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Worked-out Examples &3 FA &2 Fd g gD

o] Ao EAHL AFZLI AL @] td Worded-Out ExamplesS &-835lo] 354
S 84 AuanAHS 34 <% X (mathematical proficiency)E E8 7%= Zojt).
WOETE “StAe] st ste] diErtel Eo] #A3& A3 ATse =772 £
Fate] ok #Agy Fxo TFES F7] 9 Aotk o 13, WOE +3& 7Esle] 6
Hol FAEe] &L ot 289 FAS UdeR QEHRFE %’\]3}9&4. FHE A=
£ BAMeN 1 A9E g 2ok A5 AudAd e olss WES g8ste] HHe
GAR FAE Fo7te ‘old - AL, AR - F2 olF] - AR - FRoE YEYY E
o SIS dlFwo] ‘HE5E e AEHes A5 ALo®2 YEyT

FLo 8o 3 g% Fol hdk o]d], Worked-out Example, =813 & @™
[. A&

T ES o8 oA d(example)E ©| &3t AWst= AS AA AT 5 deH
olE o] &gt WS A dFsty. 78 FHAXNE o JAE FE3to] A=
S v Ao FHedA wAE 5 S8 JES Adet o E Eo Addta AdAE
Zol3 H, a9 IHHE FAES sStAEA A dAoA ol WES HEEEE

A3 FHAT| = & o] & WS Fad 9FS A FGrHBills
& Watson, 2008). T3k, & o] &3sto] FAE9] 53 wAe] & 55 dATE0] Bl
AP o] grhBills & Watson, 2008; Renkl, 1997; 1999; 2002; 2005; Tsamir, Tirosh &
Levenson, 2008; Zhu & Simon, 1987). t%3st A5 T3] #10d o9 TFREZEE HAE
8 A o, 97} old  FH(non-examples), ¥F#E|(counter-examples) S°] UTH
(Goldenberg & Mason, 2008; Rowland, 2008; Zazkis & Leikin, 2008). 3}A| %k o]& 3t o =
2= Jidel g olse} Atare] &3S FA T HAE dZAseE vE€HY AAAA UES F
= Aoll= oS 7HA L
National Council of Teachers of MathematicsINCTM]I(2007)ol A4l A A] g+ =8t} w8 3}

1) o] A7 20119% M7 wld7-1] Xl 9]k A5-4(20110065).
2) 9P ¥= Vusweni high school S1H A} (leerung21@gmail.com)
3) AZdstl (gokim@sogang.ac.kr), RAIA A}
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A e A WL JF(contents standards)@} A JF=(process standards)o.Z o] Fo]
2 k. A4 FaEe EA 8 4 (problem solving), &3 9 (proof and reasoning), &AFA&
& (communication), <177 (connection), ¥ ¥ (representation) .2, olelg 24 TFEE

