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ABSTRACT. In this paper we consider a novel reconstruction method in electrical impedance
tomography (EIT) and its application for monitoring and detecting a hydrargyrum (mercury)
polluted soil near to the surface of underground. We use electrodes placed on the surface of
land to collect the data which provides the relations of voltage and current map and to produce a
projected image of interior conductivity distribution onto the surface of land. Here the projected
image reconstruction method is used to monitor the pollution in soil underneath the ground
without any destruction and any digging into a land.

1. INTRODUCTION

Mongolia is known for its abundance of natural resources. Last few years, economy of
Mongolia has risen incredibly based on these natural resources. Despite its rapid growth
in economy, due to the lack of proper environmental protection, several serious effects have
been appeared in the nature. Currently, Mongolia is facing various environmental issues like
other developing countries, who are using natural resources for the economic development.
These can be global or local problems such as desertification, pollution of air and water, un-
derground contamination, yellow smoke and so on. Recently hydrargyrum pollution became a
big issue since it is more dangerous than the other pollutants. For instance, in human health,
high level mercury vapor and its various forms are considered as extremely harmful to hu-
man lung since one time inhaling can lead to sudden death. Even more, the mercury toxin
can cause damages on human genetics and brain. In ecology, contaminated soil can pro-
duce mercury vapor in air, the rain take it to river and lakes. Therefore hydrargyrum pollu-
tion is not only a threat to human but to the entire natural system [14]. The hydrargyrum is
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FIGURE 1. Digging for gold in Tuul River/Zaamar : Tuul river is well known
in Mongolia which flows about 820 km across Mongolia, starting in the North,
passing Ulaan Bataar, the capital up to Lake Baikal.

known as the only metal that is liquid at room temperature, it quickly merges to the parti-
cles of metal and transforms to an amalgam (foil). Therefore mining industries, especially,
artisanal minings are using this property to separate metal from ore. There are lots of arti-
sanal mining in Mongolia and they uses mercury in mining operation, even, sometimes peo-
ple wash ore by hands and use mercury to catch gold. Hence, in the last few years Mon-
golia became a high risk country by mercury pollution. Figure 1 is taken from the article
mentioning about soil and river contamination with heavy metals like mercury in Mongolia
(http://www.enp-beratung.de/EN/html/world−garden−mongolia.html).

Mercury pollution is not only a problem of Mongolia, in fact, it has been considered as
a cause of one of fatal environmental damages. Figure 2 shows mercury pollution risks of
different countries [2]. In Africa, from 15 century, mercury was started to use for gold mining.
Later in 1956, after Japanese Minanata disease the whole world is aware of how disastrous
the mercury pollution can be [14]. To do the laboratory testing, the random sampling which
requires great amount of digging and keeping track of the samples are necessary. Since the
time to refresh polluted soil takes very long and costs a lot, economical and effective way to
monitor the mercury pollution of soil is needed.

Electrical impedance tomography (EIT) is non-destructive and not expensive method to vi-
sualize the conductivity distribution in electrically conducting objects. Since EIT is cheap,
noninvasive and imaging tools are not massive compared to the other imaging techniques, it
has been long time studied for human health proposing to apply in the clinics. Early works
are starting from reconstruction of static imaging method, which is based on back-projection
and sensitivity approaches [3, 4, 21]. Besides, the characteristics of conductivity of biological
tissue changes depending on the frequencies of injected current as well as depending on time.
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Mongolia

FIGURE 2. Artisanal gold mining mercury pollution estimated pop-
ulation at risk. This Figure has taken from official web site
http://www.worstpollut ed.org/projects/reports/display/87

This motivates to develop many different modalities of imaging methods and feasibility studies
for human tissue property images. A frequency or time difference imaging methods recon-
structed from two types of set measurements give a benefit to eliminate some measurement
and geometry errors [1], [22] and [10]. EIT also has been studied in geological environmental
research, for instance, detect the mineral ore [17], land pollution detection [7], leaks detection
in underground [20], detection of flow fluid into a land [19] and bedrock detection [5]. Never-
theless, all of the methods are based on sensitivity approaches, which is very sensitive to any
small error.

Recently, we developed a new projective image reconstruction algorithm [11, 12, 15]. The
corresponding new EIT system also has been developed [13]. In this paper, we modify the
projective image reconstruction algorithm to use for mercury detection underneath the ground.
First, we introduce the mathematical framework and then show several numerical simulation
results.

