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Abstract

We consider confidence intervals for high quantiles of heavy-tailed distribution. The asymptotic confidence
intervals based on the limiting distribution of estimators are considered together with bootstrap confidence
intervals. We can also apply a non-parametric, parametric and semi-parametric approach to each of these
two kinds of confidence intervals. We considered 11 confidence intervals and compared their performance
in actual coverage probability and the length of confidence intervals. Simulation study shows that two
confidence intervals (the semi-parametric asymptotic confidence interval and the semi-parametric bootstrap
confidence interval using pivotal quantity) are relatively more stable under the criterion of actual coverage
probability.

Keywords: Delta method, bootstrap, peaks-over-threshold, generalized Pareto distribution.
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=3 3 Aee vasignh Kim (2011)9] $5A7Q o A7+ B8 AFEE MR 41 ALY
FSEEE o] &3H F2H (asymptotic) HHES XFAIA RAEF] 9PHF vkt 183 B
ER A7 133 Kim (2011) o4& EEFESH & Aol & vjudly] 98 EEF20HS
71]5’451' U2 A& 5L FUGE F A7 o] AFdM e EESFE PAFET ot B9
€ FAs 3G =A%) AL 2 RE A FNE 1o AR tYsHA Fol o B2 PHES
aHEHTE. RETF FAL B IS AlE A2 tist Aol A2A A RAER]
AF TS o] A A7Vt YRS BRE o] A7t AESG A0S AT o =& & 5 3
S Ao 7Y dlc}.
2. DESISO| PAFH W
FAR BEE e B2 nRE9Fl s A Feke 7 HES FEE BR g
2 3790 FUREE ol BAE PR T Ramd PO e 4 g, B2 PYe
T AR DL Urke AE] Ui, FAE L TR 277} 388 24 @AY 228D
2] % (CTE; Conditional Tail Expectation)3} Zro] HZ& EX & &47] ojg]L SAZF] A= &
S 4 Advhe Aol At A BT Ex g tist 7ol met Al e FRE SR 3
£, 244 22848 /MPgse B4y Y A8 A 2SS oldske vESA W, J2Ea
AF Y E24A o A0S RS 5 9y Z2F WY ZaER W o] A 7F
e 4 488 B 4 At

B0 2RE B 02 $450] 22 Fpo £4%. AosAs
S s Fy2 %7572 s}

f: POT (Peaks-Over-Threshold) ®Hel| o]3t fo] 4% 22Z me FE ExE= dv
Y& £33 (GPD; Generalized Pareto Distribution)®l] 7}7F9 21 th= Pickands (1975)2]
2713 POT 4ol dl A Kim (2011)] 28014 .oFslo] Amsisic). SEust
POT ung 24_9_——]]/\1 7\2437-&'\_ 9)\_‘51}” Kim (2011)4 Qx-loﬂ })\1— = N

e} o
2]
f

My 2

%
T2~
gl

F(z)=(1—-F(u))Fu(z —u) + F(u),

F(z) = (1 - Fn(u)) Ge j(a —u) + Fu(u)

o ZHE

f@) = (1= Fuw)) gz p(a = w)
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: POT A3 (Coles, 2001, 2] (4.13)), t= A A (threshold)2] A Lsjul.

o} w4 el 7bg olfo] mel heel el ZhsaE o] ATelAE

2 o
them} 2 117)9) A= Te TS

(1)

(SMPLQ) REEHTE IAFAFLRE st1, BEEAT 7,9 FTE2] it Bahadur
(1966)<] Az

3

A7NM z1_qpE BERATEEY 1 - /2 “4’4"015}. ol Wbog F3t Al BE

401] ZAT AFE7relmE SMPLQE 272 st} SMPLQE 2T ts) = z
2 73R Gerie= A 011 i HRFHo|a, BAER] R8BS FE81%] 9 4% Ishix

o] &3tk Holl A AEA AlE o]t

POTBH) POT A %S AZAo=E 313 Bahadur (1966) AEE o] &) AFHFLS 73}

ol Bahadur el Ay ﬁ%%ﬁff’ﬂ Ag3= el o]A vk POT 4ol = 483

J5< AT E7|E sty POTBHzF H27|& 3 o] AF 79 A2 thg3} Zth:

PO pl=p) . Lt 2 e p(1—p)
" 2 nf2(7ﬁp,t)7 " 2V nf2(7pe)

