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CERTAIN FRACTIONAL INTEGRAL INEQUALITIES
INVOLVING HYPERGEOMETRIC OPERATORS

JUNESANG CHOI" AND PRAVEEN AGARWAL

ABSTRACT. A remarkably large number of inequalities involving the frac-
tional integral operators have been investigated in the literature by many
authors. Very recently, Baleanu et al. [2] gave certain interesting frac-
tional integral inequalities involving the Gauss hypergeometric functions.
Using the same fractional integral operator, in this paper, we present some
(presumably) new fractional integral inequalities whose special cases are
shown to yield corresponding inequalities associated with Saigo, Erdélyi-
Kober and Riemann-Liouville type fractional integral operators. Relevant
connections of the results presented here with those earlier ones are also
pointed out.

1. Introduction and preliminaries

Throughout the present investigation, we shall (as usual) denote N, R, C,
and Z, by the sets of positive integers, real numbers, complex numbers, and
nonpositive integers, respectively, and Ny := N U {0}. Consider the following
functional:

b b
T(f.9.p.q) = / o(z) da / p() f(2) g() da

b b
+ [ po)is [ a(o) fa) g(a)do

b b (1.1)
— /q(x)f(x)da: /p(x)g(x)dac

- /abp(w)f(x)dm /abq<x>g<x>dx7
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where f, g : [a, b] = R are two integrable functions on [a, b] and p(z) and ¢(z)
are positive integrable functions on [a, b]. If f and g are synchronous on [a, b,
i.e.,

(f(z) = f(¥)) (g(x) — g(y)) =2 0, (1.2)
for any x, y € [a, b], then we have (see, e.g., [11] and [14]):
T(f,9,p.9) > 0. (1.3)
The inequality in (1.2) is reversed if f and g are asynchronous on [a, b], i.e.,
(f(z) = f(y)) (9(x) = g(y)) <0, (1.4)

for any x, y € [a, b]. If p(z) = q(x) for any z, y € [a, b], we get the Chebyshev
inequality (see [4]). Ostrowski [16] established the following generalization of
the Chebyshev inequality: If f and g are two differentiable and synchronous
functions on [a, b], and p is a positive integrable function on [a, b] with | f/(z)| >
m and |g'(z)| > r for x € [a, b] and nonnegative real constants m and r, then
we have

T(f,9,p) =T(f,9,p,p) 2 mrT(x—a,x—a,p)>0. (1.5)
If f and g are asynchronous on [a, b], then we have
T(f,g,p)§mrT(x—a,ac—a7p)§0. (16)

If f and g are two differentiable functions on [a, b] with |f'(z)] < M and
l¢'(z)] < R for x € [a, b], and p is a positive integrable function on [a, b], then
we have

T(f,9,p)| < M RT(z —a,x — a,p) <0. (1.7)

The functional (1.1) has attracted many researchers’ attention due mainly
to diverse applications in numerical quadrature, transform theory, probability
and statistical problems. Among those applications, the functional (1.1) has
also been employed to yield a number of integral inequalities (see, e.g., [1, 3, 8,
9, 10, 12, 15, 18]; for a very recent work, see also [2]). Very recently Dumitru
et al. [2] gave certain interesting fractional integral inequalities involving the
Gauss hypergeometric functions. In the present sequel to these recent works,
we propose to derive certain (presumably) new fractional integral inequalities
involving the Gauss hypergeometric functions whose special cases are shown
to yield corresponding inequalities associated with Saigo fractional integral
operator (3.1), Riemann-Liouville fractional integral operator (3.2) and Erdélyi-
Kober fractional integral operator (3.3). Relevant connections of some of the
results presented here with those earlier ones are also pointed out.

For our purpose, we also need to recall the following definitions and some
earlier works.

