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MULTIPLE EXISTENCE OF POSITIVE GLOBAL SOLUTIONS FOR
PARAMETERIZED NONHOMOGENEOUS ELLIPTIC EQUATIONS
INVOLVING CRITICAL EXPONENTS

WAaN SE Kim!

ABSTRACT. We establish multiple extence of positive solutions for parameterized nonho-
mogeneous elliptic equations involving critical Sobolev exponent. The approach to the
problem is variational method.

1. Introduction
Let N > 3 and 2* := 2N/(N — 2). Let consider a Hilbert space
HY(RY) := {u € L*(RY) : Vu € L*(RY)}
with the inner product

(u,v) := /RN (Vu - Vo + wv)dx

and the corresponding norm

full = [ (7 + |u2>dx)1/2.

Let Q be an open subset of RY. The space H{ () is the closure of C2°() in H!(RY). By
H~1(Q), we denote its dual with the dual norm || - ||, and, by (,), the pairing of H'(R")
with its dual. We denote by || - ||, the usual norm of LP(RY) for p € [1, oc].
The space
DY (RY) := {ue L¥ (RY) : Vu e L*(RV)}
with the inner product

Vu- Vo dz
RN

1/2
(/ |Vu|2dx)
RN

is also a Hilbert space. The space Dy*(Q) is the closure of C2°(Q) in DV2(RN). We note that
DY2(RY) = DS*(RN) and HE(Q) € Dy*(Q). And, by the Poincare inequality, HE(Q) =

and the corresponding norm
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Dy*(Q) if [Q| < oo. If N > 3, then we also have a continuous embedding H'(RN) «
LP(RY), 2 < p < 2* and DV2(RY) — L¥ (RN)(cf. [19]).

In this paper, we are concerned with the existence of multiple solutions of the following
problem:

P
(Fi) u>0inRY, N >3

where € RT, f € H-Y(RY), f > 0and f # 0 in RV.
A well-known result for the homoneneous case is that all positive regular solution of

{ —Au+u=u*"'+puf in RY,

“Au=u¥ =0
in RN are given by
(N-2)/2
(e NN —2)
NEEER e

with € > 0(cf. [10]). Every w, is a minimizer for the embedding DV2(RN) «— L2 (RY).
Namely, the Sobolev constant

. Jan [Vul?da
= 0£u€DL.2(RN) (fRN |u|2*d$)2/2*
is achived by w. and
(1,1) | Vesel |5 = [wel3- = SN2,

For convenience, we omit “RN” and “dz” in integration and, throughout this paper, we
will use the letter C' > 0 to denote the natural various contents independent of u.

Our attempt to show multiplicity of positive solutions for problem (P,) relies on the
Ekeland’s variational principle in [9] and the Mountain Pass Theorem in [4]. Since our
problem (P,) posesses the critical nonlinearity and the embedding H*(RY) — L2 (RY)
is not compact, in taking the opportunity of variational structure of problem, the (PS)
condition is no longer valid and so the Mountain Pass Theorem in [1] could not be applied
directly. However, we can use the Mountain Pass Theorem without the (PS) condition in
[4] to get some (PS). sequence of the variational functional for the second solution with
c>0.

In the last decade, the existence and properties of solutions of the problem:

—Au+u=g(z,u),u>0in RY,
ue H'(RY), N>2

has been stuied by Struss[18], Lions[16, 17], Ding and Ni[8], Cao[5], Zhu[20](cf. [15] ) and
other authors for the case where g(x,0) = 0 on RY and g(z,t) has a subcritical superlinear
growth. On the other hand, the nonhomogeneous problem with 1 < p < 2* —1:

—Au+u=|ulP"2u+ pf,u>0in RY,
ue€ H'(RY), N >2,

(Po)

(P)