vebe] wgHAd W JFS FAT 58 wSdA A AAGS v FasEH ol&

2009 MA FEusHdge A3 7FAdA A A2 FAGEAGFS AYE 5 Qlojor o
s FEo] wkEAdom AR r)Es, 2011) Ao yehdt, mebA sHAE 9
A A s8R Ves 571 AsiAE Aded digh dE AAsH sAlol A HAo] E
gE dAE &85 sk gt dAE E&ste WY Fole V&Y dA FolRt U
A HE7re] ZEolE St EA AlFst=  Worked-out Examples[WOEJo] <)
(Atkinson, Derry, Renkl, 2000; Van Gog, Paas & Van Merriénboer, 2004). WOE# “&4}
o 55 s AEXY ZEo] AL AFstE ET"(Atkinson, Derry, Renkl & Wortham,
2000, p.181)= &3 o Jom “HE7t7t AFES Fol9k A AFES HHe g ‘ol
o} ‘'S E3I(Van Gog, Paas & Van Merriénboer, 2004, p. 87)%t}k. thA] @&, WOE
= A&7 Fol #BES X dAEA FAAQ JIEH} Folol g W o] fE
Agste FEETa & 7 Jdom, oFE EASt 2 FYAo= A= oA FEQI
Zolth, ol & Fal StAES el gk #AZI 729 TES & 7 s Aotk
1% WOES maAo] thste] ofg] AToA HAZF3de] g=u( tklnson et al., 2000;
Tarmizi & Sweller, 1988; Zhu & Simon, 1987), WOEE &3] &4
A3 A E e ALl AerE wE F dnkd Ao 3 S5 Y
T das Holi Ut} tgd WOE W?& ATE0] T gFo m
292 Wil /gg]xqoi Aty QAT FA A F3 Hr e ]_
A= FEFS AHES A= e Fasioh wepA o] A = WOESE &8sty &
=9 34 }_’J/W"ﬂ tiste] Ay R s, o] AlunAAHES —}Ffi.”ﬁ &
(mathematical proficiency, National Research Council[NRC], 2001)E &3 W3] &4
b gtk olE 9k FAARJ] AFEAE e 2k S Alaa2d A dde] dis
WOE &£A1A 84S SallA] st 59 o] o9 Walm F3h4 AliaA 2 ojughr}?

no

-

. o] &7 w7

1. 35S #3 o(examples)

o (examples)= F38tol Al 4 Fagh 93-S skt 1 Ay RS e JHE A
J5 o] gk oM (Bills & Watson, 2008), Goldenberg & Mason(2008)2 thekstA AAE A=
Skl o] FiH(example spaces)S T4 tiddel] digh EFAY Jidel oigk B3 el
i qfrEekal o 57‘7}01] U] Fx27F s Aol Mdd A, A4 5o #HE A4
AEol EAgT F4sdth 54 =24 AHoE T3 dE eI FRseE AT
o 7} obd 7/i(non—examples)a ghol EA g AT7F Ao oE AEsta A&t R
of tfst A7k At Rowland, 2008; Tsamir, et al., 2008; Zazkis & Leikin, 2008).

do 3t ATEBills & Watson, 2008; Goldenberg & Mason, 2008; Renkl, 1997; 1999;
2002, 2005; Rowland, 2008; Tsamir, Tirosh & Levenson, 2008; Zazkis & Leikin, 2008; Zhu
& Simon, 1987)¢] FF A1 HEE tha Al Z7HAE ZEE 5 Aok 3A, oot ddE oA
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& 2@y 9otk WAL SFASAA oE ANFAL W vAE Faol
A ted @b Basit E£9, Gg AFE Bokol o Algas
IE SAEY Sae FE aAe Q34 Be w8 9 5 9

jz

1w v~ T
3 7FEA = QlojA oo a¥AQl ARG 3] dis] Fo
Itk el A AEE = dES FA st WA Tt VjEo 2 4
oA A& ‘%‘74] AbgsttE SgAEY JE A £ JFEFES F
& Watson, 2008).

tlo O,

o2 gy
&2 12 o
El? oL N oy

QQ‘JrW

O

0 Hy o2 ot
oo o g H 1o

£ olF H Agael FAqeln P9 AR AAE wlF F gle el Aoy
Bezt gk e S AmaRgs Aate o2 Hgo] Fou PR 3
Aol ek AlmE AFAS 9EA At olue 3} F A 8te] H7lalokslr] & o)

31,:_

(S 8h7l =5, 2011). =3 S A4 A4 58 7eEs F57] fsAE A
gk & AAEtH FAlo] A HAFo] EFE AAE &S dlof gt dAAE &=
W FTolle 719 oAl Folit U& AT FolE StAESA AFsta diEvhl A7
b= Fol W el ik olfE FAFe® AlAlsk= Worked-out
Examples[WOE](Atkinson, Derry, Renkl & Wortham, 2000; Renkl, 2005; Van Gog, Paas
& Van Merriénboer, 2004)& &3] A ES Fgol U FAY Fx9 g5 =€ F 9
Aolth, e S A4 A GAA 2t GAE =EAoR ~Axg A }j =7
U g o oyl o] st @ S AR FAE A8T F dS Aot
(Zhu & Simon, 1987; Renkl, 1997, 1999; 2002).

