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SINGULAR THEOREMS FOR LIGHTLIKE SUBMANIFOLDS
IN A SEMI-RIEMANNIAN SPACE FORM

DAE Ho JIN

ABSTRACT. We study the geometry of lightlike submanifolds of a semi-
Riemannian manifold. The purpose of this paper is to prove two singular
theorems for irrotational lightlike submanifolds M of a semi-Riemannian
space form M (c) admitting a semi-symmetric non-metric connection such
that the structure vector field of M(c) is tangent to M.

1. Introduction

The theory of lightlike submanifolds is an important topic of research in
differential geometry due to its application in mathematical physics, especially
in the general relativity. The study of such notion was initiated by Duggal and
Bejancu [3] and later studied by many authors (see up-to date results in two
books [4, 7]). Recently many authors have studied lightlike submanifolds M
of indefinite almost contact metric manifolds M (see [5, 6, 7, 8, 14, 16]). The
authors in above papers principally assumed that the structure vector field ¢
of M is tangent to M. Calin proved the following result in his thesis:

e Calin’s result [2): If the structure vector field ¢ of M is tangent to M, then
it belongs to the screen distribution S(TM) of M.

After Calin’s work, many earlier works [5, 6, 7, 14, 16], which have been writ-
ten on lightlike submanifolds of indefinite almost contact metric manifolds,
obtained their results by using the Calin’s result described in above.

The notion of a semi-symmetric non-metric connection on a Riemannian
manifold was introduced by Ageshe and Chafle [1]. Although now we have
lightlike version of a large variety of Riemannian submanifolds, the geometry of
lightlike submanifolds of semi-Riemannian manifolds admitting semi-symmetric
non-metric connections has been few known. Several works ([9]~[13]), which
have been written on lightlike submanifolds of semi-Riemannian manifolds ad-
mitting semi-symmetric non-metric connections, also obtained their results by
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using the Célin’s result. In this paper, first of all, we prove that the afore cited
Calin’s result is not true for any irrotational lightlike submanifolds of a semi-
Riemannian space form admitting a semi-symmetric non-metric connection.
Next, some authors [8, 16] guessed that two type screen conformalities of M,
named by screen conformal and screen quasi-conformal, are dependent to each
other. We prove that such two type screen conformalities are independent.

2. Semi-symmetric non-metric connections

Let (]\:4 ,g) be an (m + n)-dimensional semi-Riemannian manifold. A con-
nection V on M is called a semi-symmetric non-metric connection [1, 17] if,
for any vector fields X, Y and Z on M, V and its torsion tensor T satisfy

(Vxg)(Y,2) = —n(Y)g(X, Z) = m(Z2)g(X,Y), (2.1)
T(X,Y) = n(Y)X — n(X)Y, (2.2)

where 7 is a 1-form associated with a non-vanishing smooth vector field (,
which is called the structure vector field, of M by n(X) = g(X, ¢).

Let (M, g) be an m-dimensional lightlike submanifold of M. Then the radi-
cal distribution Rad(TM) = TM NTM+ is a vector subbundle of the tangent
bundle TM and the normal bundle TM=, of rank 7 (1 < r < min{m, n}).
Therefore, in general, there exist two complementary non-degenerate distribu-
tions S(TM) and S(TM+1) of Rad(TM) in TM and T M+ respectively, which
are called the screen and co-screen distributions, such that

TM = Rad(TM) @open S(TM), TM* = Rad(TM) @ora, S(TM™),  (2.3)

where @+, denotes the orthogonal direct sum. We denote such a lightlike sub-
manifold by (M, g, S(TM), S(TM~)). Denote by F(M) the algebra of smooth
functions on M, by T'(E) the F(M) module of smooth sections of a vector
bundle E and by (2.3); the i-th equation of (2.3). We use same notations for
any others. Let tr(TM) and ltr(T M) be complementary (but not orthogonal)
vector bundles to T'M in T]\ZT|M and TM~ in S(TM)* respectively and let
{N1, ..., N} be a lightlike basis of ltr(T'M) such that

9(Ni, &) = 6i5,  g(Ni, Nj) = g(X, N;) = g(W, N;) =0,

for all X e I'(S(T'M)) and W € I‘(SETMJ-)), where the set {&1, ---, &} is a
lightlike basis of Rad(TM). Then TM is decomposed as follows:
TM = TM®tr(TM) = {Rad(TM) @ tr(TM)} Gortn S(TM) (2.4)

— {Rad(TM) & ltr(TM)} ©gris, S(TM) G oran S(TM™).