where € RT, f > 0, f € L?(RV) with an exponential decay on RY, was studied by
Zhu[21](cf. also [11]). In [21], the existence of at least two solutions of (P) was proved
was proved for positive functions f € L?(RY) with a small L?-norm and exponential decay
f(z) < Cexp{—(1+¢€)|z|}, for z € RN. The multiplicity of positive solutions for problem (P)
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for the subcritical case was stuied by Deng and Li[7]. In [12], the existence of at least four
solutions of (P) with N > 3 was established. In the critical case p = 2*, the problem is much
more difficult than the subcritical case. As we mentioned, the Palais-Smale condition does
not hold at some critical levels and the effect of the nonhomogeneous term f to the multiple
existence of solutions is delicate. The multiplicity of the solutions of (P), also (P,), depends
not only on the norm of f, but also the decay rate and the shape of f. In [6], it has shown
that if N < 6 and |z|V=2f is bounded, then there exists u* > 0 such that problem (P) has
at least two positive solutions with p € (0, *). In case that N > 6, there exist p**, . >0
with g, < p** such that for each p € (u**, pu*), problem (P) possesses two positive solutions
and for p € (0, p«), problem (P) has a unique solution(See also [7] for subcritical case).
For nonhomogeneous case with critical growth nonlinearity, we refer [2]. The effact of the
shape of the multiplicity of (P) was investigated in [14]. In [13], the authors consider the
multiplicity of solutions of (P) with —A + I replaced by —A + ol and « > 0. Authors
assume that p = 2*, 3 < N <5, f € L2/ =D(RN) N L>°(RN) with f >0 and f # 0, and
|z|N =2 f is bounded. It was shown that there exist p, and a function « : (0, ) — R* such
that for each a € (0, a(u)), problem (P) posesses at least three solutions; if we assume there
exist exactly two positive solutions then the third solution is sign-changing. In our results
we do not assume the decay rate on f but uniform boundedness of f which is independent
of solution u and # € RY. There seems to have been a little progress on existence theory.
We can now state our main results:

PROPOSITION 2.3.  Assume f € H-1(RY), f(z) >0, f(z) # 0 in RY and ||uf]|« < Ck,
then problem (P,) has at least one positive solution w,, such that
(2.1) I, (u,) :==c1 =inf{l, : u € Bg,},
where Br, = {u € HY(RY) : ||u|| < Ry}

PROPOSITION 2.5.  Suppose that f € H-Y(RY), f >0, f £ 0 inRY and ||uf]||. < C}.
Then there exist i > i > 0 such that (P,) possesses a positive solution for 0 < p < fi and
no positive solution for p > fi.

ProPOSITION 3.3. For p = p*, the problem (P,) has a positive solution u,- and
A1(p*) = 1. Moreover, the solution u,- is unique in H'(RY).

THEOREM 3.8. Suppose 3 < N < 5. Assume f € H-*RYN), f >0, f #0 in RY and
[|1f]]« < Cx. Then there exists a positive constant p* > 0 such that (P,) possesses at least
two positive solutions for 0 < p < p*, a unique solution for y = p* and no positive solution
if p > p*.

2. Existence of minimal positive solutions

LEMMA 2.1.  The operator —A + I has the maximum principle in H*(RY).

Proof. Let h > 0 and —Au + w = h. Suppose that u_ # 0, where u; = max{u(x),0} and
u_— = min{u(x),0}. then 0 < [|Vu_|? + |u_|?) = [ hu_dz which leads a contradiction.
This completes the proof. =
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In order to get the existence of positive solutions for (P,), we consider the energy func-
tional I,, of the problem (P,) defined by

I,(u) = %/(|Vu|2 + ul?) — %/(uJ’)2 —,u/fu, for u e H'(RY).

First, we study the existence of a local mininum for energy functional I,, and its proper-
ities. We denote

(N-2)/4
(2,1) cy = 14 \(_ N GN/4.
2\ N +2 N +2

LEMMA 2.2.  Assume f € H-Y(RY), f(z) >0, f(x) £ 0 and ||uf]||. < Cl, then there
exits a positive const Ry > 0 such that I,(u) > 0 for any u € 0Bg, = {u € H*(RY) : |ju|| =
Ry}.

Proof. We consider the function h(t) : [0, +00) — RY defined by
1 1 X .
h(t) = =t — —8§727/242" =1,
()= 5t~ 5

Note that 2(0) =0, 2* —1 > 1 and h(t) - —oo as t — co. We can show easly there a unique
to > 0 achieving the maxinum of h(t) at ¢y. Since

we have
. |: o :|1/(2*2) SQ*/2(2*_2)
07 1202 — 1) '
Hence, we have
(N-2)/4
(2,2) hto) = % <N‘i2> (N]i2) SN/,

Taking Ry = t, for all u € 0Bpg,,

1 1 .
() =5 [(val + 1) - 5o [ ~u [ fu
1 .
257 Pl = L]

= to [h(to) — [|1fl]+]
From (2,2) and (2, 3), we have Iﬂ(u)|33R0 >0.u

2,3 1
2,3) > L -

PROPOSITION 2.3.  Assume f € H-Y(RYN), f(z) >0, f(z) # 0in RN and ||uf]|. < Ck,
then problem (P,) has at least one positive solution u,, such that

(2.1) I,(uy) :==cy =inf{l, :u € Bg,},
where Br, = {u € HY(RY) : ||u|| < Ro}.
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Proof. By Sobolev inequality, the generalized Holder and Young’s inequality with € > 0,
there exists C. > 0, we have

I =5 [(val + ) - 52 [ —u [ ru

> Jjull? = 5722wl = |lufllu
> 1_ 2_is—2*/2 2*_0 2
> (g llull® = | |2

Taking € < %, then, for Ry =ty as in Lemma 2,2, we can find a Cg, > 0 small enough
such that

(2.2) Lu(uw)loBg, = Cr, for [[uf[l« < Cx.