WOEE Ab&ste oA s wARE B, A, He A 3}3 W EE A=A A
L9, ols BAw FAE 'ﬂ&ﬁOBﬁim%éi@% Izm1%%>L4
Aol MAma oA Eo]2 yAlste] WOES A2t f;lg AR %01 WOEE %"6H
% 3 Aol & Sl dolold.
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- St ZHAEANA wWl§ &
T A tH(Renkl, 2005). &, xHAEAA HARrAQl o F AFste] 5
a3tA v WOESH 22 dit7te] oAE B A5 My <lslE 5
AT Fwet 71315 AT Aol Fagk Aol o4 gk WOE—J &J/}*% ge o
%3 #H=FAH(Atkinson, Derry, Renkl & Wortham, 2000; Tarmizi & Sweller,
1988; Zhu & Simon, 1987). 3}A %t =& WOE7Z} A9 shfo] FA A s
otttk WOEZF 4+ %= Wiiel meba st A Add ols& AlestA
sl g oS & F& Utk ool WOEE E3 A a344d =&
M= g A2 olEfd &S AHsiol due A7 A% Adoh(Renkl, 1997; 1999;
2002). Renkl(2005)#} Shen & Tsai(2009)+ &<t Hy=HJHA WOE ATE5S HEo=
WOE®] 4"+ 2 OJE]E Ay staet. ztr) vekd o g7 WOEE fAkelson o
s T3 779 5— < ot F T B AFeA e T2 FAES 9t EAsA
A} olFE TasHA AZstArt 2t el digh ol & A dEE wwkon, ~
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22 AWstes delE Frkete] g 5] olsig Jid S & F ¢ A=F SSh

Zazkis & Leikin(2008)> 54 3 7idel] disiA] ol st W&S MEoRE o & vs F
RN 53] duuALE o R *P—'?%'—J Aol g o] &3t wEAX dES Hoxyy
FExRAE ol &t EAAT AFAES ek 2ol FoJE o] &ete] odE W= A2
T3t Md A ols) et F3A *Pi’ﬁe s W 4 dvha weyn E3H e
&2 WAL Z2 PSS Jde dig olslE S e A 7] witel Al o)<}
U o] Qo

Tsamir, Tirosh & Levenson(2008)= o7} o}d Z(non-examples)©] StAE2] 7d Aol
FTa% A4S b o] AT HxEE JHE Aok AHE Nde o AE FAHFES F

i, Folx e dEe Add W FoE A V|Fom AMEEEE vt=s Zlojrh u
g o5 aztEe] o7 ofd AL HA#{H o R o7F ol F(intuitive non-examples) T}
2 PA o)A ggom o7t ol Zl(non-intuitive non-examples) S & o] EA &S] E} Zl?{r
Aoz o7t obd AL A28, 748, el o] st S Z7tH oz o) o
& Qe dE wety, HaHolA] ¢om At ofd A2 o7y
W o] Fol 4ot Ak AES wdE £ oda, EE W dsE Tor‘ﬂa”%
=2 ‘Qf?}‘ﬂr O]E EOH ﬂ/‘ﬁo] 7}X]3’— = d =5 e UEE ¢
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8= ] ¥} Oﬂ Agst=d o
Ho“?é o] Aadtrtil FAHA ALY
F3F . o] 52 W4(variables),
(sequencing), ¥ ¥ (representations), t<r = ¥ (learning objectives)®} ##E3}o] 7313
ol 47FA1 9] e ZhzE "WojA] gle Flo] ofyw FuiFor FreAes 5EHoRE FRE
Zlolth, oA 7l 9 A5 T3 FHES SFs A% WAL o HAE I AREo] S A
ow g w A=A & 4 ATt

