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ABSTRACT. In this paper, we propose a robust real-time myocardial border tracking algorithm
for echocardiography. Commonly, after an initial contour of LV border is traced at one or
two frame from the entire cardiac cycle, LV contour tracking is performed over the remaining
frames. Among a variety of tracking techniques, optical flow method is the most widely used
for motion estimation of moving objects. However, when echocardiography data is heavily
corrupted in some local regions, the errors bring the tracking point out of the endocardial border,
resulting in distorted LV contours. This shape distortion often occurs in practice since the data
acquisition is affected by ultrasound artifacts, dropout or shadowing phenomena of cardiac
walls. The proposed method deals with this shape distortion problem and reflects the motion
realistic LV shape by applying global deformation modeled as affine transform partitively to
the contour. We partition the tracking points on the contour into a few groups and determine
each affine transform governing the motion of the partitioned contour points. To compute the
coefficients of each affine transform, we use the least squares method with equality constraints
that are given by the relationship between the coefficients and a few contour points showing
good tracking results. Many real experiments show that the proposed method supports better
performance than existing methods.

1. INTRODUCTION

The automated analysis of left ventricle (LV) using echocardiography is steadily demanding
for medical assessment including motion analysis and strain analysis. Most of analysis methods
are based on LV measurements in two-dimensional (2D) slices, because they are available in
clinical practice [1, 2]. The LV measurements are commonly performed by manually drawing
endocardial border in some 2D slices (such as end-systole (ES) or end-diastole (ED) frames)
selected from the entire cardiac cycle and automatically tracking the traced LV contour over
the remaining frames [3, 4]. This tracking process is accomplished by observing the speckle
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pattern, which is inherent appearance associated with soft tissues in ultrasound imaging and
reflects the local echogeneity of the underlying scatterers. However, it is a difficult task to
automatically track the motion of endocardial border in echocardiography data due to artifacts,
shadowing phenomena, low-contrast and so on. User intervention is hence required for stable
and successful tracking of endocardial border.

In the last two decades, there have been a variety of studies to trace LV wall motion using
the tracking methods such as deformable models [5–8], active shape models [9–11], optical
flow methods [2, 12–15], and so on. Nevertheless, they still have some limitations accord-
ing to practical application to endocardial border motion in ultrasound images. The tracking
methods based on deformable models or active shape models are somewhat inadequate for
strain analysis related to local motion and deformation of heart, because they are not speckle
tracking-based methods providing motion information of local region on the myocardium but
shape-based tracking methods. They thus provide only the information of moving LV border
and enable user to measure the volume inside LV. On the other hand, optical flows provide the
local motion information of myocardium and are capable of measuring the LV volume as well
as the myocardial wall motion analysis or strain analysis to detect LV abnormalities. But, some
problems arise in cases of ultrasound images with unclear speckle pattern or weak signals. In
practical environment, the contour points tracked by optical flows often present some inaccu-
rate results due to above-mentioned ultrasound artifacts, dropouts or shadowing phenomena of
cardiac wall [16]. For example, in the presence of edge dropout or indistinguishable speckle
pattern in a local neighborhood of a tracking point, optical flows bring the tracking point out
of the endocardial border, resulting in distorted LV contours or irregular distances between the
tracked points throughout the entire cardiac cycle. These distorted results adversely affect LV
volume measurement or strain analysis.

Among several attempts to overcome those difficulties, Sühling et al. [13] proposed a track-
ing method based on the weighted window Lucas-Kanade(LK) method [17], which estimated
the displacements by minimizing the weighted least square criterion in the neighborhood of
each tracking point. In their method, a linear model of multiple frames centering around the
given time t for the velocity along the time direction was used and more robust results were
showed than that of the weighted LK method using the single frame at t. Compared with the
approaches based on the LK method, Duan et al. [15] used the region-based tracking method
(also known as the block matching or pattern matching method) with the cross-correlation
coefficients as a similarity measure that is less sensitive to noise, fast motion and potential
occlusions and discontinuities. However, these tracking methods still have drawback in deal-
ing with the problem of the contour shape distortion in the presence of locally weak signal
corrupted by rib shadowing and other factors.