A lightlike submanifold (M, g, S(TM),S(TM~)) of M is called
(1) r-lightlike if 1 < r < min{m, n};
(2) co-isotropicif 1 <r=mn < m;
(3) isotropicif 1 <r=m <mn;
(4) totally lightlike if 1 <r =m=n.
The above three classes (2)~(4) are particular cases of the class (1) as follows:
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S(TM*) = {0},S(TM) = {0} and S(TM) = S(TM~) = {0} respectively.
The geometry of r-lightlike submanifolds is more general form than that of the
other three type submanifolds. For this reason, we consider only r-lightlike
submanifolds M = (M, g,S(TM),S(TM™)), with the following local quasi-
orthonormal field of frames of M:

{617 7€T7 Nla Ty NT7 FT‘+17 Y F’ma WT+17 Tty W’I’L}7 (25)
where {F,41, -+, Fin} and {W,41, -+, W, } are orthonormal bases of S(T'M)
and S(T M) respectively. We use the following range of indices:

iajvka"" G{L"'ar}a Oé,/},"y,"' €{r+1,~~~,n}

and €, denote the causal character of respective vector field W,,.
In the entire discussion of this article, we shall assume that ¢ to be spacelike
unit vector field to M. We take X, Y, Z € T'(T'M) unless otherwise specified.
Let P be the projection morphism of TM on S(TM). Then the local Gauss-
Weingartan formulas M and S(T'M) are given respectively by

VxY = VxV + Y RiX,YV)Ni+ > (X, Y)Wa,  (26)

=1 a=r+1
™ n
VxNi = =Ay X+ 7;(X)IN; + > pia(X)Wa, (2.7)
7j=1 a=r—+1
VxWa = =Ay X+ ¢ai(X)Ni+ Y ap(X)Ws;  (2.8)
i=1 B=r+1
VxPY = VYPY + Y hi(X, PY)§, (2.9)
=1
:
Vxé = —A X =Y mu(X)g, (2.10)
j=1

where V and V* are induced linear connections on T'M and S(T'M) respec-
tively, hf and h?, are called the local second fundamental forms on T M respec-
tively, h} is called the local second fundamental forms on S(TM). Ay, AE
and A, are linear operators on T'M, which are called shape operators, and
Tijs Pias Pai and Onp are 1-forms on TM. We say that

h()QY)zihf(X,Y)Ni—i— i RS (X, Y)W,

=1 a=r+1
is the second fundamental tensor of M. Using (2.1), (2.2) and (2.6), we get
(Vxg)(Y,2) = —7(Y)9(X,Z) — 7(Z2)g9(X,Y) (2.11)

+ ) AR, Y )0:(2) + WX, Z)m(Y)},

=1
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T(X,Y) = (V)X — n(X)Y, (2.12)
and h¢ and h$ are symmetric on TM for each i and a, where T is the torsion
tensor with respect to V and n; is a 1-form on T'M such that

UI(X):g(XaNZ)a VZG{L ,7’}.

From the facts hf(X,Y) = g(VxY,&) and h3(X,Y) = €,5(VxY,W,), we
know that ¢ and h$, are independent of the choice of S(T'M). The above local
second fundamental forms are related to their shape operators by

h(X,Y) = g(A; X,Y) = > h5(X, &)m;(Y), (2.13)
j=1

eahi(Xu Y) :g(AWQXa Y) _Zd)ai(X)ni(Y)? (214)
i=1

g<AWQX7 NZ) = eapia(X>7 hi(X, é-l) = _ea(bai(X)a
hi(X,PY)=g(Ay, X, PY) + fig(X, PY) + n:;(X)m(PY), (2.15)
Mg + s = 0, €glap + €alpa =0,

where f; is a smooth function given by f; = m(NNV;) and p,; is a skew symmetric
1-forms defined by

Now we recall the following results due to Jin:

Theorem 2.1 [12]. Let M be an r-lightlike submanifold of a semi-Riemannian
manifold M admitting a semi-symmetric non-metric connection. Then the
following assertions are equivalent:

(1) Ag, are self-adjoint on D(TM) with respect to g, for all i.
(2) hf satisfy hE(X,&;) =0 for all X € T(TM), i and j.
(3) A;&j =0 foralli and j.