=7k WOEE &3 A& A5 A ou g3 8 FEAd ds FA= s 3l
g =] o] ¢k} (Atkinson, Derry, Renkl & Wortham, 2000; Tarmizi & Sweller, 1988; Zhu &
Simon, 1987). 915 53 WOES &3 =2+ &4 14 dAdA 4 dAE =8z ~
22 Aista 2715 9wd = da ofd HAHo] st @ AL AR EAdE A&
T Aok Aolrh e, dnbAl FAEE AAFRT HAge] GARE o] Fojxl WOEE ¢
£ ¢ a3 TAsSNZAE S BT £ Jduh(Zhu & Simon, 1987; Renkl, 1997, 1999;
2002). stAIYF ®E WOEZF &¥97F & AS @t A& AL ofyrh WOES] g5l &
BdE& =o]7] 93 AfxEo] ATE A3 ATE Renkl(1997; 1999; 2002)0] wp=H
WOE7F 53 7] HaiAe g =222 AgsS & 5 glojof strpar Eekr), mgh
Trafton & Reiser(1994)2 #AFE Z2 g™ oA oA EAE ALLstn wx|ste W)
Holl tiajA] ATt e 2 23 252 dAgle] AAE BAE T4 A4S o|FofF+=
oAl Al o] FAl= A9 stas Wadtia Axsith w3 stAE WOEE &3 sh5ol
7 Al e gt Aol x8H AAE AAS FH, vlE FAEE BAIE Al A S
= Aozt w3k o]¥wtk oty Van Gog, Kester & Pass(2011)¢] =59 ul=24 A
713 2o et s F WOE dAw EAvw WOE o/ Al-5#], £4-WOE A= A A st
Re w, 71Z=8 st Sl A= WOE 01111]—1'5:Xﬂ7} 7HE B e v ulTh

2
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2. FAEe] Fea Aol ek ol &)

@A FesE Foha 3shd e Aeld dFn vk Fow 38hd widg 2L W
BAE AFEe] £ 4A, Teg, A5 Ui B, 252 L3 A9 AHARES A
gel ool wek GAH w s g

| =

- o4, 2008). FHAEE AL Vb Qe FEa Az AR s goE
35 AA YeidleE s A <
frelret FE o, AsE v
A BEetH, 53 T AdEes wg T@dxgstE Ao® e
& Cohen, 1995). FAH oz o5 T dAELS ¥ g
As & F Ak volrt o A7 A fElee] olsirt FEg A
S ©@e AAsHA Eobm wepA felaol] ik AR
olgfslE "ol = S FtH(Voskoglou & Kosyvas, 2011).

gt g Ee] FE g gk olslE w7 Hg wAES AL FAU7? Sirotic
& Zazkis(2007a)= FAAEAA FFE 7122 o, F49 g o (examples)E AlF
& AL Agtet=d, REAHA G 2, rvrS dEFvE Y E] o A FEFS
= T U= s w2 F den oAl e A sE7hA dFs vH F dtn
Z3ch 3 WALES 7HAE o S A 53 o EZ AlZFSkE Ao] wldg sy o]
U e/ ES a8she o] FastHZodik & Zaslavsky, 2008). A= 3HAY
= VB0=2x /25 =2x5=107 Z& 27| oA V50 =2x /25 & &
QEZ sJok st Va2 +37 = A2+ /3 3 2o AR gl dEAE 2H gk AL
gtk A S FEFY MES AEs FFstr] fsiAe vhgE oo AA #

fyl
== 0
ol
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8

e o )yl B2 o) =
o
ol

3. 4874 <% % (mathematical proficiency)

stAl S o] 3k ghggol lojA FFHd Q4hEo ded, 84 ¥ = (mathematical
proficiency) 2 T4 ¥ THINRC, 2001). °ol& tAl 714 2450 M2 DHEA dZ2" Ao
=, 7BdA  o]&f(conceptual understanding), 7l4H(procedural fluency), % -&(strategic
competence), % (adaptive reasoning), El%=(productive disposition) S|t} ©] LA2EL
zhzb =g ARl Aol ofd FE ofE A olm AxEo] gtk o] A 7] FHLAES AA
3] Ay EW o5 2