2. MERCURY POLLUTION MONITORING METHODS

2.1. Mathematical modeling. To monitor the conductivity distribution in observing domain,
we propose to reconstruct the projection image of the conductivity distribution σ(t, r), which
depending of time t and the position r. Let Ω, the underground, be the half space R3

− with
boundary ∂Ω, xy-plane. Let E±

1 , E±
2 be two pairs of current driving electrodes and Γ be

the sensing surface on the ground filled with point electrodes as shown in figure 3. When a
sinusoidal current I sin(ωt) with fixed frequency ω is injected through the electrodes E±

j the
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FIGURE 3. Electrodes E±
j are for sinusoidal current injection and Γ filled with

point electrodes for measuring currents.

resulting induced electrical potentials uj(t, r) satisfies following boundary value problem
∇ · (σ(t, r)∇uj(t, r)) = 0 in R+ × Ω

− σ(t, r)
∂uj(t, r)

∂n
= gj(r) on R+ × ∂Ω for j = 1, 2

(2.1)

with initial conditions uj(0, r) = h1(r) and ∂uj(0, r)/∂t = h2(r), where n is the unit outward
normal vector to the boundary ∂Ω and gj satisfies∫

E±
j

gj(t, r) dSr = ± I,

∫
E±
k

gj(t, r) dSr = 0 (k ̸= j) and gj(r) = 0 on ∂Ω\(E±
1 ∪ E±

2 ).

Define f j(t, r) as the Dirichlet data such that, for j = 1, 2,

f j(t, r) := uj(t, r) on R+ × ∂Ω.

Using the measured voltage data on Γ, we are aiming to reconstruct the projected image of
conductivity distribution of underneath the ground, while time is changing. From the recon-
structed image, we can determine if there is any on-going mercury pollution and how fast it
moves if there is.

2.2. Reconstruction algorithm. Since mercury polluted area moves and spreads out as time
goes, we use time difference voltage data to analyze the relationship between the measurements
and conductivity distribution of the interior. Let D be the region that is filled with mercury
which is compactly embedded in Ω. Since D changes in time, D is a function of time t, D(t),
and the equation (2.1) can be rewritten as

∇ ·
(
(1 + σmχD(t)(r))∇uj(t, r)

)
= 0 in R+ × Ω

− ∂uj(t, r)

∂n
= gj(r) on R+ × ∂Ω for j = 1, 2,

(2.2)

where 1 + σm is the conductivity of mercury and χD(t) is a characteristic function defined as

χD(t)(r) =

{
1 if r ∈ D(t)
0 otherwise.
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Here uj satisfies the transmission condition

(1 + σm)
∂uj

∂n

∣∣∣∣
−
− ∂uj

∂n

∣∣∣∣
+

= 0 on R+ × ∂D(t),

where ± denotes the limit from outside and inside of D(t), respectively.
Let Φ(r, r′) be a fundamental solution of Laplace equation. We define the double and single

layer potentials of a function φ ∈ L2(∂Ω) by

Dφ(r) =

∫
∂Ω

∂Φ(r, r′)

∂nr′
φ(r′)dSr′ and Sφ(r) =

∫
∂Ω

Φ(r, r′)φ(r′)dSr′ ,

respectively. From trace formula for the double layer and single layer potentials, we have

lim
s→0+

Dφ(r± sn(r)) =

(
∓1

2
I +K

)
φ(r), when r ∈ ∂Ω (2.3)

lim
s→0+

⟨n(r),Sφ(r± sn(r))⟩ =
(
±1

2
I +K∗

)
φ(r), when r ∈ ∂Ω,

where I is the identity operator on L2(∂Ω) and K∗ is the dual operator of K defined as

Kφ(r) =

∫
∂Ω

∂Φ(r, r′)

∂nr′
φ(r′)dSr′ , for r ∈ ∂Ω.

Theorem 2.1. Let uj(t, r) be the solution to (2.2) and f j = uj |∂Ω for j = 1, 2. Then we have

f j(t1, r)− f j(t2, r) =
2(2 + σm)

(1 + σm)2

∫
Ω

(
(χD(t1)J

j
1)(r

′)− (χD(t2)J
j
2)(r

′)
)
· ∇r′Φ(r, r

′) dr′

(2.4)
in which Jj

1(r
′) = −(1 + σm)∇r′u

j(t1, r
′) and Jj

2(r
′) = −(1 + σm)∇r′u

j(t2, r
′).

