all

1+ L% 1+ L3
Ly = d L,=
YT e, MY T g
which implies that L1 = Ly = 1. Thus, the proof is complete. O

5. Behavior of solutions of Eq.(1.1) when £ =2 and a > 0.

In this section we investigate the behavior of solutions of Eq.(1.1) when k = 2
and a > 0.
In this case the difference equation (1.1) becomes
a+ Ty 1Ty
Tng1 = e e S R T (5.1)
Tn—1+ Tn—2
with positive initial conditions z_5,z_1 and xg.
The change of variables x, = Z—a reduces Eq.(5.1) to the difference equation
Zn—1 1 Zn—2

., n=0,1,2.. 5.2
1+Zn—lzn—2 " ( )

Zn4+1 =
Eq.(5.2) has two equilibrium points zZ7 = 0 and z3 = 1.
Theorem 5.1. The equilibrium point z1 = 0 of Eq.(5.2) is unstable equilibrium
point.
Proof. The linearized equation of Eq.(5.2) about the equilibrium point z7 = 0 is

Zn+1 = Zn—1 + Zn—2,
and so, the characteristic equation of Eq.(5.2) about the equilibrium point z; = 0
is
fO)=X-x-1=0.

It is clear that f(\) has a root in the interval (1,00), and so, zZf = 0 is an
unstable equilibrium point. This completes the proof. O

Theorem 5.2. The equilibrium point z3 = 1 of Eq.(5.2) is locally asymptotically
stable.

Proof. The linearized equation of Eq.(5.2) about the equilibrium point zz = 1 is
Zn+l = 0,

and so, the characteristic equation of Eq.(5.2) about the equilibrium point z3 = 1
is
A3 =0,
which implies that |A1]| = |A2] = |A3] =0 < 1, from which the proof is complete.
O
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Lemma 5.3. The following identities are true

—(2n-1—-1) (zn—2—1)

(1) zpp1—1= oo, for n>0. (5.3)
n— n—
g Zn_o (1 —22_
(i1) 2Zn+1 — 2Zn—1 = W for n>0. (5.4)
Zno1 (1= 22_4)
1) Zpa1 — Zno = ———— % for n > 0. 5.5
( ) n+ n 1+ 2, 12, o ( )
Zn—o + Zn_a) (1 — 22_
(1v) Zpi1 — Zn_3 = (2n2 + 2na) ( is) for n>2. (5.6)
1+ Zp—2%n—3 t Zn—22n—4 + Zn—32n—4a
(V) Zng1— 2n-a
_ (Zn73 + Zp—a4 + Zp—5 + Zn73zn74zn75) (]— - 2727,_4) (5 7)
(1 + Zn—3zn,—4) (]- + Zn—4zn—5) + (Zn—B + Zn—4) (Zn—4 + Zn—5)
for n > 3.
. Zn—1+ 2Zn_2 —(2n—1—1D)(2n-2—1
Proof. () amsa=1= P 720 - 1= SEREIDSSE fr n20
.. o Zn—1+ 2Zn_2 o Zn72(1_z72L71)
(11) Zn+1 — Bpn—1 — m — Zp—-1 = A4z, 12n o for n Z 0.
Zn—1+ Zn—2 zpo1(1—2%
(iil) zn41 —zn—2 = m —Zn—2 = %mj) for - n > 0.
() Zp41 — Zn—3
Zn—3 + Zn—a
——— | + zp—
o Zn—1 1 Zn—2 _ o <1+Zn32n4> e —
T+ 20 12020 ° Zp—3 + Zn—4 nd
1+ ————— ) 2n—2
1+ Zn—3%n—4
Zn_o+ 2n_g) (1 — 22_
= (n—2 n4)( ”3) for n > 2.
1+ Zp—2%n—3 t Zn—22n—4 + Zn—3%n—4a
Zp—1 1+ Zn—2
(V) Zpgr — Zn—a = m — Zn—4
( Zp—3 + Zn—4 ) ( Zp—4+ Zn—5 )
ko Ao Lo S NI (o s S R e
1+ Zn—3%n—4 1+ Zn—42n—5
= — Zn—4
1+ Zp—3 + Zn—4 Zp—4+ Zn—5
1+ Zn—3%n—4 1+ Zn—42n—5
_ (Zn73 + Zn—4 + Zn—5 + Zn73zn74zn75) (1 - 272174) fOI‘ n>3
(1 + Zn—3zn—4) (]- + Zn—4zn—5) + (Zn—3 + Zn—4) (Zn—4 + 277,—5) -
Then, the proof is complete. O
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Theorem 5.4. Let {z,},- , be a solution of Eq.(5.2), then the following
statements are true

(i) If zp, = Z2 = 1, for some ng € {—1,0,1,2,...}, then z, = Zz = 1, for all
n>ng+ 2.