POTBHE SR olm HIA AF17keltt (POT FHHS W 229 8% 7] K
o tiiA T GPDeEl= 244 228 713t o™ HolA ERFZHoltt).
(PARDL) EXdro] B Z FpE it gt dE e ek W olth
(Coles, 2001, 3.3.32 %+ AFoAE= B2 BExse2 A GEV(Generalized Extreme
Value) X5 71431 B49 2HFOR AWeEF:AFS £t GEV 220 tish 432
th AolAl 8171 & 3ty PARDL2 242 olHAl H2Z Ql Alg 2 7ke]t).
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744 4@ A P (SMPLQ, POTBH, PARDL) & #AEq E2& 585 ¢ 243 4
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BEE A Folx A48T  de R2EH o] e, RAES mde 35 YA FAH
o] FFl wet vkt R AL 5 k. a9l e ZAE AFFE Foks e
Kim (2011)¢] 2= ga] sh9dth. Kim (2011)0A 2eisid el oisirle zheFs] Agsta o A+

ol A Az el rejsh= el tisiMw AR oz drgstr)z Fint.

(4)

(5)

(NBPCT) RAEZY HES AFA Bxdhp
Fo g »m WELLu (percentile method)

Kim (2011)¢] NB13} 53} v o]t}
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742 NBPCTS} 2t} POT wfog Sres gHS é%‘l% Hh2 Kim (2011)°ﬂ*1 T'L
AQoz Astgict. o WL vnsd Bxol F,3 Ba4d Bl dulsl sl Bxs 4
33t X oA BrEW FES 2EF1E= Alo|2g FR 3 (semi-parametric) W olgl & =

9t SBONE ° Kim (2011)¢] SB} 523k upyo]

(SBTWO) RAE FRO SBONEJJr Zo] POT W2 A8eiA & o, RoER B#E
°f tsf POT “Wé% oAl A&l 2 X%UPDP SBTWO= °] d7lA Mzo] #-g3l
B olBg 27 ¢ Zwl?ﬂ ARSI R, 75 = FI7N (p)olw, Fre RAER] #Eo] POT
WS A8 AL 2 F éﬂowﬂ Klm (2011)} F,o] R2E3] WAt} o] 25E
ERSH RAEY P pRASe] A% 1 = FI 7 (p)S

Ny n7je] R2E] 8 #2371 FolA4 oww = iﬂrfﬂ% u 9. *9} e x
~EY RO HE 243 Yuks} s g B2 2o thdl T@%ﬂé. Auls) shEE 2
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SBTWO< SBONE} = ¥ vt D} 3R] R g 2k
(SBPVT) SBONE} SBTWO EF Al A oA MEeiS 2=t o] A4s
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100(1 — a)% AFTFTE (7 — U™ y/var(fp), 7p — L*/var(7p)) & @+t SBPVT+ SBTWO<}
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(11) (PBPVT) R2EZ ZES F3311 FAFS 73 F 342 PBTWOSH 2oy npx|d}
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sdl, PARDLT} Zro] depiyS #83lc}h. (Coles, 2001, 3.3.32 #Z.) PBONE, PBTWO,
PBPVTE EF 243 R2e3) AFE7olt)

Ag7HA At 11740 AT FolA As 37 R sk ok R,
PARDLE Al9stie BT HXFsE 7HE a7t fvk umA 879 R2Eed] 4187
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g 5 o, FAFES Foke AR, TESA 7 FAAFo R AFFAE Foke A Aol
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Figure 3.1. Simulation 1: 95% conf. intervals for the .99 quantile
3.1. Poj&lal 1
F wAY BEs} /e U] BE QASE Aotk U] BER AuSFURGEY;
Generalized Extreme Value) 25 A3ttt GEV -E—:TL_% FART € RS u, =R o}