In order to alleviate the LV shape distortion, we recently proposed a new optical flow method
equipped with a global motion constraint [18]. It was designed to prevent each tracking point
from getting out of the endocardial border by incorporating the LK optical flow method and
a global motion constraint being approximately an affine transformation of the initial tracking
points into a variational framework. Nevertheless, it still needs to be improved to deal with
flexible and practical cardiac wall motion.
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This paper proposes a new tracking algorithm that satisfies the requirements to alleviate
the LV shape distortion and reflect realistic motion of endocardial contour. We consider both
of global and local deformations of non-rigid heart motion by applying global deformation
modeled as affine transform to the contour partitively. It is carried out by partitioning the
tracking points on the contour into a few small groups and determining each affine transform
governing the motion of the partitioned contour points. To compute the coefficients of each
affine transform, we solve a least squares problem with equality constraints that are given by the
relationship between the coefficients and a few contour points showing good tracking results.
Numerical experiments show that the proposed method achieves better tracking performance
compared to our previous algorithm [18] that outperforms the block matching tracking methods
and the LK optical flows.

2. METHODS

2.1. Proposed method. Typically, heart motion is regarded as the non-rigid motion by rota-
tion, contraction/expansion and shear [19, 20]. This non-rigid motion consists of global defor-
mation modeled by an affine transformation and local deformation described by a free-form
deformation. In order to reflect the global and local deformations of the endocardial motion si-
multaneously, we divide the whole tracking points into a few groups. Especially, each group is
selected to include the tracking points located on a shadowing endocardial region disconnected
by edge dropout and to be controlled by individual affine transform. Through the separated
affine transforms, we compensate their poorly tracking results and perform the non-rigid mo-
tion of LV contour efficiently.

Let the endocardial border traced at initially selected frame (for example, end-systole or
end-diastole frame) denoted by a parametric contour C∗ = {r∗(s) = (x∗(s), y∗(s)) | 0 ≤
s ≤ 1} that can be identified as its n tracking points r∗1 = r∗(s1), · · · , r∗n = r∗(sn). Here,
0 = s1 < s2 < · · · < sn = 1. Let C(t) = {r(s, t) = (x(s, t), y(s, t)) | 0 ≤ s ≤ 1}
be the contour deformed from C(0) = C∗ at time t. The motion of the contour C(t) will
be determined by an appropriately chosen velocity U(t) indicating a time change of tracking
points (r1(t), · · · , rn(t)):

U(t) :=

u1(t)
...

un(t)

 =
d

dt

r1(t)...
rn(t)

 with

r1(0)...
rn(0)

 =

r
∗
1
...
r∗n


Here, we identify the contour C(t) with tracking points {r1(t), · · · , rn(t)} and regard each
point ri as column vector.
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FIGURE 1. An example partitioning 13 control points into two groups. Some
tracking points in the second group are located on the contour with weak
edges.

For the tracking method mentioned above, we let the set of tracking points {r1(t), · · · , rn(t)}
be partitioned into M groups as follows:

G1 ={rk0(t), rk0+1(t), · · · , rk1−1(t), rk1(t)},
G2 ={rk1(t), rk1+1(t), · · · , rk2−1(t), rk2(t)},

· · ·
GM ={rkM−1

(t), rkM−1+1(t), · · · , rkM−1(t), rkM (t)},

where 1 = k0 < k1 < · · · < kM−1 < kM = n and rk0(t), rk1(t), · · · , rkM (t) mean
the tracking points for obvious speckle patterns by strong signals so that they become one
of both ends of each group of tracking points. That is, we assume that the displacements
uk0(t),uk1(t), · · · ,ukM (t) are reliable results computed by a commonly used speckle tracking
method. Since the apex and two annulus regions of endocardial borders are usually represented
as good edges by strong signals, we set the number of groups to 2. Fig. 1 shows an example of
13 control points partitioned into two groups (n = 13 and M = 2). Using these partitions of
tracking points, the proposed tracking method is performed as follows.