Since there exists a C'r, > 0 such that |I,(u)| < Cg, for all u € Bp, and Bg, is a complete
metric space with respect to the metric d(u,v) = ||u—v||,u,v € Bg,, by using the Ekeland’s
variational principle, from (2.2), we can prove that there exists a sequence {u,} C Bg, and
u, € Bp, such that

(2.3) I, (un) = c,
(2.4) I, (un) — 0,
(2.5) Uy, — u, weakly in H'(RY),

Up —> Uy a.e. in RY,
Vu, = Vu, a.e. in RY

and .

un? 7t =, 7 weakly in (LQ*(RN)) as n — oo.
Therefore, u,, is a weak solution of (P,). Hence,
(2.6) (I (un), ) =0 Vo € HY(RY).

Moreover, by Lemma 2.1, u,, is positive on RY, where I L is the Frechlet derivative of 1,,.
Next, we are going to prove (2.1). In fact, by the definition of ¢1, we know that I, (u,) > ¢
since u,, € Bpg,, that is,

1
(2.7) I (u,) = / (Vi ? + [t ]?) / ul” — / Fup > e
By (2.6) and (2.7), we have

28) (3-3) f0vurtiul) - (15 )u [ ruza

On the other hand, by (2.3) - (2.5) and Fatou’s lemma, we get
1 1
c1 = liminf (2 - 2*> /(|Vun|2 + |un)?) — hmsup /fun

> (5-5) J0vul P - (1- ) u/fUu-

Thus, (2.7) and (2.9) imply (2.1) holds. This completes the proof. =

(2.9)
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REMARK. (1) ¢1 <0, (2) ¢1 is bounded below, (3) ||u,|| = o(1) as p — 0.
Indeed: (1) For t > 0 and ¢ > 0, we have

t2 tz* . t2
1ute) =5 (96l +16) = 5o [168 —tu [ fo < SllelP — s [ 0

By taking t > 0 sufficiently small, we can see ¢; < 0.
(2) By (2.9) with ¢ = u,, and ¢; = I,,(u,), we have

a=(5-3) [0l P - (1-5)u [ fu,

1 1 1
2.10) > (3= )l = (1= 3 ) Dl
1 (2% —1)2
= oo [2*2] | f1I?

by Young’s inequality.
(3) Since ¢; < 0, from (2.10), we see that |Ju,|| — 0 as yu — 0. Hence, ||u,|| = o(1) as
p — 0F. We also have that ||u,]|, is uniformly bounded with respect to p. We will restate
results relating to this remark in Proposition 3.4 more precisely.

PROPOSITION 2.4. Problem (P,) possesses at least one minimal positive solution of
(Py).
Proof. Let N be the Nehari manifold (cf. [19]):

N = {ueﬂl(RN) : /|vu\2+\u|2 :/|u|2* +/ufu}\{0}.

Note that ||uf||« < 1 for g small enough and for each u € H*(RY) \ {0}, there exists a
unique t,, > 0 such that

ti/\Vu\2+|u|27tZ*/|u|2* —tu/ufu:()

and I, (t,u) > 0. Then
N ={t,u : ve H(RY)\ {0}}

and
N2V =lyue HYRY) « ||| =1}.
Hence,
H'(RN)=H,UH,UN, HiNHy=¢and0¢c H,
where

Hy = {tu : we H'(RV)\ {0}, t €[0,t,)}

Hy={tu : we H'(RY)\ {0}, t >t,}.
This implies that for ¢ > 0 with ¢ < t,, tu € H;.

Here, we need to switch our view point, by associating with v a mapping
v : [0,00[— H'(RY)
defined by
[v(t)]z = v(z,t), =€ RN te]0,00]

In other words, we consider v not as a function of z and ¢ together, but rather as a mapping
v of t into the space H'(RY) of functions of z.
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We have, for any vyg € Hj, the solution v of the initial value problem

% ~Avtv= 0" 4 pf(a),
v(0) = v,

converges to u, as t — oo,
Indeed, in the proof of Proposition 2.2, we know that I,,(v(t)) is decreasing and lim;_, o I,,(v(t)) =
I, (u,), where I,,(u,) is the local minimum.

