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CHARACTERIZATIONS OF FUNCTIONS ON DUAL
OCTONION VARIABLES IN CLIFFORD ANALYSIS

Su M1 Lim AND KwaNG Ho SHON*

ABSTRACT. The aim of this paper is to define hyperholomorphic functions
with dual octonion variables in C* x C*. We characterize properties of
dual octonion variables in Clifford analysis.

1. Introduction

The octonions are a normed division algebra over the real numbers in
Clifford algebra. There are four such algebras, the other three being the real
numbers R, the complex numbers C, and the quaternions H. Octonions are
an extension of quaternions which are double the number. In addition, oc-
tonions satisfy noncommutative and nonassociative, however, they satisfy a
weaker form of associativity which is alternative. Even though octonions are
not that famous compared to the quaternions and complex numbers which are
much more studied and used, they have some interesting properties and are
related to a number of exceptional structures in mathematics. Additionally,
octonions have applications in fields such as string theory, special relativity
theory, and quantum logic. The octonions were invented in 1843 by John T.
Graves, inspired by William Hamilton’s discovery of quaternions. Graves called
his discovery octaves. In 1973, Deutoni and Sce [1] defined octonionic regular
functions and some properties of octonionc regular functions. And K. Néno [4-
6] found some properties of hyperholomorphic functions. In 2013, Lim and Shon
[3] researched the properties of hyperholomorphic functions and obtained the
properties of corresponding o-Cauchy-Riemann equation with octonion vari-
ables in C*. The function g(z) = g1(z) + ga(2)ea + g3(2)es + ga(2)es where
z = (21, 22, 23, z4) and the functions g1(z), g2(2), g3(z) and g4(z) are harmonic
in Q satisfies the condition of harmonicity in an open set Q in C*. Besides, we
[2] found the theorem about hyperholomorphic functions of dual quaternion in
an open subset of C? x C2.
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In this paper, we investigate the properties of hyperholomorphic functions
of dual octonion variables and find the condition of integrability of the corre-
sponding o-Cauchy-Riemann equation in an open subset of C* x C*.

2. Preliminaries

The field © = C* of octonions

7
z:onrZejzj, (z; €R, j=0,---,7) (1)
7=0

is an eight dimensional non-commutative and non-associative R-field generated
by eight base elements eg,eq, ez, e3,€e4,€5,e6 and e; with the following non-
commutative multiplication rules :

el = —1, eje; = —eje;, eejer = e;(ejer) (i #j#kyi#0,7#0,k#0)

€1€2 = €3, €365 = €6, €6€7 = €1,€1€4 = €5, €567 = €2,€2€6 = €4,€4€7 = €3.

The element eq is the identities of O and e; identify the imaginary unit v/—1
in the C-field of complex numbers. An octonion z given by (1) is regarded
as z = z1 + z9eg + z3e4 + 2466 € O where 21 := xg + €121, 29 1= X2 + €113,
z3 := x4 + e1x5 and z4 := xg + ejx7 are complex numbers in C. Thus, we
identify O with C%. the octonionic conjugation z*, the absolute value |z| of 2
and a inverse z~! of z in O are defined, respectively, by

7
2F =1y — Zejxj, |z| =
j=1

*1:@(”&0)‘

3. Some properties of hyperholomorphic functions on dual octonion
variables

The dual numbers extended the real numbers by adjoining one new ele-
ment ¢ with the property €2 = 0. Every dual number has the form z = z + ey
with z and y uniquely determined real numbers. And the conjugate dual num-
ber z* of z is defined by z* = x —ey and we obtain |z|> = 2. If we use matrices,
dual numbers can be represented as

_Olz_er_:vy
c=lo o) #2778 =\0o 2/

The dual numbers are elements of the 2-dimensional real algebra
B={:=z+ey|z,y€R, =0}

generated by 1 and e. The dual octonion z = E;:o e;jr;+¢ Z;‘:o e;y; of B is
written as z = a + b. The conjugation number z*, the absolute value |z| and
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the inverse 27! of z = a + ¢b are given by the followings:

7
2 =x9— g e;jz; +e(y

Mﬂ

e;y;) = a* +eb*,

j=1 j=1
7 2*
|z|2:zz*:ij2+252mij ZCJ , T
i=0 =0 R
where (; =z +ey; (j=0,---,7), a* and b* are conjugate numbers of a and

b, respectively. We consider the following differential operators:

D := 1(i eﬂ—ei—l—ei 0 +e o +e 0
T 29z oz POzs | POz 0za | COws  Cowe | Owr
0 0 0 0 0 0 0
+5(ay 61%—62@—%63% 6487y4+6587y5 66%+67@))7
Dt — 1,0 0 0 0 0 0 0 0
5(8 0+ 1a 1+62372 63674—64871:4 65371‘5—’_6667_ 7871:7
0 0 0 0 0 0 0 0
te(=—+te1=—+ea——e3—tes— —es— +eg=— —er=—)).