Definition 1. A real-valued function f(¢) (¢ > 0) is said to be in the space
Cp (n, p € R), if there exists a real number p > p such that FO(t) =2 (1),
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where ¢(t) € C(0, o0). Here, for the case n = 1, we use a simpler notation
Cl=0C,.
1% H

Definition 2. Let « > 0, 4 > —1 and 8, n € R. Then a generalized
fractional integral I" B (in terms of the Gauss hypergeometric function) of
order « for a real-valued continuous function f(t) is defined by [6] :

tfafﬁfzu

TP L)) = F(a)/o TH(t—T)* " Py (a + B+l — ;) {1(;))6“7

where the function o F7(-) is the Gaussian hypergeometric function defined by
(see, e.g., [17, Section 1.5]):

2F1 (aab; C; t) = Z w "

n=0

(¢)n n!

and I'(«) is the familiar Gamma function. Here (\),, is the Pochhammer symbol
defined (for A € C) by (see, e.g., [17, p. 2 and pp. 4-6]):

. 1 (n=0)
M= 04 ). 0tn-1) e
(A +n)

=Ty (AeC\zZy).

(1.9)

(1.10)

2. Certain inequalities involving generalized fractional integral
operator

Here we start with presenting two inequalities involving generalized frac-
tional integral (1.8) stated in Lemmas 1 and 2 below.

Lemma 1. Let f and g be two continuous and synchronous functions on
[0, 00) and wu, v : [0,00) — [0,00) be continuous functions. Then the following
inequality holds true:

I ()} TP {o(t) (1) g (0} + P {u(t)} TP fult) f(2) g(0)}

> TP L) F(6)} TP o) g(6)} + TP {u(t) £} T2 {u(t) g(1)}
(2.1)
forallt>0,a>0,u>—-1and B,neER with o+ B+ p =0 and n < 0.

Proof. Let f and g be two continuous and synchronous functions on [0, c0).
Then, for all 7, p € (0,t) with ¢ > 0, we have

(f(1) = f(p) (9() —9(p)) = 0, (2.2)

or, equivalently,

F(m)g(r) + f(p)glp) > f(T)g(p) + f(p)g(T). (2.3)
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Consider the following function F(t,7) defined, 0 < 7 < t, by

tma=B=2nrn (¢ — T)ail

F(t,7) = 2F1<a+5+u7—77;a;1—%)

I ()
T t_Tafl o+ B+ _ PR
B I'(«) (t(x-‘rﬁ-)‘erL + ( I‘(a_;’_/f))( ) t()€+B+QZ+1 (2.4)
N o+ B+ p)(a+B+p+ 1) (=) (—n+1) (-7
F(a + 2) ta+B8+2p+2

We observe that each term of the above series is nonnegative under the condi-
tions in Lemma 1, and hence, the function F(¢,7) remains nonnegative for all
7€ (0,t) (t>0).

Now, multiplying both sides of (2.3) by F(¢,7) u(7) defined by (2.4) and inte-
grating the resulting inequality with respect to 7 from 0 to ¢, and using (1.8),
we get

P falt) £(8) 9(8)} + F(p)g(p) TP {u(t)}
> g(p) I L) £(8)) + F ()™ {ult) g(1)}

Next, multiplying both sides of (2.5) by F(t,p)v(p) (0 < p <t), where
F(t,p) is given when 7 is replaced by p in (2.4), and integrating the result-
ing inequality with respect to p from 0 to ¢, and using (1.8), we are led to the
desired result (2.1). O

Lemma 2. Let f and g be two continuous and synchronous functions on
[0, 00) and let u, v : [0,00) — [0,00) be continuous functions. Then the follow-
ing nequality holds true:

L o)} TP {ult) £(1) g(0)) + 17 {o(t) £(1) g0} I {u(t)}

> 10O {o(t) g(6)) TP Lult) F(O)} + 170 {o(t) F(8)} TP {u(t) g(b)}
(2.6)

forall t >0, a >0, p>—-1,v>0,v>—-1and 5,16, € R with

a+B8+uz20,n<L0,7v+6+v=20and ¢ <0.