Theorem 2.2 [12]. Let M be an r-lightlike submanifold of a semi-Riemannian
manifold M admitting a semi-symmetric non-metric connection. Then the
following assertions are equivalent:

(1) Ay, are self-adjoint on T'(T'M) with respect to g, for all .
(2) he satisfy h5 (X, &) =0 for all X e T(S(TM)), « and i.
(3) ¢0i(X) =0 for all X € T(S(TM)), o and i.

3. Structure equations

Denote by R, R and R* the curvature tensors of the connections V, V and
V* respectively. Using the Gauss-Weingarten formulas for M and S(T'M), we
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obtain the Gauss-Codazzi equations for M and S(T'M):
R(X,Y)Z = R(X,Y)Z (3.1)

i=1

+ Z {hZ(Xa Z)AWQY - hfx(}/’ Z)AWQX}
a=r-+1

+ > A(Vxh)(Y, 2) - (Vyh))(X, 2)
~ T(X)hi(Y, Z) + m(Y)hi(X, Z)

+ [Tﬂ(X)hﬁ(Y7 Z) - le(Y)hﬁ(Xv Z)]

+ D [bai(X)h (Y, Z) = ¢ai(Y)RS(X, Z)]}N;
a=r+1
+ > {(Vxh)(Y,Z) — (Vyh) (X, 2)
a=r+1

—m(X)hg, (Y, Z) + m(Y)hi (X, Z)
+ [pm(X)h Y,Z) - /)m(Y)hf(X7 Z)}

+ Z 050 (X)5(Y, Z) — 050 (Y)h5(X, Z)]} Wa,
=r+1

R(X, Y)Ni = —Vx(ANiY) + VY(ANiX) + ANi [X, Y} (3.2)

+ i{Tij(X)ANj Y -7 (Y)Ay, X}

+ Z {pia(X A Y pia(Y )AWQX}

a=r—+1

+ Z{hﬁ(y, Ay X) = h5(X, A, Y) + 2dri(X,Y)
Jj=1

+Zm 7y (X) = Tan (X7 (V)]

+ Z Pia( ¢a] Pia(X)¢aj (Y)]}NJ

a=r+1
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+ > AR AL X) =k (X, AY) + 2dpia(X,Y)

a=r+1
+Zm )pja(X) = 7i;(X)pja(Y)]
+ Z pi(Y)850(X) — pig(X)05a (Y]} Wa,
=r+1
R(X, Y)W, :—VX(A Y) 4+ Vy (A, X) + A, [X, Y] (3.3)

+Z{¢m JAyY = dai(Y) Ay, X}

+Z{eaﬂ X)Ay, Y —05(Y)A,, X}
=r+1

- Z{hf(Y, Ay X) = hi(X, A, Y) + 2d¢a;(X,Y)
=1

+Z Gaj (V)75 (X) = faj(X) 75 (V)]

+ Z 005 (V)$5:(X) = 0 (X) s (VI

B=r+1

+ Y {hy(V A, X) = hy(X, A, Y) + 2d00s(X,Y)
B=r+1

+Z Gai(Y)pip(X) = ¢aj(X)pjp(Y)]

+ Z By (V)85 (X) = Oy (X)0:5(Y)]} W,

y=r+1
R(X,Y)PZ = R*(X,Y)PZ (3.4)

+ > {h;(X,P2)ALY — hi(Y,PZ) A, X}

i=1

+ Z{(Vxh?)(Y, PZ) — (Vyh?)(X,PZ)

+7(Y)hi (X, PZ) — m(X)hi (Y, PZ)

+ [Tis VR(X, PZ) — 13 (X)hE (Y, PZ)] Y,
k=

—
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R(X,Y)& = —VX(ALY) + Vi (AL X) + AE [X, Y] (3.5)