NRC(2001)ell w2, ©o]38f(conceptual understanding)@ 8¢ 743, A4l @A S

gk JdA olslE gulsttt, g A oldlE 3 S5 F3 FA9 ofejtolES Jd
A AAA <tel A o]ty wiEel ES fdA 719 4 A stk AlH(procedural
fluency)ol & s=atAl Aats Tt Agsta g&4 o2 A= AL ofvlstw, Ak
A A A S AA| DA a2y ZEgEA AHEE F JdeEAE AHsta st THolr)
X & (strategic competence)< T3 EAE HAEFHoz AT = Jv g g3 Ao
2, TAE AFH oz T8 = FAgtetH olE FEHoE RSt AT 7 d=
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&
fo
B
o
K

%2 (adaptive reasoning)& =gz oz AZtste] AWEtal Eo

A3 43 Afole] #A uist AZAA FE A FEI o] %

g g Qe T8E ou st} wpA T o 2 H X (productive disposition)

10 HE 2 AFS st o=z #3889 Qi F&35tH 7t
°

ot
i
rr
ofr
L)

o

fr
=
ot

2

rie
= o

fr 3 o ofl L

£ ¥% A
A =]

olelgt 5714 A QAT S F8 gl AEstA dEFE T o=
of #H¥ 487 £ (mathematical proficiency)s o
OJtH(NRC, 2001). o]#f gt o vist A= b3 2ok A A, 7o ALk v
FA o] 7] wEolth FEel 2ol AL A FotH ] A& gk 7l
S5 didts A9 Mde A4 FH8AEY dEd ¢ A
Ay, gl FEe A ok ALt WS T AAE =435k ] | 3t

8 oladletect. &

ol A =] 9n]

—EOHH

AA ol =S 7] 9% o7l wiitolty = AAE A stete] S EANA AFete
AL o FHE T FAEY 84 4z AAE Al 2vs = F AUtk
AR, 7 Ak Fof Asbel dig AdA olsiet A ALS FstE ul o] WA
duelFs B8R 7] witoltt AdE dAE Fds= A AR 9 A4S
g gdun FAHel dagFel st A, 9 A U5, 54, ¥ S T
o F35tel o] W§ P99 71x7F w7 wizelth o] wlE HoA A E b il
of 3t st5S 482 4 ¥ E(mathematical proficiency) @ 3Fo}gichd st 5 o] shgro] A
L5 AAE] #otd = s Aolth webA o] AFeA = Aludd A dde &S
WOE #AAE &3l st5d W TS5l A= 74 Atardgo]l of9A yepvhe=x &