We apply the optical flows tracking method [17] to compute the displacements u1(t),· · · ,
un(t). By solving the least squares method with equality constraints that are given by the rela-
tionship between the initial points r∗k0 , r

∗
k1
, · · · , r∗kM and the displacements uk0(t),uk1(t),· · · ,

ukM (t), we determine the coefficients a1,j , · · · , a6,j of affine transform corresponding to each
group Gj (j = 1, · · · ,M) and compute the displacements of the remaining tracking points
except for both ends in each group Gj again using the determined affine transform and all the
initial points belonging to Gj . The proposed method is capable of compensating the poorly
tracking points near endocardium with unclear speckle patterns or edge dropout by utilizing
the tracking points reflecting well-tracking results by optical flows tracking method as well as
applying local deformation effects.
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To sum up, the proposed tracking method is performed as follows.
1. Select the first frame from the whole image frames for a heartbeat cycle.
2. If current image is the last one, go to step 3. or perform the following process:

(1) Partition the tracking points {r1(t), · · · , rn(t)} into M groups. (Set M = 2 in
our application.)

(2) Compute the displacements u1(t), · · · ,un(t) using the optical flows tracking method
[17] as a commonly used speckle tracking method.

(3) Solve the least squares problem with equality constraints to determine the affine
transform corresponding to each group of tracking points.

(4) Compute the displacements of the remaining tracking points except for both ends
in each group Gj again using the determined affine transform and all the initial
points belonging to Gj .

(5) Move to next image frame and go to step 2.
3. Terminate the process.

Additionally, we describe how to compute the affine transform corresponding to each group of
tracking points in the next subsection.

2.2. Regional affine transform. Let the matrix

r
∗
kj−1

T 1
...

...
r∗kj

T 1

 be denoted by Φj(C∗). If the

ith point ri(t) on LV contour belongs to the jth group Gj of the tracking points, the relationship
between the initial points and displacements associated to Gj are represented as the following
equations:

Φj(C∗)

a1,j(Uj(t)) a3,j(Uj(t))
a2,j(Uj(t)) a4,j(Uj(t))
a5,j(Uj(t)) a6,j(Uj(t))

 =

(rkj−1
(t) + ukj−1

(t))T

...
(rkj (t) + ukj (t))

T

 with Uj(t) :=

ukj−1
(t)

...
ukj (t)

 .

(2.1)
We solve the linear equation (2.1) using the least squares method with equality constraints that
are given by the equations associated with the both ends rkj−1

and rkj of the jth group Gj :[
r∗kj−1

T 1

r∗kj
T 1

]a1,j(U) a3,j(U)
a2,j(U) a4,j(U)
a5,j(U) a6,j(U)

 =

[
(rkj−1

(t) + ukj−1
)T

(rkj (t) + ukj )
T

]
. (2.2)

The description of the least squares method with equality constraints is given in Appendix.

We denote the matrix

[
r∗kj−1

T 1

r∗kj
T 1

]
by B and compute the QR-factorization of its transpose

matrix BT as follows:

BT = Q

[
R
0 0

]
,
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where Q is a 3× 3 matrix of the form Q =
[
q1 q2 q3

]
and R is a 2× 2 matrix defined by[

r11 r12
0 r22

]
.

Let A1 and A2 be the matrices defined by

A1 := Φj(C∗)
[
q1 q2

]
and A2 := Φj(C∗)q3, respectively.

Then the coefficients a1,j(U), · · · , a6,j(U) are determined by the equations

a1,j(U) a3,j(U)
a2,j(U) a4,j(U)
a5,j(U) a6,j(U)

 = Q


R−T

(
rkj−1

rkj

)

(AT
2 A2)

−1AT
2


rkj−1

...
rkj

−A1R
−T

(
rkj−1

rkj

)

 , (2.3)

where R−T means the inverse matrix of RT .

3. EXPERIMENTAL RESULTS

We tested the performance of the proposed algorithm in clinical setting using many real data.
The proposed algorithm was compared with our previous algorithm [18] that outperforms the
block matching tracking methods and the LK optical flows. For experiments, we used the 10
cases of 420 × 512 size 2D echocardiography data acquired using a Samsung Medison V10
ultrasound system (Seoul, Korea) and a phased array transducer P2-4BA (2-4 MHz). Each
method was performed to track both of the endocardial and epicardial borders simultaneously
using 26 tracking points. After that, LV contour was made by connecting the points using the
natural cubic spline. We used the standard finite difference method to compute u ·∇I+ ∂

∂tI of
optical flows method. All the experiments were conducted using MATLAB 8.0 and computer
(Intel Core i7-3770 CPU at 3.40 GHz and 16GB RAM) and the computational time was about
9 milliseconds at each frame.