Since
L(0(0) ~ (o) = [ LIe(o)i

:/st<;tv,VIM(v(t))>dt
-/ 2

dtv dt,
we have, limg ;oo H%UHQ = (0. Thus, v — 0 a.e. in RV as ¢t — oo and hence, <IL(’U), <p> —
0, Vip € C°(RY). Therefore, we have v — u, as t — oo, since I,,(v(t)) is decreasing and
converges to the local minimum 7,,(u,,).
Now, let vy = tu, where t € (0,1) and u is a positive solution. Then u € N and vy € Hj.
Since vg < uw and the solution v converges u, as t — oo, by the order preserving principle,
u, < u . This completes the proof.s

Remark. We see that minimal solution of (P,) is unique from Proposition 2.3 and Propo-
sition 2.4.

PROPOSITION 2.5.  Suppose that f € H-Y(RY), f >0, f # 0 and ||uf||« < C%. Then
there exist i > i > 0 such that (P,) possesses a positive solution for 0 < p < fi and no
positive solution for yu > fi.

Proof. By Proposition 2.3, (P,) has a positive solution if 1 < C¥ /|| f||«. Suppose (P,) has
a positive solution @ for some p = fi. We show that (P,) has a positive solution for any
0 < pu < pi. For fixed 0 < p < [i, using the Lax-Milgram Theorem, we construct a positive
sequence {u,} as following;

Let
—Auy +up = pf
and
(2.11) —Auy, +u, = ui*__ll +uf for n>2.
Then, by the maximum principle, we have 0 < u,, < upy; < --- < @ for n > 1. And

llual] < pll fll and [Jua][z+ < S72[Jur]] < S72p| ]| Multiplying (2.11) by uy, we have
l[un]| < S=2/2||a||? = + p|| ||« Therefore, there exists @ in H'(RY) such that

u, — U weakly in H'(RY) as n — oo,
Up — U a.e. in RY as n — oo,
Vu, — Vi a.e. in RY,
w2 ' — @2 ! weakly in (L2 (RM))* as n — oc.

Thus, @ is a positive solution of (P,).
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Next, let u be a positive solution of (P,). Then, for any € > 0, multiplying (P,) by w?’,
we have
(2.12) —Auw? +uw? =u? W 4 pf(x)w?
Since 2* > 2, for any M > 0, there exists a constant C' > 0 such that
w2t > Mu—C Yu>0.

Hence, we have, from (2.12),

- [aw s = [ (du- 0 4 prad)).

By Green’s formular, we have
/Auwf* = /qu?*.

Thus,
. . Aw?\ -
(2.13) ,u/f(z)wf < C’/w? +/ <1 - M — wu;i )wf u.
Since
Aw?  Ae+|z)7N IN(N + 1)(e + [2]?)~2 N+2| 2 N
= = € x xTr|m — €
w?” (e + |z]?)—N N+1 N+1

:2N(N+1)(e+02)2(N+22 N )

N+l  N+1°
= —2N?% L,

we get, from (2.13),

,u/f(:n)wf* < C/w?* + (2N%e ' + 1 fM)/wz*u.
If we choose M = 2N?2e + 1, then, by (1.1), we have

b< Cwe _ CSN~2
T [ f@wE [ f@w?

Hence, there exists ji > 0 such that

Cfw? ¢ CSN/2
T f@w? ~ o '

[ f@)w?

Therefore, if ¢ > fi, then (P,) has no solution and this completes the proof.s

. n<pg=i
(2.14) p< i inf

3. Multiplicity of positive solutions

From now on, we assume that f € H-1(RY), f > 0, f # 0 in RY and f satisfies
|f]]« < 1 for u small enough.
We set

p* :=sup{p € RT : (P,) has at least one positive solution in H'(R™)}.
Then, by Proposition 2.5, we have 0 < i < p* < oo.
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Remark. The minimal solution w, of (P,) is monotonic increasing with respect to pu.
Indeed, suppose p* > v > u. Since
—Auy, 4 uy, —u2 T —pf(z) = (v —p)f >0,

u, > 0 is a supersolution of (P,). Since f(z) > 0 and f(z) # 0, v = 0 is a subsolution of
(P,) for any p > 0. By the standard barrier method, we can obtain a solution u, of (P,)
such that 0 < u, < u, on RY™. We note that 0 is not a solution of (P,), v>upand u, is a
minimal solution of (P,) since u, can be derived by an iteration scheme with initial value
u(g) = 0. Therefore, by the maximal principle, 0 < u, < u, on RY which completes the
proof.