Proof. Let uj(t, r) be the solution to (2.2), then it can be represented as

uj(t, r) = Df j(t, r)− Sgj(r)−
∫
∂D(t)

∂uj(t, r′)

∂n+
r′

Φ(r, r′)dSr′ −
∫
∂D(t)

∂uj(t, r′)

∂n−
r′

Φ(r, r′)dSr′ ,

where ∂
∂n+

r′
and ∂

∂n−
r′

are interior and exterior normal directional derivatives on ∂D. The trans-

mission condition on ∂D yields

uj(t, r) = Df j(t, r)− Sgj(r)−
(
2 + σm
1 + σm

)∫
∂D(t)

∂uj(t, r′)

∂n+
r′

Φ(r, r′)dSr′ .

In the above we use (2.3) to have, for r ∈ Γ with Γ the sensing surface,(
1

2
I −K

)
f j(t, r) = −Sgj(r)−

(
2 + σm
1 + σm

)∫
D(t)

∇r′u
j(t, r′) · ∇r′Φ(r, r

′) dr′. (2.5)
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For fixed time t = t1 and t = t2, we subtract the measurable quantities on the left hand side of
(2.5) from time t1 to t2 to obtain(

1

2
I −K

)(
f j(t1, r)− f j(t2, r)

)
= −

(
2 + σm
1 + σm

)∫
Ω

(
χD(t1)(r

′)∇r′u
j(t1, r

′)− χD(t2)(r
′)∇r′u

j(t2, r
′)
)
· ∇r′Φ(r, r

′) dr′.

Due to the fact that K = 0 for the half-space, the result holds. �

The above theorem shows that the boundary voltage time difference data is related to the
changes of polluted area D in time in the interior of the domain. Based on the relation shown in
(2.4), we apply the projected image reconstruction algorithm introduced in [15] to reconstruct
the diffused image of movements of mercury underneath the ground. Recall (2.4) :

f j(t1, r)− f j(t2, r) = cm

∫
Ω

(
χD(t1)J

j
1(r

′)− χD(t2)J
j
2(r

′)
)
·
(
∇r′Φ(r, r

′)
)
dr′,

where cm = 2(2 + σm)/((1 + σm)2), r = (x, y, 0) ∈ Γ and r′ = (x′, y′, z′). The super index
j denotes the case when a current is injected through E±

j . Here we assume that D(t1) ⊂ D(t2)

and ∥Jj
1 − Jj

2∥L2(D(t1)) ≪ 1. Then by the following

χD(t1)J
j
1 − χD(t2)J

j
2 = χD(t1)(J

j
1 − Jj

2) +
(
χD(t1) − χD(t2)

)
Jj
2 ,

we have an estimation

f j(t1, r)− f j(t2, r) =− cm

∫
Ω
χ(D(t2) − D(t1))(r

′)Jj
2(r

′) ·
(
∇r′Φ(r, r

′)
)
dr′

+O
(
∥Jj

1 − Jj
2∥L2(D(t1))

)
.

For notational simplicity, we let F j(r) := −cm
∫
Ω χ(D(t2) − D(t1))(r

′)Jj
2(r

′) · ∇r′Φ(r, r
′)dr′.

The area D(t2)−D(t1) can be either one of the cases in Figure 4. Now we apply the integration

D(t1)
D(t2)

D(t2)

D(t1)

FIGURE 4. D(t2) and D(t1) are anomaly areas at the respective moments t2
and t1. The gray colored area is the difference, D(t2)−D(t1).

by parts to the above to have

F j(r) = cm

∫
Ω
Jj
2(r

′)
(
∇r′χ(D(t2) − D(t1))(r

′)
)
Φ(r, r′) dr′.
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The projected image reconstruction algorithm collects a pair of voltage data when the current
is injected through E±

j for j = 1, 2 for each time t1 and t2. Then the surface Laplacian
∆r = ∂2

x + ∂2
y is applied to F j(r) on Γ such that

∆rF j(r) = cm

∫
Ω
Jj
2(r

′)
(
∇r′χ(D(t2) − D(t1))(r

′)
)
∆rΦ(r, r

′) dr′. (2.6)