o. 9+ 49

L A7 a4

o] A= Ay Aol gk Worked-out Examplesl WOE] A4 A& F3le] st E 9]
skgol o9 WstEAEA dolr i, sHEEe Wstd ShFolA et G
Research Council[NRC](2001)e| 4] A A1 gF 4=3+4 <:¢ & (mathematical proficiency)E %3 T4
S AEshe Aotk o] & fal AAT AAe] Fstal 28hd SHA 6H S dldo® AEEAb
oF AbH, AFSE AL WOE #AAE o &3 3 4 2 JAHFE AAenh A
543wt gig =g dotry] & (tahst AERANE AAISA I AFHAANE
A=l 712 AHE doprgiy aE ﬁ%&@s#ﬂrwmz#ﬂl%-aﬁﬂ%ﬁ}¢
AS 53 JaAstAon olE 3 FAE st aHE dotry] f3) AFF HAE Hds
At WOE Al x| qto g2 sletslr] of & ?Xﬂx—i FEFE rHst] A AFHNE T
29 & A st O]E1v§ M A8 T
AT S AFguig)e] 23l E 65 o=, vhy
A=)
B
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Ak AP HAA = F 20700 EAR FAENe 2 F 6709 EAE dAES] VE A
g sperstrie] Sotul 1, 28hd ) SE Y A, feg ddoew AAsdnh 4ot
FE4 dde At A o 712 A4S detety] fgelng & dolk &
AL 2t 3@ Agedo. dmA 14789 Sl Alw e deddor Aol
g ZAe e 7] A stulM AbgstE @ Fo] waAet F Fo BARE
Fason dolk= g ol 37, F ol 7, s ol 472 AZs ATk delk
A, %, e AWrAQ 39 PR e AoR waMy FAFY dolk FRE Fxd)
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AFAR, AT AoIst 4A, AF
27, FAAT Frelg/ A%, AR A

AT A E A AAAE Tez FPow AR
A AA T, delE B A A )
HlzatAl A Zekich AAE AAA S BA e s Mg W WOERAAE B¢ o
WEe st WalE welsh gelmz AHE YT Aol 49 EA RAle
AE YR ZASDOR, AL BAE £AE vl ANGAT. EF WOE ZAAE
A% FAEL AF AAAE F23 A T 5 RS FAS AFSATHE M),

I

<E I-1> AP, AFE ZAF 28 E
AAAA AFAA
= F ol = = HS = Ho| & = Ho
A 352 A B 123 354 B L2 3
PR 354 sHE) 45 6 3EA 5H6) 45 6
AH3) 11, 19, 20 AH3) 11, 19, 20
10, 12, 13,
PEEE ’ 10, 12, 13, 14,
N uEA | =0 14, 15, 16, | 14%A) =(7)
P ps 15, 16, 17
aH4) 7.8 9, 18 3H(4) 7.8.9, 18
&7 205 A 205 Al

2) WOE ZA1A A2

WOE #AA= Fotu 33hd ‘AlFga A5 ddoz AAsigict o] Aol AgH
WOE £A41#¢] T3 9ok o] MAegt of& th&3 2tk AA, WOE ZAAE &3
st Totely] S8 AEE UsbA @ de9Ss Aok Ak olv] 4a e ddS
A8 gk f—%%ﬂ Wels 3] oo Adstdn 24, Nd g BAHES BT A

o]

3% oty A AAE A5l
5o F7)fuel Basrh FoHL 2
= ¥

[e}

WOE &A= WOE®} ol¢f #ad A= FA4= Ut WOEE AAst7] fa 57HA
o A ET, AT A, Xﬂ*fﬂ“{q e #A, e, 44 JJJr A)S b el A
}

o
= =
zkokow oo tfgk 7By =(conceptual map)E ATk 2 WES A FH 7 N
Hel gk WOEE A3ttt AAs WOEE A EAA AT we 7|2
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Examining Students’ Mathematical Learning through
Worked-Out Examples on Numbers?

II Woong Lee® - Gooyeon Kim®

Abstract

The purpose of this study is to investigate students’ thinking and
understanding through working on Worked-out Examples on numbers and
operations, specifically, radical and real numbers and operations in the middle
grades. For this purpose, we developed a set of Worked-out Examples; middle
school students independently worked on them. Then two students were
interviewed. These data were analyzed by using the framework of mathematical
proficiency. The data analysis suggested that the students seemed to go
through the processes involving a combination of understanding and
computation, computation and reasoning, and understanding, computation and
reasoning. Also, it appeared that most of the students have difficult solving
problems involving with radical and real numbers in related to strategic
competence.

Key Words : worked-out examples, mathematical learning, mathematical proficiency,
understanding of numbers
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