Now, consider the corresponding eigenvalue problem:

—Ap+ o= Ap)(2" - Dup
@ in HY(RY).
Let A; be the first eigenvalue of (3.1)si.e.,

M=) =t { [ (T + [of?) s o € HUEY) 20— 1) [ 2o = 1),

Then, 0 < A; < 0o and we can achieve the minimum by some function ¢ = ¢ () € HY(RY)
and @1 > 0 in RY if p € (0,u*) (cf. [22]).

(3.1),

We summarize basic properties for A\ ().

LEMMA 3.1. (1) For pp € (0, ™), Ar(p) > 1;
(2) If 0 < pp < v < p*, then A\ (v) < A1(p);
(3) M(p) = 400 as p— 0.

Proof. (1) For given 0 < p < v < p*, every solution w, of (P,) with v € (u,p*) is a
supersolution of (P,). By Taylor expansion, we have
—Auy =) +ulu, — ) =l T —uy T (v - p)f

> (2% — 1)u,2;_2(u,, —uy)

and moreover, we get

/V(uu —u,)Ver + /(uy —uu)p1 = / (ui*_l - uf:_l) v+ /(V — ) fer
S (@2 - 1) /ufj*?(uu — e

Therefore, from (3.1),, we have

[ 9= w)er+ [ = u)er=n@@ - [ 2w - ue,

which implies A;(p) > 1.
(2) Since, for 0 < p < v < p*, u, < u, and

M =) [ 2amee) = [VawTawm + [aweaw)
— M) - 1) / W2 200 ()1 (),
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we have A1 (p) > A (v).
(3) First, we show that ||u,|| — 0 as p — 0. Multiplying (P,) by w,, we have,

/(|Vuu\2+|uu| /u +/ufu#

and hence, for € > 0, we have, by Young’s inequality with e,

1 € w2
1-— 2Z< P )
(1= g 5l < 512 for >0

Thus, for € > 0 small, we have ||u,|| < Ccu? for some constant C. > 0, and hence, ||u,|| =
o(1) as p — 0T. Next, Multiplying (P,) by ¢1(u), we have, by Holder’s inequality, that

[ (el +1erP) =na = 1) [}

<A (25 1) (/ ui*)@*z)/w </ QD%*)Q/Q*
<25 —1) (/ )(2 —2)/ </ |v¢1|2>

< A2 = 1SRy || |2

and thus, S@ =2/ < Ay - (2" — 1)]|u,
completes the proof. =

2"=2 Therefore, we have the desired result. This

LEMMA 3.2. Let u,, be a positive solution of (1.3),, for which A\ () > 1. Then, for
any g € H'(RY), the problem:
(3.2) —Aw+4w= (2" - 1)ufj72w +g(x), we H'RY)
has a solution.

Proof. Consider the functional defined by

gy =5 [ (VP +juP) - 5 -1 [ 2t - [gu. we m @),

From Hoélder’s inequality and Young’s inequality, we have, for any € > 0,

1 1 € 1
J >z 2_ = 2 - 2
@)= (5 - g ) Il = Sl = 5ol

1 1 1
= (2 - m - ) [[w || - ZH!]HE
and hence, for small € > 0, there exist C; > 0 and Cy . > 0 such that
(3.3) J(w) > Cye|[wl|* = Co.cllg][3-

Let {w,} C H'(RY) be the minimizing sequence of variational problem
d = inf{J(w)|lw € H*(RM)}.
From (3.3), we can also deduce that {w,} is bounded in H!(R"). So we may suppose that
w, — w weakly in H*(RY) as n — oo,

wn%wa.e.inRNasn%oo
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Here, we also note that

Vw, — Vw a.e. in RN as n — oco.
And
u? 71 = 4% ! weakly in (L% (RV))* as n — oo.

By Fatou’s Lemma
[[w]|? < liminf ||w,||?.
n—oo

The weak convergence and the fact that [ ui*_Qw,% < oo for n > 1 imply
lim [ gw, = | gw, lim W w, = [ W 2w
n— oo n—oo H w

and hence,
J(w) < lim J(w,) =d.
n—oo
Then, J(w) = d and w is a minimizer of J. Therefore, w is a critical point of J and w is a
solution of (3.2). This completes the proof. =

ProroOSITION 3.3. For p = p*, the problem (P,) has a positive solution u,~ and
A1(p*) = 1. Moreover, the solution u, is unique in H(RY).

Proof. For p € (0, "), multiplying (P,) by w,, we have, by (3.1),,

J 0w+ ) = [+ a [ s,
1

< ey J (7l )+ 1kl

- ! w 24 B2
~ (s %)l + 5071

By taking € > 0 small enough, there exists an constant Ce > 0 such that ||u,|| < C. for all
€ (0, ). Then, there exists u,- in H'(R™) such that u, monotonically increasing to u,-
as ¢ — p* and u, — v, weakly in HY(RM) as j — p*. Hence, Uy~ is a positive solution of
(P,) with g = p*. We note that A;(u) is a continuous function of 1 € (0, u*] .