Proof. Multiplying both sides of (2.5) by
t—'y—5—21/p1/ (t _ p)’Y—l
I'(v)

which remains nonnegative under the conditions in (2.6), and integrating the
resulting inequality with respect to p from 0 to ¢, and using (1.8), we get the
desired result (2.6). O

o Fy (v+5+v,—c;v;1—§) v(p) (0<p<t),

Theorem 1. Let f and g be two continuous and synchronous functions
on [0,00) and let I,m,n : [0,00) — [0,00) be continuous functions. Then the
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following inequality holds true:

2IFPTHLUY I fm0) I () £(2) 9(2))
HIEB (n) 1 (m(e) £0)9(0)]
2L (O} TP ()} IO (UG £(0) 9(1))

> [0 (1) [Itaﬁﬂw {m(t) F(O)} TP {n(t) g(t)}

FIPOT () FO} I m oY) (2)
FLEET ()} [I951 1(0) F(0)) P (1) 9(1))

I () FO) 10 (10 9(0)}
I ()} [1 P (0} 1P () (1))

FIPT ) FO) 10U (1)}

forallt>0,a>0,u>—-1and B,ne€R with o+ B+ p =0 and n < 0.

Proof. By setting w = m and v = n in Lemma 1, we get

LD fmn(0)} I8P fn(t) £(0) (1)} + I8P {n(0)} T2 (m(t) £(0) g(0)}

> I () f(0)} TP n(t) g(0)} + 177 {n(t) f(0)} 7™ {m(t) g(1)}

(2.8)
Since I*7* {I(t)} > 0 under the given conditions, multiplying both sides of
(2.8) by I&P™# {1(t)}, we have

1B (1)) [ IR ()} TP {n(t) f(t) g(t)}
L ()} O () 1 (1) (1))

> [P} [ () O} 170 () 9(2)}
R CONOIS R CIOPION

(2.9)

Similarly replacing u, v by I, n and u, v by [, m, respectively, in (2.1), and
then multiplying both sides of the resulting inequalities by I™*"* {m(t)} and
TP £ (4)} both of which are nonnegative under the given assumptions,
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respectively, we get the following inequalities:
I m()} [P ()} TP {n() S8 9(1)}
FIZB )} I8P (1) (1) (1))

(2.10)
e R IO N L OO} R R CIOIO)
e A OOV AR UOPION
and
IO L)) [E0 10} 107 {m(t) () 9(0)}
FIP ()} IO F(8) 9(0)}]
(2.11)

> IO )} 15U F(0)} 1P () 9(0)}

FIOBTH Lo (4) F(£)} TP {1(2) g(t)}} .

Finally, by adding (2.9), (2.10) and (2.11), sides by sides, we arrive at the
desired result (2.7). O

We present another inequality involving the Saigo fractional integral opera-
tor in (1.8) asserted by the following theorem.

Theorem 2. Let f and g be two continuous and synchronous functions on
[0, ) and let I, m, n : [0, c0) — [0, 00) be continuous functions. Then the
following inequality holds true:

1B (1)) [gjtaﬂﬂw {m(t)} IV {n(t) £(t) g(t)}
FIPE ()} IO {m(t) f(t) g(8)}
LISV fn ()} TP {m(t) f(t) g(t)}}
IO F(8) g6)} [1P 0 {m(e)} 1704 {n(t)}]
> IPTU Y [0 (o) F(O) 1 {n() (1))
I () ()} 17 () F(8))]

(2.12)

+IQ’B"”{mt}[Ia’B””{l }I'véCV{n() g()}
FIPOTIUE) ()} 1 {nt) £}
TP L (0 [ TP (1) ()Y 17 {m(t) g(t)}

+I“ﬁ"“{l<>g<t>}ﬂ“”{ () F}]
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forallt >0, a >0, u>-1,v>0 v>-1and 8,7, € R with
a+B8+puz20,n=s0,v+d6+v=20and ¢ <0.