The above formulations can be summarized as a system as follows. Let

F =

[
F1

F2

]
and J2 =

[
J1
2

J2
2

]
=

[
J1
2,1 J1

2,2 J1
2,3

J2
2,1 J2

2,2 J2
2,3

]
then (2.6) can be written as

∆rF(r) =

(
4 + 2σm
(1 + σm)2

)∫
Ω
∆rΦ(r, r

′)J2(r
′)
(
∇r′χ(D(t2) − D(t1))(r

′)
)
dr′. (2.7)

Observation 2.2. We multiply J†
2, a pseudo-inverse of J2, and take surface divergence, ∇r· =

(∂x, ∂y, 0)
T , to both sides of (2.7) to get

∇r·
(
J†
2(r)∆rF(r)

)
=

(
4 + 2σm
(1 + σm)2

)
∇r ·

∫
Ω
∆rΦ(r, r

′)J†
2(r)J2(r

′)
(
∇r′χ(D(t2) − D(t1))(r

′)
)
dr′. (2.8)

The right hand side of the above has an information of the area D(t2)−D(t1).

In the left hand side of (2.8), F is an approximation of the measurable quantity[
f1(t1, r)− f1(t2, r)
f2(t1, r)− f2(t2, r)

]
which is only available from the sensing surface Γ. From the analysis given in [15], the current
Jj
2(r

′) can be replaced by the following

Jj
2(r

′) ≈ Jj
2(r) =

[
J j
2,1(r) J j

2,2(r) 0
]

= −
[
∂xf

j(t2, r) ∂yf
j(t2, r) 0

]
for j = 1, 2.

Thus the projected image reconstruction algorithm which provides the projected image of the
changes of interior conductivity distribution in time can be constructed as follows.

Observation 2.3. Let Ψ be the solution of

−∆rΨ(r) =

(
(1 + σm)2

4 + 2σm

)
∇r ·

([
∂xf

1
2 (r) ∂yf

1
2 (r)

∂xf
2
2 (r) ∂yf

2
2 (r)

]−1

∆r

[
f1
1 (r)− f1

2 (r)
f2
1 (r)− f2

2 (r)

])
,

(2.9)

where f j
1 (r) = f j(t1, r) and f j

2 (r) = f j(t2, r). Then Ψ provides the diffused (blurred) image
of the area D(t2)−D(t1) which is projected on to the sensing surface Γ.

In the following section, we perform several numerical tests to validate our analysis.
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3. NUMERICAL EXPERIMENT

In this section, we run numerical tests based on the reconstruction algorithm described in
the subsection 2.2. The electrical conductivity of soil is depending on the type and an under-
ground levels. In general, in dry and clay area, it ranges from 0.0001 S/m to 0.005S/m. The
conductivity of mercury is known as 1.02 × 106 S/m. For more details about corresponding
conductivity information, we refer to see [6] and [8].

In all numerical simulations, we set the domain as a rectangular cuboid with size 6×6×4m3.
The finite element structure of domain including information about mesh statistic shown in
Figure 5. We use Comsol multiphysic to generate the meshes. The four driving electrodes
of size 0.1 × 0.1m2 for current injection are placed at four corners on rectangle surface of
observing domain. The distance from center of driving electrode to the two sizes of rectangular
surface is 1.4m and 0.8m, respectively. The 27 × 17 = 459 number of voltage measuring
electrodes are located between the driving electrodes in rectangular region occupying 2.6 ×
1.6m2 area. The diameter of sensing electrode is 0.05m.

Throughout the numerical simulations, total current of 50 A/m2 flows in through E+ and E−
is set as the ground.

FIGURE 5. The computational domain with mercury stream and electrode
configuration: mesh structure with 8353 nodes and 39459 elements

The mercury stream is of 3-dimensional tube shape along the sinusoidal type curve. The
radius of the tube is 0.05m and it runs through only in (x, y)-direction. At the beginning which
is indicated as moment t1, the mercury stream is in the form of a half circle. After ∆t-time
later, which is at moment t2, it has moved a little bit as shown in Figure 6. At moment t3, ∆t-
time later from moment t2, the mercury stream moves all the way through the upper half circle
as in Figure 6. In this way, the numerical simulation mimics the mercury stream propagation
in long time monitoring. At each time, the voltage data is collected from the sensing surface
and then time difference of voltage data is used to detect the movements of mercury stream. In
this section, we observe the reconstructed images obtained from the differences of (moment t1,
moment t2) and (moment t1, moment t3)-pairs.
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In all the numerical tests, we examine the algorithm for two cases; when the level, z-
directional position, of mercury stream is fixed as 1 m-below and 2 m-below from sensing
surface as shown in Figure 7.