In order to describe that the proposed method shows better performance than the previous
method, we selected a representative case among the 10 cases of 2D echocardiography data.
The LV tracking results on the representative case were depicted in Fig. 2. The LV border
shown in the chosen case includes outer wall part of weak edges. Two contours were initially
traced along the inside and outside of LV myocardial wall for endocardial and epicardial bor-
ders. Each contour was identified with 26 points. The first row shows manually traced LV
contours by a clinical expert for images at ED, ES and next ED frames within the entire cycle.
The next two rows exhibit the tracking results obtained by two tracking methods of our pre-
vious method and the proposed method. Overall, both of two tracking methods have tracked
well dealing with the edge dropouts by weak signals. However, the performance difference was
shown in the third column of Fig. 2. The contour obtained by performing the previous method
did not reflect the endocardial border sufficiently, while the proposed method has tracked well
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FIGURE 2. Tracking results of the previous and proposed methods compared
to manual tracing in sequential image frames. The first column represents
initialized contours that are traced at ED phase to perform the tracking algo-
rithms. (The inner red and outer green lines mean endocardial and epicardial
borders, respectively.) The second and third columns show the contours ob-
tained by each method at the ES and the next ED frames, respectively. Each
row exhibits the tracking results by manual tracing, the previous method and
the proposed method from top to bottom, respectively.

the endocardial border very approximately compared to the manual tracing contour. The pro-
posed method kept regular distribution of tracking points and successfully have tracked local
speckle patterns.

3.1. Assessment of LV border tracing. For quantitative evaluation of the performance of
the proposed tracking algorithm, we used the Hausdorff distance εH [27, 28] to compare the
automated LV contours produced by algorithms with manually traced contours by a clinical
expert. Here, the Hausdorff distance between the contour C1 and C2 is given by

εH(C1, C2) = max

{
sup
r1∈C1

(
min
r2∈C2

∥r1 − r2∥
)

, sup
r2∈C2

(
min
r1∈C1

∥r1 − r2∥
)}

.
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Fig. 3 shows the Hausdorff distances εH between contours drawn manually and contours
generated automatically for the entire cycle from an ED frame to the next ED frame. For the
case used in Fig. 2, the Hausdorff distances εH were computed for the whole heartbeat cycle.
Blue dotted and red solid lines present the Hausdorff distances εH computed for the tracking
results of the previous and proposed tracking methods, respectively. We observed that the
proposed method provides the smaller errors compared to the previous tracking.
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FIGURE 3. Comparison of tracking performance using the Hausdorff distance
εH . For the case used in Fig. 2, the Hausdorff distance εH between the LV
contours produced by two tracking methods and reference contours by manu-
ally tracing in the whole of images are computed.

3.2. Assessment of tracking errors for individual point. For more detailed performance
evaluation of the proposed algorithm, we used an additional assessment method regarding on
repeatability of local point along the forward and backward entire cardiac cycle. It was pro-
posed in our previous work [18]. Let tR be a time interval of one heartbeat cycle from ED
frame to the next ED frame. Using one cycle image I(r, t), 0 ≤ t ≤ tR, we generate a
forward-backward image defined by

Ĩ(r, t) =

{
I(r, t) if 0 ≤ t ≤ tR

I(r, 2tR − t) if tR ≤ t ≤ 2 tR
.

Let {r∗∗1 , · · · , r∗∗n } be the set of tracking points returned at time t = 2tR by performing an
automated tracking algorithm on the forward-backward image Ĩ(r, t).

Using the forward-backward image Ĩ(r, t), 0 ≤ t ≤ 2tR and the returning tracking position
r∗∗j at time t = 2tR, we computed local tracking errors defined by the distance between the
initial position r∗j and the corresponding returning position r∗∗j :

Returning Tracking Error (RTE) =

√√√√ 1

n

n∑
i=1

|r∗i − r∗∗i |2. (3.1)
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For the representative case shown in Fig. 2, we obtained the RTE values of 1.3123 and
0.8134 pixels corresponding to the tracking results by previous and proposed methods, respec-
tively. That is, both of overall and regional assessments of tracking results by using εH and
RTE support that the proposed method outperforms the previous method.

