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F2 ANOVA S o] &sh} Bd 35S 4 o8 7HA 24 Eo| o] &Ht) Searle (1971)2
Aol 7153 EF AR Aolle thdst f39 B4R 0] 7}

—?5]'71] 5101 H’ﬂ'ﬂ ZARANE 2R A BE 7|€stn k. B =FojA= Henderson®] ¥y 1 &=

W I A 085 = AlFE AdAae 22 AMY (projection) ol o8 AlFgd< 7ok S

o] st} }Oﬂ S 0|83ty A5 E BT WHEC &3 =2+ Choi (2011, 2012a, 2012b, 2013)01]
FEFLEe] 7 ALE A PR FERYY HES o)L dieay

‘ﬁ_»]— Hartley (1967)2] A (synthesis)o] Ut} B AFoA &= BAAYE ATALNS 93 434

thalel o] 2t Al A E PE /IS o83 WS thEIAL S

2. ol FERY 7MY

Ao Ae2Fe T T FELAL A9 Bk FAL 89 Ax £EEY BTN Qo2
29 i=12 0709 27252 FAET 29 Br 2PN Qolz £59 j = 1,2, %)
o #2252 PARGL 9Bk webd, 89 A9 £F ig 291 BY 2% joe] 2EAFoR F
AL AUZFS (i,5)= VEhith Aol ol gt AWBAEL FAAol AgAT. A=G
6. muie AU A2 ARIAT AU ALY (,9)7 A9 AN 2
S et £ AUALIE FAGE 5 2900) AF2doIne AP D05 oI 2
Jom BEET 2L ARA. 29 A% 57 4] $EENE adt FY, al 0,5 BB
ESE oIt} 89 B9 47 joINS FEEAE 21 TR, DSl 8B HREAE e, 22
A8 2% i, 89 B 27 jo AxY (i) N4 HBEAES) TEHELS (af)y 2 VR 7
28 245 919 HEEAL 0 2o] FolArh.
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Yijk = 1+ o + B + (af)ij + €ijk (21

&, pe AAFEE vehdth 259 $Fo] A4 BTN dYE FEHER 29 A9 £FR
j—l]— a17l = 1727 70/“5 }?Z}i%%lolj— N(O Ua2)% tq'x_‘::'qj— 7]';@_?}1;]’ —g-c\)_] BQ] ‘/r\—%f’l:'f]' ,3]7]
prs
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1,2, b9 BER N(0,052)e 714t EHsL AsEdolen ARaTh able] aTAL

(@f)i e FEFHOIIL N(0,005°) ) BEE RS FEREOR 7PIAT. 24 ey, k=12,
ni ol e REZ N(0,0.%)2 Aot A5 435 ole} /Mg aith. FEre) 7}%46}011 27
Mok o Ryt BYF ok BAES YehlE o2, 02, 02,3 o2o|Th abﬂu xm oA +49

yeh FAh yo] 270% nx 1otk n =Y, ny;olth A (2.1)0] @)
£ The 3} 2ol FojAin),

y=ju+Xaa+XeB+ Xap(aB)+e (2.2)

&, BRF po] ASHE jE nrle] 947 BF 19 GeEelth Xat 277k n x adl 03 12 74
L Aot at 29 A9 oA Q%E»]ﬁ Y= a x 19 gHE ety Xpt nx b AL
9l B9 b7l BHEEFHE EE b x 19 AEo|th. Xape n x abdl A5 o]

. 3l A9} 2.9 BS| ab7l 5 28-S UERE abx 19 FHE 0|t} ThAre] BEwlE

yoll that QukAlQl 7h8-& MVN(jip, B) & Foj2th A2 (7, 7)) ARnRdel tat Bxz 717

g2ol AFREE 7}7bfﬂ trH 37l nd APAEE YERE WE y&= MVN(ju, %)<

2EAT 4 (2.2)9 f'éaf%‘ gdg Xt 5w, X=(j,Xa,X5,Xa5)°

ok BEw us F 2059 AEay) W‘Eﬂ% z@sh= WHE 08 T4 0'=(1, a, 8, (af)) LS e



Projection analysis for two-way variance components 549

Aok 288 X 277k nxp AsBPo| 1 0= px 19 B otk W, p = (1+a+b+ab)l
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= e r A5ye 7Hgth A5l 93 4L F 7HA
74]4‘}?%23% 288 UH’/} 75}1/}— FEa01 Wl e AFEe] At o stk AlFEY] 71d
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H 19 ANOVAH oL Henderson v IS AL 4 2)\1’/]— Henderson®] W 111 == A543
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o Az HPacle] WS 78 theol Hartley (1967)2] i (synthesis) & o] §3te] AR
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740l 223 AFEE Henderson®] ¥ 112 SR F ] Aol w2 AlFE} F22H Aol
w2 AT A2 FEQAYE WEo w2 AFELS ALESHA "tk Henderson9] WY IS 2§
o, A58 AFTE A FHARYI FERFY Aol upE HEFe A it ALtew
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A2 Age] e ALF
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BAREEL 02, 0}, 02,53 ae oith. BAHRES HPF4R FoAE AFLE R()E ®F
th. RH)E (2 EXNY a5 283 239 A & AFFolAY 4 (reduction in sum
of squares)E UEU+= 3%7] o]r/} FAoF & BEAgEo] Yolrg FHHHA AFd= dzeltt 4