=
= P
£ 3709 542 2t $54 b RE2A GEV(E,p0)9) REFSE thew ek

GEV 22+ “ZF3AZ AURY 193 v}t Stk 485 21 glovt (McNeil 5,
W e EE melsl FAle wEA s Al mael g
S T Atk ol wiEol ARESTh €9 ol A”eE LEF AE
7b FAQAH € = 059 wf ko] EAskA] A "k A € # 09 uf 95T (quantile
function)= ¢(F) = u — o(l — (—InF)~¢)/go]th. Kysely (2010)2} Kim (2011)9] Aol A&}
Zo] F HE2A GEV(§,30 10), € = 0.1,02,0.3,04,05% Az ALso] BES A% T}
2, mAUS BEE GEV $E2 480 PASE 2400, (AR49 Arnss A4 2
S Ansh e 24sgon, YARse odn ol Bk GEV e GEURd
2L Kim (2011)9 29 1S Fzsid =Go)) ¥ w0y 248 0 AR5 wite] o
7] w2l BeAoln HA Wl PARDL, Z8]li B2ES REFE 24d PyE A
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Table 3.1. Simulation 1: Performance of 95% conf. intervals for the .99 quantile

I3 4% 71% SMPLQ POTBH PARDL NBPCT NBBCA SBONE SBTWO SBPVT PBONE PBTWO PBPVT

RMSE 8.7 7.1 6.5
0.1 AAAZE4F 0.854 0.956 0.944 0.782 0.940 0.946 0.932 0.938 0.976 0.950 0.962
A Ede]l 352 37.5 26.0 27.5 45.0 34.6 28.8 36.7 33.6 26.1 27.2
(EZ22)  (0.8) (0.5) (0.2) (0.6) (1.3) (0.5  (0.4) (0.6) (0.3)  (0.2)  (0.2)
RMSE 14.3 11.8 10.7
0.2 AAAZE¢=E 0.824 0.936 0.932 0.814 0.944 0.926 0.904 0.934 0.964 0.932 0.934
T A EZel 555 57.5 39.8 46.1 74.3 53.3 43.3 57.4 53.5 40.3 41.6
(B223)  (1.5)  (0.9)  (0.4) (1.2)  (24) (0.9  (0.6) (1.0) (0.6)  (0.4)  (0.4)
RMSE 21.5 17.6 16.1

03 AAAIZF 0.832 0.928 0.936  0.830 0.940  0.926 0.888 0.940 0.974 0.932 0.940

AFpkdel 947 907 609  80.1 146 85 66.1 95 86 624  63.5
(Fxexh) (27 (1.5 (07)  (25)  (5.7)  (1.5)  (1.0)  (1.9) (100)  (0.7)  (0.7)
RMSE 34.6  26.7 244

04 AAANZESZE 0.768  0.896 0.936  0.800 0.930 0.898  0.858 0.924 0.986  0.938  0.948

T A2 be] 139 131 93.4 119 236 124 94.2 140 138 95.8 97.2

(B22x) (4.4) (2.3)  (1.1)  (3.8) (13.4) (2.3) (1.5) (2.9 (1.7) (1.1) (1.1)
RMSE 61.7 43.3 38.2

05 AAANFSZE 0.818  0.908 0.970 0.830 0.954 0.920 0.858 0.942 0.994  0.960  0.950

ATl 260 210 147 231 482 199 146 234 230 153 154

(FF22)  (10.6) (4.0) (1.8) (14.6) (44.5) (4.0) (25) (5.3) (3.1)  (1.9)  (1.9)

Table 3.2. Simulation 2: Performance of 90% and 95% conf. intervals for the .99 quantile

J%571% SMPLQ POTBH PARDL NBPCT NBBCA SBONE SBTWO SBPVT PBONE PBTWO PBPVT
RMSE 421 337 277

g AANESE 0782 0870 0754 0766 0772 0.846  0.778  0.874 0860  0.79 0822

S AEdel 142 136 773 128 135 123 967 137 107 795  79.8
Co(mzex)  (44)  (25)  (0.8)  (43)  (47)  (23)  (15) (29 (1.3) (0.9  (0.9)