Alsoif z_o =Z3 =1, then z, =Z3 =1, for all n > 3.

(1) If Zng, Zno+1s Zno+2 < Zz = 1, for some ng € {-2,-1,0,1,2,...}, then
Zn < Zz =1, for all n > ng.

(i) If (i) and (ii) are not satisfied, then {z,},. _, oscillates about z3 = 1,
with positive semicycles of length at most three, and negative semicycles of length
at most two.

Proof. (i) Let z,, = zz = 1, for some ny € {—1,0,1,2,...}, then from Eq.(5.3)
we have z,, =23 =1, for all n > ng + 2.

If z_5 =Z3 =1, then from Eq.(5.3) we have z; = Z3 = 1, which implies that
zp = Z3 = 1, for all n > 3.

(i1) Let zngs Zng+1, Zngt+2 < Zz = 1, for some ng € {-2,-1,0,1,2,...}, then
from Eq.(5.3) we have z,, < z3 = 1, for all n > ny.

(iii) Suppose without loss of generality that there exists ng € {—2,—1,0,1,2,...},
such that z,,,, Zng+1, Zno+2 > 22 = 1. Then from Eq.(5.3) we have 2,13, 2ng+4 <
1, Zng+s > 1, Zngt6 < 1 and 2pg47, Zng+8; Zng+9 > 22 = 1. The proofs of the other
possibilities are similar, and will be omitted. O

Theorem 5.5. The equilibrium point zz = 1 of Eq.(5.2) is globally asymptoti-
cally stable.

Proof. We proved that zZz = 1 of Eq.(5.2) is locally asymptotically stable, and so
it suffices to show that lim, o 2z, = 1. If there exists ng € {—2,—-1,0,1,2,...},
such that z,, = Zz = 1, then from Theorem 5.4 we have lim, ,» 2z, = 1.
Also, if z_9,2_ 1,29 < Zz = 1, then by Theorem 5.4 we have z, < Z3 = 1,
for all n > —2, and from Eq.(5.4), we have z,4+1 > z,-1, for n > 0. So the
sequences {z2n},— o and {z2,-1},., are increasing and bounded, which implies
that the even terms {z2,},., converge to a limit (say M; > 0) and the odd
terms {zon—1},., converge to a limit (say My > 0). Then

My + My My + M,
My = — 27282 ohd My = L2
S i r M, M 2T I MMy

which implies that M7 = My = 1.

Now, Suppose that z_s,2_1,20 > zZ3 = 1, then from Eqgs.(5.4) - (5.7) we have
the following results

The sequence {ZM}ZO:O is decreasing and bounded, and so converges to a limit
(say Lo > 0) .

The sequence {z7n+1}zozo is increasing and bounded, and so converges to a
limit (say Ly > 0) .

The sequence {z7p42} -, is increasing and bounded, and so converges to a
limit (say L2 > 0) .
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The sequence {27543}, is decreasing and bounded, and so converges to a
limit (say L3 > 0) .

The sequence {z7n+4}f:0 is increasing and bounded, and so converges to a
limit (say Ly > 0) .

The sequence {z7,45},., is decreasing and bounded, and so converges to a
limit (say Ls > 0) .

The sequence {27546}, is decreasing and bounded, and so converges to a
limit (say L¢ > 0) .

So we have from Eq.(5.2) that

Li+Ls Ls+ Lg Lo+ Lg
Ly = ————, ILi=—F—F—, Lo=——F,
1+L4L5 1+L5L6 1+L0L6
Le — Lo+ Ly L1+ Lo Lo+ L3
8 T 14 Lol YT 14LiLy P 1+ LoLy
L L
Lg = g.
14+ L3ly

The solution of this system is either L; = —1,7=0,1,...6,or L, = 0,7 =0, 1, ...6,
or L;=1,v=0,1,...6. Since L; > 0,7 =0,1,...6 , we have lim, o, 2z, = 1.
The proofs for the other cases are as follows.
Z_9,2.1>29=1,20<Zz=1,0rz_9,2 1 <Zg=1,20 >23=1,0r z2_9 > 25 =
1,z_1,20<Zz=1,0r z_9 <Z3=1,2_1,29 > Z3 = 1, are similar to the proof of
the last case, and will be omitted. Therefore the proof is complete. O
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