+ > (i (V)AL X — (X)) AL Y}
j=1
+ > {R5(Y, AL X) = h3(X, ALY) — 2dri(X,Y)
j=1

+ ) (X (Y) = 7 (V)i (X135
k=1

A complete simply connected semi-Riemannian manifold M of constant cur-
vature c is called a semi-Riemannian space form and denote it by M (¢). The
curvature tensor R of M(c) is given by

RIX,Y)Z =c{g(Y,2)X —g(X,Z2)Y}, VX,Y,ZeT(M(c).  (3.6)

In case the ambient manifold M is a semi-Riemannian space form M/c).
Taking the scalar product with §; and W, to (3.6) by turns, we show that

J(R(X,Y)Z,&)=g(R(X,Y)Z, W,) =0, VXY, Zecl(TM).
From this results and (3.1), for any X, Y, Z € T'(T M), we obtain

R(X,Y)Z = R(X,Y)Z + i{hf(X, Z)A\Y —hi(Y,Z)A, X} (3.7)

i=1
+ Z {hZ(Xv Z)AWQY - hZ(K Z)AWQX}
a=r+1
4. Characterization theorems

Definition 1. An r-lightlike submanifold M of M is said to be irrotational
[15] if Vx§& € T'(TM) for any X € T'(T'M) and &; € I'(Rad(TM)).

Due to (2.6) and (2.14)3, we show that M is irrotational if and only if

hg(Xa 52) = 07 hg(Xa gl) = ¢ai = 07 V’L, ja Q. (41)
In this case, from (2.13)1, (4.1); and the fact S(T'M) is non-degenerate, we get
Az =0, Vi, j. (4.2)

It follow from Theorem 2.1 and Theorem 2.2 that the shape operators A; and

Ay, of an irrotational lightlike submanifold M are self-adjoint.

Lemma 4.1 [12] Let M be an irrotational r-lightlike submanifold of a semi-
Riemannian manifold M admitting a semi-symmetric non-metric connection.
If the structure vector field ¢ is tangent to M, then ( satisfies h(X, () = 0.

Note that (X, () = 0 is equivalent to the following two equations:
hi(X,0) =m(A;X) =0, hi(X.()=m(A, X)=0, Vi, o (4.3)
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In case M is an irrotational r-lightlike submanifold of a semi-Riemannian
space form M (c) admitting a semi-symmetric non-metric connection, we have
the following equations: Taking the scalar product with &; to (3.1) and using
(3.6) and the fact ¢,; = 0, we have

(Vxhi)(Y,Z) ~ (Vyh‘))(X 2) = m(X)hi(Y, Z) — n(Y)h{(X, Z) (44)

+ Z{Tﬂ YV)RE(X, Z) — 1:(X)RS(Y, Z)}.

Taking the scalar product with Ni to (3.7) and then, substituting (3.4) and
(3.6) into the resulting equation and using (2.14)2 and (2.16), we obtain

{g(Y, PZ)m(X) —9(X, PZ)mi(Y)} (4.5)

+ Z{um SV, PZ) — s (Y)hS(X, PZ)}
— ij{m Wi(Y, PZ) —mi(Y)h5(X, PZ)}

Y XY, PZ) — pia(Y )X, PZ)}
a=r+1

= (Vxh;-k)(KPZ)—(Vyh?)(X,PZ)
( )hi (X, PZ) = m(X)hi (Y, PZ)

+ Z{Tw Y)R(X, PZ) — 7i;(X)hI(Y, PZ)}.

Definition 2. An r—hghthke submanifold M of a semi-Riemannian manifold
M admitting a semi-symmetric non-metric connection is called screen quasi-
conformal [8, 16] if the second fundamental forms h} and h{ are related by

hi (X, PY) = ¢ h{(X, PY) +1:(X)n(PY), Vi, (4.6)
where ¢;s are non-vanishing functions on a coordinate neighborhood U in M.