Proof. Setting u =m and v =n in (2.6), we have

L ()} I fm() (8 g(0)} + 179 {n(t) £(0) g(0)} T2 {m(t)}

> [P (n(t) g(6)) TEP (m(e) £(0)) + TS {n(t) F(1)) 1027 {m(t) o)}
(2.13)
Multiplying both sides of (2.13) by I&*%™# {I(t)}, after a little simplification,
we get

518 (1)) {[g@@” {n(@t)} "2 {m(t) f(t) g(t)}
FI0CY {n(t) £(£) g(t)} TP {m(t)}}

> IR0} [0 {n(t) g(0)} TP {m(t) £(0)}
FIS () £} TP {m(t) g(1)} ]

Now, by replacing u, v by I, n and u, v by I, m in (2.6), respectively, and
then multiplying both sides of the resulting inequalities by 7% {m(t)} and

(2.14)

]to"ﬂ "H Ln(t)}, respectively, we get the following two inequalities
T G} [195 (alt)} 1097 (160) 70) (0}

FIS () £(8) g(0)} P (1)}

(2.15)
> I ()} [177 {n(0) (0} 10 (1) S(1)}
FIS () £} TP 9(0)}]
and
IR (o)} [0 (o)} 190 {1(8) £(2) 9()}
FS () £ 9O} 10 (U0}
(2.16)

> 1B n(n)} [1755 fm(t) a(t)) 177 (U(0) £(2)}
FIS () £ (1) g0}
Finally we find that the inequality (2.12) follows by adding the inequalities
(2.14), (2.15) and (2.16), sides by sides. O

Remark 1. It may be noted that the inequalities (2.7) and (2.12) in The-
orems 1 and 2, respectively, are reversed if the functions are asynchronous on
[0, 00). The special case of (2.12) in Theorem 2 when o« =+, =46, n = ¢ and
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i = v is easily seen to yield the inequality (2.7) in Theorem 1.

3. Special Cases and Concluding Remarks

Here we briefly consider some special cases of Theorems 1 and 2 which can
easily be derived by setting (for example) p = 0; u = 8 = 0; p = 0 and
B = —a. Such interesting consequences of our results would involve the Saigo
fractional integral operators I} B ' Erdélyi-Kober fractional integral operators
e, and the Riemann-Liouville fractional integral operator R;""7. Those rel-
atively simpler fractional integral inequalities involving the Saigo fractional
integral operators 1% Erdélyi-Kober fractional integral operators £5" and
the Riemann-Liouville fractional integral operator R;"" can be deduced from
Theorems 1 and 2 by appropriately applying the following relationships (see,
e.g., [13]):

a,B,m o tp ‘ _Ta—l o —na _Z dr
FPS) = gy [0 o (o st D) s
= [P (1)}
a,n — e ! _7_(171 1 f(HdT (a
SHIO) = gy [, 6 O @ 0meR)
= 100 (£(1))
and
1 ¢ 1 a,—a,n,0
R0 = o [ (6= 0 @20 = 1700 (f0) . (33)

We conclude our present investigation by remarking further that the results
obtained here are useful in deriving various fractional integral inequalities in-
volving such relatively more familiar fractional integral operators. For example,
if we consider p = 0 (and v = 0 additionally for Theorem 2), and make use of
the relation (3.1), Theorems 1 and 2 provide, respectively, the known fractional
integral inequalities due to Choi and Agarwal [5].

Again, for 4y =0 and = 0 in Theorems 1 and y =v =0and 5 =6 =0
in Theorem 2, and make use of the relation (3.2), Theorems 1 and 2 provide,
respectively, the known fractional integral inequalities due to Choi and Agarwal
[5].
Finally, if we take = 0 and 8 = —« in Theorem 1 and =0, § = —«a and
0 = —, then Theorems 1 and 2 yield the known result due to Dahmani [7].

We may also emphasize that results derived in this paper are of general
character and can specialize to give further interesting and potentially useful
formulas involving fractional integral operators.
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