8 Yo 6 Y1 6 Y2 6y3 3y4

Then, we have the following for dual quaternion operators:

7 7

1 _ 1 0? 1
DD* = D*D = —( ( 5) = ~A,
4 e “ 0 Z 817]87;] Z 67-] 4
Where%:%—i—e%% (]:0,1,--- ,7).

Definition 2. Let Q be an open subset of C* x C*. A function F(z) =
fla)+eg(b) = 2]7.:0 ejuj(a)+ E(ZJ _o€;v;j(D)) is said to be hyperholomorphic
on Q if

(1) u;(a) and v;(b) (j =0,1,---,7) are continuously differentiable on 2,

(2) D*F(z) =0 on .

Equation (2) of Definition 2 operates to F'(z) as follows:

3u0 8’&1 8uz 8u3 8u4 6u5 8u6 aU7
oprp — W Our Oux  Ous Ous  Ous Ous  Our
Oz0  0n, 0wy  Ows  Or4 | Ozs 0w | Ous

Oup | Ouo , Oug , Oup , Ous , Ouy , Our  Oug
Oxg Ox1 Oxg Oxs Oxa Oxs Oxg Ox7
8UQ 6U3 8u0 Bul 8u6 8U7 6’&4 8U5

*@%‘@*a@‘%g‘%‘%+@+aﬁ
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Ous Ous Oug Ouy n Oug Oup Oug Ous

6LEO 8131 + (971132 87173 8564 8555 81‘6 8LE7)

81}0 8’1)1 81}2 8’1)3 6’04 81}5 8’1}6 807
L il el el el ool il P

Oug Ouy Oug Ous Ousa Ous Oug Ouy
e S s e e el
dyo Oyr Oy Oys Jya OJys Oy Oyr

8@1 61}0 8’[13 81)2 81}5 804 6’1)7 8’1)6
drg Qv  Ory  Owg  Owy  Ows  Owg  Ong
8&1 8u0 8U3 87.L2 8u5 aU4 311,7 8u6
Oyo Oy Oy Oys  Oya  Oys Oy  Oyr
81}2 31}3 (%0 81}1 (3'1}6 (91)7 61}4 (91)5
8950 8$1 8332 65(}3 8.’)34 81’5 67336 67.%‘7
(9’(1,2 8u3 + 8u0 8U1 6’&6 8“7 3U4 (9’(1,5
dyo Oyr Oy Oys Oya  Oys Oy  Oyr
(91)3 81}2 6’[}1 Bvo 61}7 81}6 81}5 + 8’04

Ova B % n Ovg  Ovr n OJvg Ovy Ovy  Ovs
6I0 8171 8562 8:1:3 31‘4 6$5 8176 31‘7
aU4 8U5 8u6 6u7 8u0 8u1 311,2 8u3

—_ + —_
Oyo Oy1 Oy Oys Oya Oys Oys Oyr

605 8’1)4 81}7 81)6 81;1 (91)0 8’03 (9112
T G0t Oy " s T Ows  Ows  Ows | Ows  Our

6’&5 8U4 8U7 3u6 8u1 6u0 8U3 8’(,&2

+
Jyo Oy1r  Oy2  Oys Oys Oys Oys  Oyr

6’07 81}6 8’[}5 81}4 81]3 8’02 81)1 8’00
+e7<89c0 + 3%1 + 81’2 8%3 81’4 + 81‘5 afﬂg 8x7
6u7 6u6 (9’U,5 8u4 8u3 8u2 8’LL1 6u0

dyo Oy Oy Oys Oys  Oys Oy Oyr
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Therefore, the equation (2) of Definition 2 for F'(z) is equivalent to the follow-
ing system of equations:

6‘uo GU3 8U5 8U7 - 8u1 87.L2 8u4 8u6
drg ' dwg  Ows  Owy;  Owy  Ora  Owy  Oxg’
8U1 8’&0 8U3 8uQ 8U5 8U4 8’(1,7 8U6
T T TR T THRS TR TR Tel
6’11,2 8u0 8U4 8’&5 o 8“3 8U1 6’116 8U7
dro " Ows " Owg | Owe Ony | Oy | Ony | Oas
8u3 8u2 6’[1,7 (9’U,4 - 6u1 6UO 8u6 aU5
dro " Oni " Ows ' Orr O Oms | 0wy | Org’
3’LL4 8u6 8U7 8u0 aU5 8u1 8u2 8u3
Dwo " uy " Ows Oy Oy Ons  Owg | Our
3U5 8’&4 8u6 8U3 8U7 8U1 8u0 au2
87;50 + 87.%'1 67333 a.%‘(; 8332 83?4 8375 61'7
8u6 (91,1,2 8U3 8UO 8u3 8U4 6U5 8U1
37%04_3%4 +37$5 dxe  Or1 +5$2 37$3+5TC7’
8u7 8u6 GU5 8UQ o 6u4 au;), 8’11,1 6UO
dro " Orr 0wy Ors  Ors | Oms  Owg | Orr
dvg Ovs Ovs Ovy Oug Ous Ous Ouy
Dug " Dwy " Dws | Dwr ' Ou | Ous | Ous | Our
o (97)1 31}2 804 81)6 811,1 5u2 311,4 auG
T On | Owy  Ow  Ows Dy Oy Oya | Ows
81}1 8@0 8’03 81;2 81)5 81)4 8’[]7 81)6
drg  Qwy  Owy  dwg  Owy  Ows  Owg  Owq
| Dug Dy s Oy Ous | dur | Dug
dyo  Oy1 Oy Oys  Oys  dys  Oys  Oyr
8112 81}0 61}4 81)5 6uz 811,0 6’&4 8U5
dxg ' dwy v  Dwr  Jyo  Oy»  Jys  Oyr
v v v v Duy | Dw | Ous O
Oxy Ox3 Oxry Oxs Oyr  Oys Oyy Oys’
8113 8112 8117 (9’04 8U3 8u2 8U7 8u4
dwg i Juy  Owr | Oyo Oy Oya | dyr
o 8111 81}0 (9’()6 81}5 8u1 8U0 8u6 8U5
C Owy  Owg Ows | dxe | Jys Oys  Oys Oy
81]4 6’06 81}7 61}0 8U4 6u6 6u7 8’LLO
dxg vy Owg  Ozs  Dyo  Jys  Oys  Oya
- 81}5 6’01 61)2 81}3 aU5 8U1 8’&2 8U3
C Owy  Ows  Owg | dzg | Oyi o Jys Oy Oyr
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9uo
dys

GU5

Ous
ye
Ouz
dyr’
Ouo
9Ys
ouy
dyr’
Oup
dys

Ouy
ys

9
61'6 ’
81]6

8x7
81)7
875’
(“)115

87«%7
dus

87.’137’
Ovy

871}77
61}1
dxr

0,

)

9%
8567.