Due to (2.13) and (2.15), we know that an r-lightlike submanifold M of M
is screen quasi-conformal if and only if A, and A, are related by

Ay X = ALX — sz+2;¢” )&, Vi, (4.7)
j=1

for some non-vanishing functions ¢; on a coordinate neighborhood ¢ in M.

Theorem 4.2. Let M be an irrotational screen quasi-conformal r-lightlike
submanifolds M of a semi-Riemannian space form M(c) admitting a semi-
symmetric non-metric connection. If the structure vector field ¢ of M is tangent
to M but it does not belong to S(T'M), then ¢ = 1.
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Proof. Taking the scalar product with PZ to (3.2) and (3.7) with Z = ¢; by
turns and using (2.13), (2.14), (2.15), (3.5), (4.1) and (4.6), we get

g(R(X7Y)Nu PZ) = g(_vX(A Y) + VY(AN,X) +AN1. [X7Y]7 PZZ}8)

+ Z%{Tm LY, PZ) - 7i;(Y)h5(X, PZ)}

+ Z Ea{pia(X)hfy(Ya PZ) _pia(Y)hiy(Xv PZ)}
a=r+1

- ij{le YPZ)—TZ](Y)Q(X,PZ)},
J(R(X,Y)&, PZ) = g(fv}(Af Y) + Vi (45, X) + A [X,Y], PZ) (4.9)

+ Z{m Y)hi(X, PZ) — 7;i(X)R5(Y, PZ)}.

Applying Vy to (4.7) and then, taking the scalar product with PZ, we have
9(Vx(AY), PZ) = X[pil hi(Y, PZ) + ¢ig (vx<Az Y), PZ)

~X[filg(Y,PZ) - fig(VxY,PZ) Z“w Y)hi(X, PZ).

Substituting this into (4.8) and using (3.6), (3.7), (4.1) and (4.9), we get
X[pi hi(Y, 2) = Y[pi (X, Z) (4.10)

= Z{%Tji(x) + ;7 (X) — iy (Y)}RS5(Y, 2)

- Z{%‘Tﬁ(y) + 07 (V) — pi (X)}h5(X, Z)

n

+ Y cadpia( XY, Z2) = pia(Y)RA(X, 2)}

a=r+1
+{X[fi] - ZfJTZJ fim(X) + eni(X) tg(Y, Z)
_{Y fz ZfJTlJ ( )+C771 )}g(sz)'

Taking X = Z = and Y = &; to this and using (4.3), we have

[fil = Z fiTij (&) +c=0. (4.11)
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Applying Vx to 7;(Y) = g(Y, N;) and using (2.1), (2.5) and (2.6), we have
X(mi(Y)) = —m(Y)ni(X) — fig (X Y)+g(VxY,N;)
- g(A, X)Y) +ZTij(X)77j(Y)~

Substituting this into 2dn(X,Y) = X(n(Y)) — Y(n(X)) — n([X,Y]) and using
(2.12), (4.7) and the fact that each A, is self-adjoint, we get

2dn(X,Y) Z{Tw — 7 (Y)n; (X)}- (4.12)

Applying Vx to (Y, PZ) = o;h(Y,PZ) + n;(Y)n(PZ), we have
(Vxhi)(Y,PZ) = X[@:| (Y, PZ) + :(Vx hi) (Y, PZ)
X0 (Y)) = 0i(VxY)}m(PZ) + 0, Y){X (n(PZ)) — n(VXx PZ)}.

Substituting this into (4.5) and using (2.12), (2.15)2, (4.4), (4.10) and (4.12),
we obtain

Zf]{m S(X, PZ) = ni(X)W5(Y, PZ)} (4.13)
Zfﬂ't] X)}g(Y,PZ)
—{Y[fi] - ZfJTZJ (X)}9(X,PZ)

+ m(Y){X( (PZ)) —m(VxPZ)}
= ni(XN{Y (n(PZ)) —n(VyPZ)}.
Applying Vx to m(PZ) = g(¢, PZ) and using (2.11), we have
X(n(PZ)) —n(V%xPZ)

— g(X,PZ) — n(X)n(PZ) + ijhf X,PZ)+g(Vx(, PZ).
Substituting this equation into (4.13), we obtain

Z fmis(X X)}g(Y, PZ) (4.14)

- {Y fz Zf]T’LJ )}Q(X PZ)

= nz(Y)
- ni(X)

(X PZ)+ (X)m(PZ) —g(Vx(, PZ)}

{9
{9(Y,PZ) +7(Y)n(PZ) — g(Vy(, PZ)}.
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Applying Vx to g(¢,¢) = 1 and using (2.1) and (2.5), we have

9(Vx¢, () = m(X). (4.15)

Taking X = Z = and Y = ¢; to (4.14) and using (4.15), we get
&ilfil — Z fimij (&) +1=0. (4.16)
j=1

From (4.11) and (4.16), we have ¢ = 1.