95% AAAH 5= 0826 0914 0828 0780 00930 0920 0.854 0.940 0928 0.872  0.894

AE AFEel 169 162 921 146 283 153 117 173 131 95.2  96.0

7 (BESA) (53)  (2.9)  (1.0)  (48) (124) (29 (1.9) (3.7 (1.6) (1.1) (1.0

90%

o] Ag@sltt. n = 300012 p = 0.99 72| ARt 7|4 Hustn ymz Fee Er
< (http://bayes.ssu.ac.kr/ jhkim/Publication/SimulationResult.txt) ol 2 173} T}
11559 A4 7700 974 452 Lohnr) Aol WA 542 sietslr] s 1099 mo)AgelA
11579 AFF0e 47 F3)4] Figure 3.10] YeERRSITE o] o GEV 2329 J4RT (= 042
ol vwd mel7k $AL BER 4% shdov, 3 wel woldglvie 11709 A Fe ok,
GEV #x°] #A-gr25EH A 0.99 2915 3l 16248 Tz A2 B3k gdoez A8t
of 7} A= F-7ke] 7“ HTE zdeAE S 7 %71] 5ttt Figure 3.15 Hd 941, SBONEXR
o} SBTWO7}, &3 PBONERTE PBTWO7} ©& dolg zethe AS ¢ "F ATh 78]
S R2EY TEFE P2 2o 528 RAEY R84 295 FAFS ofEA Fok=k
ok th2tl, SBONE# PBONE2 BF RR2ES4E 5% £t webs SBONEZ PBONE
= A= 77e] ol7} o 71 ol f AEATY RREAS) W] s A7 AT BTk Kim
(2011)0| - BR2ER EZZE 9PHO| Ao —ir Jepo mHE AT Zolg Fglo
B2 Kim (2011)2 SBTWOU PBTWO oFokeh. webA 5008 moj A of
B AAlA A 2 o] A, & R2EF ‘:'J%'aﬂ"ﬂ/‘i 2EATE AFATEe 24 AF
Tke] Aolrt AojRths A AL o] AFellM Mz @A | Aoz A8H o7t k.
NBBCA®9] Aol 7}E AUXA Aths AR E Figure 3.19) &3} npx|ut 2802 HE & 4 9t

i)

m
lo
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Table 3.3. Simulation 3: Performance of 90% and 95% conf. intervals for the .99 quantile
A%571% SMPLQ POTBH PARDL NBPCT NBBCA SBONE SBTWO SBPVT PBONE PBTWO PBPVT

90% RMSE 23.9 18 14.8

g AASFE 0778 0.874 0750 0804 0.800 0866 0816 0850 0830 0.788  0.802

L AT 7}7101 78 74.8 377 729 784  67.7 53 75.3 517 394 389
(BEeA) (27 (1.4)  (04) (24)  (36) (1.3)  (0.9) (1.6) (0.6) (0.4)  (0.4)

95% AAAH52 0.806  0.906 0.806 0.830 0.928 00908 0.872 0.916 0900 0.852  0.882

AE AFERAe] 93 89.2 449 817 170 838 64 954 627 471 468

7 (mESAY)  (3.2)  (1.6)  (0.5)  (3.0) (83) (1.6) (1.0) (21) (0.7)  (0.5)  (0.5)

A7) Pol7t Hriers A $3w 2o A= Tgole @ 4 gk 7 we)
A3 2ANA 5000 Ro|A3 =2 78] Table 3.10] Eustgth 90%2}F 95%
T Ny AFeEs e "‘lﬂ-_ﬁ{% —T“Riﬁ‘)r, 71X+ 95% AZFZEE Table 3.10 275 Bl
3t 90% AlZ 372 wE B8l 7|Z2 3tr} (http://bayes.ssu.ac.kr/ jhkim/Publication/Simulation
Result.txt).
AE)770e) Asg wEas] Aol ARAT] 5L 500%e] WA
ZHRMSE; Root Mean Square Error)& 7]1&<
F Jom POT 24% 1y 249 U ST 343 7
+= SMPLQ, NBPCT, NBBCA, SBONE, PBONE¢] o], POT FA%2 POTBH, SBTWO,
SBPVToﬂ J18]31 759+ PARDL, PBTWO, PBPVT| 291t} HEge] 45 A3 A5
= Hlaske ol 2ol Uehl7] fsf Al 7ol A A Fo] 220]= SMPLQ, POTBH, PARDL Eef &
Alstith. 2E FEIRS9 ZhollAl 7,02 RMSE hel 73 A4, 7,91 RMSE gho] 71 Zith. =
JAE 104+ BT 225 AR 7kl o ug oA E Ber 2HER 7, 00] 7P A&
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Figure 3.2. Simulation 4: 95% conf. intervals for the .99 quantile
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Table 3.4. Simulation 4: Performance of 90% and 95% conf. intervals for the .99 quantile
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Table 3.5. Actual coverage probabilities of 95% conf. intervals (x: <0.85, A: 0.85~0.9, {: 0.9~0.93, O:
0.93~0.97, 1: >0.97)
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