Define F': R x H}(RY) — HY(RY) by

Fp,u) = Au—u+ (uh)? =1 4 pf(a).

Since u, — wu,. weakly as p — p*, from Lemma 3.1, A(p*) > 1. If A\j(p*) > 1, then
Fu(p*up)p = Ap —p+ (2 — 1)uf;_2<p = 0 has no nontrivial solution. From Lemma 3.2,
F(u*,u,+-) is an isomorphism of R! x H'(R™) onto H 1 (RY), and by the implicitly function
theorem to F, we find a neighborhood (p* — 6, p* + ¢) of u* such that (P,) possesses a
positive solution if p € (u* — 6, pu* + ), which contradicts the definition of p*. Therefore,
A(p*) = 1.

Suppose U+ is a positive solution of (P,+). Then U, > u,- since u,« is minimal. Let
w = Uy, — uy-. Then, since A\;(p*) = 1, we have

—Aw—w > (2" - l)uii_Qw.

Let ¢1 = ¢1(p*) be the eigenfunction of the problem (3,1),~. Then,

(2* — 1)/ul2;_2<p1w = /VwV(pl +/w<p1 > (2" — 1)/uii_1w<p1
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and hence, w = 0. This completes the proof. =

PROPOSITION 3.4.  The minimal solution u,, of (P,) increasing continuously to u,~ as
p — w* and uniformly bounded in H(RY) for all p € (0, u*]. Moreover, ||u,|| < O(u?) as
uw—0r.

Proof. It suffices to find the uniform bound of w,. Multiplying (P,) by u,, we have

J 0wl + ) = [+ [,

and hence, for € > 0, we have

1 € w?
l—— = <Pt )
( A1(2*_1) 2)||uﬂ|| — €Hf||* Or6>0

Therefore, for € > 0 small, we have ||u,|| < Ccu? for some constant C. > 0. Next, fix
7 € (0,p*]. If p increasing to 7, then, by the first Remark in section 3, u, converges
monotonically increasing way up to u, in H'(R™). If it is not the case, then, by multiplying
u,, on (P,) again, we have

a2 < (uZ ) + 7 (F, )
and so
]| < CS™E D2 |71 4 7| £
for some C' > 0. Hence, there exists a sequence {u,,; } in H*(R") conversing weakly to a so-

lution @ of (Pr). Then, by the maximum principle, u,; < @ < u, which leads a contradiction
to the minimality of u,. This completes the proof. =

Next, we are going to find the second solution. In order to get another positive solution
of (P,), we consider the following problem:

—Avtv = (v+u,)? - ui*_l in RY,
ve HYRY), v > 0in RY

and the corresponding variational functional:
1 1 1 x . .
B = [19eR 45 [P = oo [10F 4w~ -2 o)

for v € HY(RYN).

Clearly, we can have another positive solution U, = u, +v,, if we show the problem (Q),,
possesses a positive solution v,. We look for a critical point of J,, which is a weak solution
of (Qu) by employing standard argument of the Mountain Pass method without the (PS)
condition.

We set

(3-5) Ye(r) = p(x)we (),
where ¢(z) € C°(RY) is a cut off function and w, as in (1.1). Because u, is the critical
point of I,,(u), we can prove that

(3.6) Ju(v) = K,(v) — K,(0) = I,(v) — I, (uy),
where, for v € H*(RY),

K@) =5 [(V@ )P+ @0 = 5 [0 ) = a [ f@)+ ).

(Qu)
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By using the following estimations in [4], we know

(3.7) IVep]|3 = SN2 + O(eN=2/2),
(3.8) e |22 = SN/2 4 O(eN°/(2N=2))
Cre+ O(eN=2/2), for N >5,
(3.9) 193 = § Crellnel +O(N=272), for N =4,
O(e'/?), for N =3,

where C is a positive constant independent of e.

LEMMA 3.5.  Letv e HYRY)\ {0},v > 0.
(1) For sufficiently small € > 0, there exist p > 0, a > 0 such that

Ju(v)laB, > @ >0, and

(2) For t > 0,
Ju(tv) = —oc0 as t — oo.