95 | Ova \ Ovs | Ovs | Ous , Ous | Ous
8930 8I1 31‘3 6x6 8y0 3y1 6y3
_ Qv Ou | Ovy  Ova | Our | Ouy
n 81‘2 8I4 81175 8567 6y2 8:1/4
9 | v\ Ovs | O | Oug , Ous | Oug
8560 8134 81‘5 (9£E6 8y0 8y4 6y5
_ Ovs  Ove Ovs | Ovi  Oug | Ous | Ous
n 63)1 8332 81‘3 8$7 (9y1 8:1/2 8y3
Ovr | Ovs | Ovs | Ovy | Dur | Oug | Ous
(9.’130 8331 6372 6.135 8y0 8y1 Byg
_Ova, Ovs O, Ovo , Ouz  Oug  Ous
~ Oxs  Oxy  Oxg  Oxy  Oyg  Oyi Oy
Now, we add the following condition of integrability:
Ovo | Ov3 | Ovs | Ovr _ Dur , Ovy , Oua
(933‘0 65(}3 8:}55 (91'7 o 81'1 6332 (933‘4
81}1 6’()0 81]3 (9’02 81]5 6U4 81)7
81'0 + Bxl + 8x2 + axg + 8‘%4 81'5 8x6
8’1}2 81}0 8?]4 8’05 - 8’03 81}1 8’1}6
zo | Ozy | Oxe | Ozy Oz | Oz | Ora
Qv Ovg  Ovy  Ovy  Ovy | Ovg = Ovg
ozo "z T Oxs " Oxy 0w | Oz | Oxs
Ovs | Ovg | Ovr | Ovg _ Ovs , Our , Ovs
8370 85[52 8CL‘3 8$4 - 8301 81‘5 8376
Ovs \ Ova  Ovs Oz Dvr | O O
Oxrg Ox1 Oxs Oxg Oxa Oxa Oxs
Ov , Ova  Ovs  Ovg _ Dvs | Oua  Ovs
al'() 8.’£4 81'5 8x6 8x1 8%2 81'3
Ovr | Ovs  Ovs | Ovz _ Ova | Ovs | Ouy
81}0 8561 8132 81‘5 n 81‘3 8LE4 82136
dry = dzxgAdzry Adrg Adrs Adzy Adxs A dxg A dzy

Adyo A dyy A dys A dys A dyg A dys A dyg N dyz.

Theorem 3.1. Under the condition of integrability (3), let F(z) be a hyper-
holomorphic function in an open set Q of C* x C* and

K= dyo + erdyy + eadys — eadys + eadys — esdys + esdys — erdys

-I-E(d‘%o + eldgAcl + egdi‘g - 63d.’AE3 + 64d;€4 — 65d{,AC5 + €5d.’}}6 — 67di‘7)7
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where dfnj is the dxj-removed form on dzry, and dy}j is the dy;-removed form on
dey (j =0,1,---,7). Then for any domain G C Q with smooth distinguished

boundary bG,

/bGF;F(z)ZO,

where kF(z) is the product of dual octonions of the form k on the function F(z).

Proof. By the rule of the multiplication of dual octonions, we have

KF(z)

(dyo + erdyy + eadys — e3dys + esdys — esdys + edys — erdys

—‘r&(d&?o + €1d531 + 82d.§32 — 636&‘3 + €4d.;}4 — 65di‘5 + egdi‘ﬁ
7 7

—erdzy)) - (Z ejuj + € Z €jv;)

j=o j=o
Uodyo + erurdyo + ezuzdyo + esusdyo + equadyo + esusdyo
+egusdyo + erurdyo + eruodys — wrdyr + ezuadyy — eausdy;
+esusdyr — equsdyy + e7u6d3}1 — egurdy; + eaugdys — 63U1d3;2
—usdys + eruzdys — eguadys + erusdys + eaugdys — esurdys
—ezuodys — eaurdys + eyuadys + uzdys — equsdys — equsdys
+esugdys + eaurdys + equodys — esuidys + eguadys — eruzdys
—ugdys + eyusdys — exusdys + esurdys — esuodys — equrdys
+€7U2d§/5 + 66“36@5 + 61u4d?}5 + u5d§/5 - 63U6d1&5 - 62u7d?}5
+eguodys — eruidys — equadys + esusdys + eausdys — esusdys
—ugdys + e1urdys — equodyr — egurdyr — esuadyr — equzdyy
+esuadyr + eausdyr + eyugdyr + urdyr + £(vodyo + e1vidyo
“+eavadyo + e3vsdyo + eavadyo + esvsdyo + esvadyo + ervrdyo
+ervody — vidyr + ezvadyy — eavady; + esvadyr — eqvsdy
+ervedy; — equrdys + eavodys — esvidys — vadys + e1vsdys
—eguadys + ervsdys + eavedys — esvrdys — ezvodys — exvidys
+€1U2dizf3 + v3d?;3 - €7U4d:z}3 - €6U5d3;3 + €5U6d:&3 + €4U7d:zj3
+eqvodys — esvidys + egvadys — ervsdys — vadys + e1vsdys
—ezv6dys + e3vrdys — esvodys — eqv1dys + ervadys + egusdys
+ervadys + vsdys — esvadys — eavrdys + egvodys — ervidys
—eqvadys + esv3dys + eavadys — esvsdys — vedys + e1vrdys