Method Mean of errors standard deviation of errors
Previous method 2.2432 0.7037
Proposed method 1.0364 0.5648

TABLE 1. Comparison of tracking performance using the RTE. For the total
experimental data set of 10 cases, the RTE values of the contour points pro-
duced by the two tracking algorithms are measured. (in pixels)

We computed the RTE values of the tracking points produced by the two tracking algo-
rithms for the experimental data set of 10 cases. In Table 1, the mean and standard deviation
of the RTEs obtained by the previous method and the proposed method were described. Ta-
ble 1 presented that the proposed method provides improved performance compared with the
conventional tracking methods.

4. DISCUSSION AND CONCLUSION

In this paper, we proposed a new tracking algorithm that satisfies simultaneously the require-
ments to alleviate the LV shape distortion and reflect realistic motion of endocardial contour.
In order to improve the performance of our previous method related to detailed LV motion, we
considered both of global and local deformations of non-rigid heart motion by applying global
deformation modeled as affine transform to the contour partitively. It is carried out by parti-
tioning the tracking points on the contour into a few small groups and determining each affine
transform governing the motion of the partitioned contour points. To compute the coefficients
of each affine transform, we modeled a least squares problem with equality constraints that
are given by the relationship between the coefficients and a few contour points showing good
tracking results. By doing this, the proposed method keeps regular distribution of tracking
points and tracks local speckle patterns successfully by applying local deformation effects as
well as compensating the poorly tracking points near endocardium with unclear speckle pat-
terns or edge dropout by utilizing the tracking points reflecting well-tracking results by optical
flows tracking method.

We have experimentally demonstrated that the proposed method is capable of performing
robust real-time LV border tracking even in the presence of indistinguishable portions of the
LV walls in echocardiography data. Especially, the numerical experiments showed that the
proposed method achieves better tracking performance compared to our previous algorithm
[18] that outperforms commonly used tracking methods including the block matching tracking
methods and the LK optical flows.

We used the performance evaluation method for LV tracking that is based on the forward-
backward tracking error estimation RTE as shown in section 3.2. The conventional evaluation
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of global tracking performance using the delineated LV contours have some limitations in esti-
mating errors of individual tracking points; in the case when tracking points erroneously move
along LV border, the LV contour connecting the tracking points can not reveal those individual
tracking errors. The forward-backward point tracking error estimation RTE provides a better
local tracking performance assessment in the whole cycle.

APPENDIX

Least Squares with Equality Constraints. For A ∈ Rm×n, B ∈ Rp×n, b ∈ Rm, d ∈ Rp,
rank(B) = p, a constrained least square problem is expressed as a least squares problem with
a solution x∗:

x∗ = min
x

∥Ax− b∥2 (4.1)

with equality constraints:
Bx = d. (4.2)

To solve this constrained least square problem, we compute the QR-factorization of BT :

BT = Q

[
R
0

]
(4.3)

with
Q ∈ Rn×n, R ∈ Rp×p and 0 ∈ R(n−p)×p.

And then we consider the following identities:

AQ = [A1A2] , Q
Tx =

[
y
z

]
with A1 ∈ Rn×p and A2 ∈ Rn×(n−p). (4.4)

Using these identities, we compute Bx and Ax:

Bx =

(
Q

[
R
0

])T

x =
[
RT0

]
QTx =

[
RT0

] [y
z

]
= RTy (4.5)

and

Ax = (AQ)
(
QTx

)
= [A1A2]

[
y
z

]
= A1y +A2z. (4.6)

The problem given in the form of (4.1) hence becomes

min
y,z

∥A1y +A2z− b∥2 = min
y,z

∥A2z− (b−A1y)∥2 (4.7)

subject to
RTy = d. (4.8)

Since y is determined directly by (4.8), we can find the solution z of the least square problem
(4.7) and finally obtain

x = Q

[
y
z

]
.
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