Proof. (1) Let v € HY(RM)\ {0}, v > 0 Then, for ¢ > 0, by Young’s inequality,

Tulv) = %/(IWIQHvP) —//(JU+[(uu+s)2*1 — ]
>3 (1-5) [ 0vo+ 1) -
//Nwﬂmﬁlﬁ*l<rmgz
(1-2) o [
A (e L E A == (U

1 1 € 9 Ce_
> - - _ e
=3 (1 N 22 — 1)/\1> Wl =58

Y
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for some constant C, > 0. Hence, for sufficiently small ¢ > 0, there exist p > 0, > 0 such

that
Ju(v)lop, > a >0,
where B, = {u € H*(RY) : ||u]| < p}.
(2) Let ve HYRYN), v >0 and v # 0, then, for ¢t > 0, we have

t2 2 2 1 2* 2+ % 21
Ju(tv) = = [ (|Vu]* + |v]7) — 7 ((uu—&—tv) —u,, — 2%, tv)

—/WW+M /HT

2
<*Hv||2

| /\

2*.

Therefore, we deduce
Jyu(tv) = —o0
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as t — oo. This completes the proof. =

LEMMA 3.6. Suppose 3 < N < 6. Then there exists some constant te > 0, 0 < k1 <
te < kg < 400 such that sup,~oJ, (1Y) = Ju(tey).) and

O(e), for N > 5,
Ju(tebe) < %SN/Q —mk¥ 1 214+ { O(e|nel), for N =4,
Ban O(e'/?),  for N =3,

where p € (0, u*) and m = inf{u,(x)|z € Ba,} > 0. Moreover,

1
Ju(tebe) < NSN/Q.

Proof. By Lemma 3.5 and the fact 3 < N < 6, we can easely show that there exist t. > 0
such that J,,(tct)c) = sup;>oJ, (1), we claim that there exist some constants ki > 0, k2 > 0
such that 0 < ky <t. < kg < +00. In fact, since

JM (tewe) = SUP¢>o Jll (We) )

dJ,, (t.
%h:te =0,t. > 0 and

/ Ve[ + [ = / (e +w)? =1 = 2] e

Therefore, we have

|Iell3- ‘ [Iell3-
>0
From (3.7) - (3.9), we have

272 [V |5 +
c T [[1he

for € small enough, and thus t. < ko for some ko > 0.
On the other hand, it is easy to check that

310y VB lld e Sl + u)? U= w2 — (tepe)? Tt

|we||2 <

Cco < +00

2%
2%

« « «
(w4 u,)? = a2 g2

. b

lim " =0.
u—00 u2* -1

Put u = tc)pe. Then for any § > 0, there exists a constant Cs > 0 such that
/ (tetbe +u)* 1 — ™ — (tepe)® !

[|tebe||3x
2% -1 _ ,2%—1 o*_1
= el Z] / (tetpe + ) i (tepe)? 1)
= 2711 (5t2*_1¢€2*_1 +teC5¢6)we
= [lel1Z] / :

< el (31711882 2 1lel I3+ + Csllavel 3]

=§t2 72 4 O('/?).
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Again, by (3.7) - (3.10),

1- tf*iz < ||"/)e

i/mw@+wﬁ*fﬁ“%ﬁwf“Wmm
<0t 0(?),

and thus, we have

1—t2 26t 21 O(e'/?) <.
Choosing d, € small enough, we find a constant k1 > 0 such that t. > k. Moreover, from
the definition of J,, and the inequality:

(v +uu)? —uf, =P > puuvz’_1 for every v > 0, p > 2,
we have

Tulv) = %/(‘VUP +v%) = %/((UJr +u) -l =2l )
= %/(\VUF +07) — 2%/112* — 2%, 0?1
2 1 )
( ewe) = /(|V1/}€|2 + |¢)5| ) o /( ed)e) 4 2*uu(tw5)2 -2
2 _ 2*t2*_2/u#w3*_2

t2 t2 2 2% -2 2% -2
<(5-%)Ivods+ |mm—wt—/ w2
2

n

Hence,

2
= ;(HW/JCII%Jr |vbel13) — Hwe

From (3.7) - (3.9), we have

Kie+ O(eN=2/2) for N > 5,
Ju(te) < SN/2+0( N=2/2y 4 { Kie|lne| + O(eNV=2/2) for N =4,
O(e'/?) for N =3,

_ o2 71/ w1
Bay,

L oN/2 _ gep2m1 2"—1
NS / — 2%t /327] U/ﬂ/Je
O(e), for N > 5,
+{ O(ellne]), for N =4,
O(e'/?),  for N =3.