Corollary 1. There exist no irrotational screen quasi-conformal r-lightlike
submanifolds M of a semi-Riemannian space form M(c) admitting a semi-
symmetric non-metric connection such that ¢ belongs to S(TM).

Proof. If ¢ belongs to S(T'M), then we get f; = g(¢,N;) = 0 for all 4. It
follows from (4.16) that 1 = 0. It is a contradiction. Thus there exist no irrota-
tional screen quasi-conformal r-lightlike submanifolds M of a semi-Riemannian

space form M (c) admitting a semi-symmetric non-metric connection such that
¢ belongs to S(TM).

Remark 1. For any lightlike submanifolds M of indefinite almost contact
metric manifolds M such that the structure vector field ¢ of M is tangent to M,
if ¢ belongs to Rad(T'M), then ¢ is decompose as ¢ =Y ._, ;& and a # 0. It
follow that 1 = g(¢,¢) = Z;jzl a;a;3(&, &) = 0. It is a contradiction. Thus ¢
does not belong to Rad(TM). This enables one to choose a screen distribution
S(TM) which contains . Although S(T'M) is not unique, it is canonically
isomorphic to the factor vector bundle S(T'M)# = TM/Rad(T M) [15]. Thus all
screen distributions are mutually isomorphic. This implies that if ( is tangent
to M, then it belongs to S(TM). Calin [2] proved this result. Duggal and
Sahin also proved this result in their book (see p.318 - 319 of [7]). After Calin’s
work, many earlier works [5, 6, 7, 14, 16], which have been written on lightlike
submanifolds of indefinite almost contact manifolds or lightlike submanifolds of
semi-Riemannian manifolds admitting semi-symmetric non-metric connections,
obtained their results by using the Calin’s result. However, we regret to indicate
that the above Célin’s result is not true for any lightlike submanifolds M of
a semi-Riemannian space form M (c) admitting a semi-symmetric non-metric
connection by Theorem 4.2 and its corollary.

Definition 3. An r-lightlike submanifold M is screen conformal [4, 7, 10] if
the second fundamental forms B and C satisfy

where ;s are non-vanishing functions on a coordinate neighborhood ¢ in M.
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Theorem 4.3. Let M be an irrotational r-lightlike submanifold of a semi-
Riemannian space form M (¢) admitting a semi-symmetric non-metric connec-
tion such that the structure vector field ¢ of M is tangent to M. If M is screen
conformal, then we have ¢ = 0.

Proof. Applying Vx to hi(Y, PZ) = @;h(Y, PZ), we have
(Vxh)(Y, PZ) = X[pilhi(Y, PZ) + ¢i(Vxh)) (Y, PZ).
Substituting this equation into (4.5) and using (4.4) and (4.17), we have
Ag(Y, PZ)ni(X) — g(X, PZ)mi(Y)}
= X[pilhi(Y, PZ) = Ypilhi(X, PZ)

+ > {oimi(Y) + 057 (Y) + pi (V) + fimi(Y)}g(X, P2)
j=1
- Z{%Tji(X) + 5 7ig (X) + pig (X) + fimi(X) }g(Y, PZ)

+ > eadpiaYV)hA(X, PZ) = pia(X)h5(Y, PZ).

a=r+1
Taking X =¢; and Y = Z = ¢ to this and using (4.3), we have ¢ = 0.

Remark 2. From Theorem 4.2 and Theorem 4.3, we show that two type screen
conformalities of M, named by screen conformal and screen quasi-conformal,
are not mutually dependent to each other but mutually independent.
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