—ervodyr — ecurdyr — esvadyr — eqvsdyr + ezvadyr + eavsdyr
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+ervgdyr + vrdyr + uedo + eyurdzo + equgdro 4 esusdg

+equsdrg + esusdry + egugdrg + erurdrg + equgdr, — urdry

+esusdry — esuzdxy + esusdry — equsdry + erugdr; — egurdry

+esugdrs — esuidrs — usdxs + equsdrs — eguadrs + e7usdrs

+equgdrs — esurdrs — esugdrs — eauidrs + equsdrs + usdxs

—equgdrs — egusdrs + esugdrs + equrdas + equodry — esuiday

+eguodry — erusdry — ugdxy + equsdry — esugdry + esurdry

—esupdrs — equidxs + erusdrs + egusdrs + equgsdxs + usdxs

—€3U6d.735 — €2U7d.735 + 66U0d$6 — 67U1d336 — 64U2d$6 + 65U3d$6

+esusdrg — esusdrg — ugdrg + erurdrg — equgdry — egurdry

—esuodry — equsdry + esugdry + esusdxy + equgday + U7dI7).

Therefore,

d(kF)

"9 9
Q_ g+ g 3y ) (<F)

j=o
8u0 8u1 8u2 8U3 8’&4 8U5 8u6 GU7

o — ot o — o —
(v~ o 9w Oy Oy oy dus T un

8’11,0 8U1 8’[1,2 (‘3u3 8u4 8’&5 8u6 8’11,7
D A A Ml Al A Rl
+8x0 6$1 81172 + 8353 (91‘4 + 8x5 8%6 + 81’7) vy
Ou, , Oup | Oug | Ouz , Ous | Ouy | Our . Oug
dyo Oy Oya  Oys  Oys  Oys  9Jys  Oyr
3U1 auo 3’LL3 8u2 a’LL5 aU4 6’LL7 (‘9u6
Dt e e A Mt M A M A B A Bl
+6$0 + 8$1 + 8x2 + 8.133 + 81‘4 + 8l‘5 + 8.736 + 6$7) i
aUQ 8U3 8uo 8u1 8u6 GU7 87.1,4 8u5
telg——5—F+5——F5——F5— "5t -t
2 Oyo Oy1  Oya  Oys Oya 0Oys Oys Jyr
Ouz _ Ous  Oug Ouy Oug Our  Ouy | Ousy,
8330 6951 8:102 81’3 81‘4 8375 8376 8377 Y
Ous Ous Ouy Oug Ouy Oug Ous %

tesl——+— " "+ 77— F5F— 5 +
63(3% oy 0y 0y3 0y 0ys Oye Oyr

+67x0+8x1 O0ry Oxs Oxy Oxs Oxg 87%7

8U4 8% 8’11,6 aU7 8’[1,0 8u1 8’[1,2 8U3
teslg— =5ttt A A
4 o oy Yo dys3 Oya ys Yo dyr

8U4 GU5 8’[1,6 8U7 8’[1,0 8u1 8UQ 8U3

6x0 8581 37172 6{E3 + 81‘4 8935 8%6 31‘7
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(9’U,5 8u4 (9’U,7 8u6 8’[1,1 8u0 6U3 (9’U,Q

+e
s( Jyo Oy1 Oy Oys Oya Oys Oys Oyr
Ous Ous Ouy Oug Ouy Oug Ous Oug
Yome T om  9rp 0w Ozs  Oms | Omg  0n) ™Y
8u6 8’&7 3U4 8u5 4 87.1,2 aU3 8u0 8u1

Oyo Oy1 Oya Oys  Oys  Oys Oys Oyr
8u6 5’&7 3U4 8u5 8u2 aU3 8u0 8u1
— 4242y
8330 81’1 81)2 8333 + 81‘4 + 8.’175 + 8:56 8.%‘7) atd
8U7 8’&6 3U5 8’&4 8U3 8u2 8u1 8u0
‘et 5+ 5 "5 "5 T 5 —
7l dyo  Oy1  Oy2  Oys Oys  Oys Odys  Oyr

6U7 6’(1,6 8u5 8U4 8U3 6UQ 8U1 6uo

M TR T PR ol PR F e F L

By Equations (2) and (3), we have d(kF') = 0. By Stokes theorem, we have

/bG/iFZ/Gd(HF)ZO.
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