2 m
1.6 m

0.1 m

moment  t moment  t1 2 3moment  t 

FIGURE 6. Mercury stream at moments t1, t2 and t3

1 m

2 m

mecury stream

mecury stream

FIGURE 7. The z-directional locations of mercury stream: 1 m and 2 m

3.1. Example 1. This example represents the situation when mercury stream passes right be-
low the measuring area as in Figure 8.

moment t1 moment t2 moment t3

FIGURE 8. Top view of mercury stream of example 1

First, we set mercury stream flows 1m below from sensing surface. Figure 9 presents the
reconstructed images obtained from using the proposed algorithm. In Figure 10, all recon-
structed images are re-scaled so that we can observe the behavior more clearly. For instance,
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(a) (b)

FIGURE 9. Reconstructed image when mercury is located 1 m below from
sensing surface: (a) using (t1, t2)-data pair (b) using (t1, t3)-data pair

(a) (b)

FIGURE 10. Scaled reconstructed image when mercury is located 1 m below
from sensing surface: (a) using (t1, t2)-data pair (b) using (t1, t3)-data pair

when there is a little change (from moment t1 to t2), reconstructed image shows relatively weak
evidence of presence of mercury than other case.

Now we set the mercury stream 2 m below from the sensing surface. Figures 11 and 12 also
show the reconstructed images without and with scaling, respectively.

(a) (b)

x 10-4 x 10-3

FIGURE 11. Reconstructed image when mercury is located 2 m below from
sensing surface: (a) using (t1, t2)-data pair (b) using (t1, t3)-data pair

The reconstructed images in Figures 9-12 clearly show the presence of mercury stream un-
derneath the ground. The magnitude of reconstructed image is related the depth of mercury
stream from sensing surface (compared with Figures 9, 10 and Figures 11, 12). Once can
tell that if the mercury stream is located further away from sensing surface, the magnitude of
sought numbers get smaller.
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(a) (b)

x 10-3 x 10-3

FIGURE 12. Scaled reconstructed image when mercury is located 2 m below
from sensing surface: (a) using (t1, t2)-data pair (b) using (t1, t3)-data pair

3.2. Example 2. In this example, the mercury flow stems from outside of sensing area as in
Figure 13. The same numerical tests with example 1 also have been run in this section.

moment t1 moment t2 moment t3

FIGURE 13. Top view of mercury stream of example 2

Figures 14-17 show the reconstructed images when mercury flows into right below of the
sensing surface.

(a) (b)

FIGURE 14. Reconstructed image when mercury is located 1 m below from
sensing surface: (a) using (t1, t2)-data pair (b) using (t1, t3)-data pair

Here, the computational domain is the size of 6× 6× 4 m3 and the polluted area is far away
from the sensing surface, 1 and 2 m below from sensing surface. Even though the polluted
area is located in the deep ground and the relative size of polluted area is small, the radius
of polluted area in the pipe shape is 0.05 m, Figures 14-17 show the presence of mercury
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(a) (b)

FIGURE 15. Scaled reconstructed image when mercury is located 1 m below
from sensing surface: (a) using (t1, t2)-data pair (b) using (t1, t3)-data pair

(a) (b)

x 10-4 x 10-4

FIGURE 16. Reconstructed image when mercury is located 2 m below from
sensing surface: (a) using (t1, t2)-data pair (b) using (t1, t3)-data pair

(a) (b)

x 10-4x 10-4

FIGURE 17. Scaled reconstructed image when mercury is located 2 m below
from sensing surface: (a) using (t1, t2)-data pair (b) using (t1, t3)-data pair

underneath the ground. Since the location (the depth) of mercury area is far away from sensing
surface, one get blurred image of abnormal material in the ground. The goal of this paper is
to detect and monitor the long term behavior of hydrargyrum polluted soil and the numerical
simulation results of proposed projected image reconstruction algorithm promise the usage of
the proposed method.

CONCLUSION

Nowadays the ecological problems are increasing every where in world. In short period
time using most effective and economical way to investigate those problems are becoming
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more important. This novel method can be apply the other geological problems, for instance,
heavy metal pollution in river area, land contamination from other source, toilette pipe leakage
and so on. The drawback of this method is weak when the investigating object is away from
the surface of observing domain. To overcome this difficulty next we will use this method with
combining some other methods such as vibration and heat source.
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