IN

And, we have: for N =5,

.
lim e * P2t
e—0t By,

- +
e—0 B,

—1/2 2% —1

. (N+2)/4 o (" e (N2 N/2N—1
—1/2

ne L\ (22
— 1_1}1’51_*_ 6(N—6)/4/ O[(N) <M> é-N—le — 00,
€ 0
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where & = re1/2, r = |z| and a(N) denote the area of unit sphere, and for N = 4,

li —1 In€ —1/ 2*—1
Jim ™| In® | Ve
> lim e |~ 1/ P2t

e—0

N 2" 1
e~ (N—2)/4 NNy,
1+ 22)(N-2)/2

7| n® | 1 (N+2)/2
= lim ¢N=9/4|1n¢ |N/ p(N) () N ldz — oo,
0

‘I

n|In
= lim (N(Nf2))(N+2)/4p(N)671\ln5|71/
0

e—0t

e—0+ 1422

where £ = r|In°|, » = |z|] and p(N) denote the area of unit sphere, and
for N = 3,

lim 67161/2/ ¢62*,1

e—0t

1/2

(N+2)/4 ~1/2 e e N2/ 2 N/2N—1
1/2

ne~ 1 (N+2)/2

— l_i>r(r)1+ 6(N—4)/4/ a(N) (1_,_22) N1z oo,
€ 0

where ¢ = re /2

deduce

, 7 = |z| and a(N) denote the area of unit sphere. Consequently, we

1
Ju(tee) < —=SN/2,
ulteve) <
This completes the proof.m

THEOREM 3.7. Suppose 3 < N < 5. Then the problem (P,) possesses at least two
positive solutions for all u € (0, u*).
Proof. Let
L= {veC((0,1], H");7(0) = 0, 7(1) = t1)c}
and
¢, = infyermaxeo, 11, (7(5))-

Then, we have, from Lemma 3.6,
1
(3.11) 0<a<c, < supsgdyu(tede) < ﬁSN/Q.

We now applying the Mountain Pass Theorem without Palais-Smale condition in [4] to
get a subsequence {v,} € H*(R") such that

(3.12) Ju(vn) = ¢y J(vn) =0 in HTY(RY).

Since
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L+ cp + vnl] + |ugll > 1+ ¢y + [|vn + |

1
> Ju(vn) — ?JL(Un)(U: + uy)

1 1 1
> (53¢ Ionll = llonllloali = (1= 55 )

we see that {v,,} is bounded in H*(R"). Hence, there exists a subsequence {v,,} such that

2%

vy, — v, weakly in H'(RY),
Up — Uy, a.e. in RY,

. N
Vv, — Vv, a.e. in RY,

and
(vn +u,)? 71— ui**l — (vt Fu,)? T - ui**l weakly in (L2 (RN))*.
Then v, is a weak solution of —Av +v = (v 4+ u,)? ~! — ui*_l.

Using the maximal principle, we get v, > 0 in RY. Set u,, = v, + Uy, U = v, +u,. Then
u, — u weakly in H'(RY),

Up — u a.e. in RY,

Vu, — Vu a.e. in RV,

From (3.6),

(3.13) Ju(vn) = Kpu(vn) — K, (0) = I, (vy) — Iu(uy) — ¢ as m— 0o
and w is a solution of

(3.14) —Au+u=u* + pf(x).

Now, we are going to show that u # w,. In fact, if u = u,, i.e., v, =0, then u,, /4 u strongly
in HY(RY), since J,,(0) = 0 < u,,. Let ¢; = ¢, + I, (u,). By the Brezis-Lieb Lemma(cf. [3])
we have

[lnl[* = [l + [[onll* + o(1),

(3.15) 2 = [+ Jo 2+ (1),

/fun—/fun+o as n — oo.

By (3.13), (3.14), we have

[Vt = [ [ s+ o,
[1vul it = [ +u [ @,

J1voaP 02 = [ + o,

by substracting the two identities above and by (3.15).
Using (3.13), (3.14), (3.15) and (3.16), we have that, as n — oo

Hence,
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c1 = cu+ I (uy)
Ju(”n) + IH(UN) +o(1)
= Iy (un) + o(1)

1 1 .
:IH(uM)+§/|V1}“|2+Uﬁ—2—* v +o(1)

= I, (u,) + (; - ;) /(vn)2 +o(1)

1 x
— () + [ () +o1),
By Sobolev inequality (cf. [4], [7], [6]):
Sllval3- < [lvnll* = [[vn|

2. > SN/, Thus,

3 +o(1),

we have ||w,|
1
c1 = cp+ Lu(uy) > 1u(wy) + NSN/Q(Cf- )-
This leads a contradiction to (3.11). Therefore, we have v, > 0. This completes the proof.s

Consequently, we have

THEOREM 3.8. Suppose 3 < N < 5. Assume f € H-'(RYN), f >0, f #0 in RV and
[lnfll« < Cx. Then there exists a positive constant u* > 0 such that (P,) possesses at least
two positive solutions for 0 < pu < p*, a unique solution for y = p* and no positive solution
if > p*.
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