Aol AFEE 737 ﬁoﬂ ‘"ﬁg‘“ﬁ X fﬂrE Xl s SSTet FA SST=R(, «, B, (aB))°|Th.
£ SSMejg} Fxk. SSME R(p) = YER
fi AlF3e] ZF4E R, B, (af) )2 &
EEE T

W R(p)=y'ji~yolth wehAl, ﬁﬂi%ﬂ cq% ﬂﬂﬂ
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4 (33)€ WY Xpol 9T WE TN AW v HE
A1) Al AF S el ek xpi eol o3} 44
o A9 ALAFEE SSEe £,

SSE = yry — R((u, o0, B, (aB)) = y/(I — XX )y (3.4)

A1 (2. 1)3] BER 2] 7140 W2 Henderson WY 1119] A2oA R(E E7H HFAFTS 24
PAT HR-E A FEE A E - ASS BAFT gk =3 4] (31004 A (3.4)9 AFFS =
Fad X o WEF7t x 7t As A wshe HE-Fe e s p4E wf, B2 WEF A9 A
PP FojA & 2P A YL HolErh

4. 12L& o] &3 71Ut

AEYOR BERFPo] NEH BAYLS 25 AT ® shpel AT AFL0) wE A
el 7thgk Adelth. 2918 AFE 1 o] A8 PO Hartley®] UL o185
S 9tk WA, 248409 Ak ARz Bk AARGA (22)914 V(y)E PRI,
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V() =V(@p+ Xaa+ XeB+ Xap(aB) +¢€) (4.1)

Y =0.XaX +05XpX's + 0lapy XapXap +oll (4.2)

oIk BAYRE Fo) AT AFEE yol YA FolTh A AE y My i

E(y My) =tr(MX) + u*j'Mj
=ootr(MX aX'y) + ojtr(MX pX'g) + 0lapytr(MX apX'ap) + oltr(M)  (4.3)

o2 AU yMyel ME HIT00R HYRLL FoAD jo) FE MG = 00lck. 4
(4.3)0] &8 ABREL Athge 7ol ®AZ A A (3.1)2 AFRE Q,ol2h £

B(Q,) =oatr(XX ™ —jj )X aXh) +oatr(XX ™ —jj )X pXp)+
Olapytr(XX ™ — 337 ) XapX'ap) +oltr(X X~ —jj) (4.4)
2 k4 (3.2)9 AFES Q. Fd
E(Q,) :Uitr((XX7 - X1 X1 )XaX))+ a?;tr((XXﬁ - X1 X1 ) XpX5)+
laptr(XX ™ — X1 X1 )X apXap) + oltr( XX~ — X1X17) (4.5)
olth. 4 (3.3)9] AFFE Q.= FH
B(Q,) =oatr((XX ™ = X2 X7 )XaX's) + o5tr(X X~ — XaX27)XpX'5)+
Tlapytr (XX~ — X2 X277 )X apXp) + oitr(XX ™ — X2X57) (4.6)
2 A 4 (3.4)9 AFTS Q. ol Fd

E(Q.) =oltr(I - XX") (4.7)
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Wgon $Ee ATl dout Aol ZaslA k. Hartleyo] $4% tialol AEgel 7]
gt B WEe) A4S olg3H BAYRY AS pas FAAh %, A 8ge 4
Jagolng Age nge ol Ui 44L o8F 4 Utk LFTL 8T ©l 4 (43)L o

23} 22 Pelz Foj ).
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i=1 j=1 k=1 =
e OW FEY] THIZES A > Ao > >
ol #PARE Dol FAFELS BoSe R PHER A
a‘} = AABIA ebth. Searle (1971)2 BAHRS 3 =
S5 2 o) 1 F stuE AEE 5 e Ve
=93} Qdth. ©AESH, Henderson®]
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Ao YEl $Y BFY BAYLF el 0188 5 93 oJmlshn ek,

zo, o
N
é 1
Mo
2
o
(7
S
o

o

Hoz AMd /29 8L Millikend} Johnson
(1984)2] #1825 53| Aoz A5 K 7|Z 3t} MillikenT} Johnson (1984)2 Henderson W 19]
A58} Henderson WP 1119] A|1£ A|FES o] &35to] EAAES A= Ho =z 29 o

A2E S Stk

Table 5.1 Two way data

AN B 1 2 3
1 10,12,11 13,15 21,19
2 16,18  13,19,14 11,13

Table 5.19] z}go] Uit ERFo 7 2 (2.1)S 7F¥3t2 Tl Henderson W 12] AlFT-2 2
(2.1)9] 7HA3tell RAaHEA ol o3l A4kt 3 eA Henderson % IHBI AFEE S ol
3t Algde® ez ¢th Henderson B 11L& &3ol wE AFTE A4etr] 930 9}2_4_1?_63
(full model)3} H-ERF] Aol W AFFolAY oS 0136}3 Uth FERFPA (2.2)9 H
2 R(-)ez vetd o] R(u, o, B, aB)°]1l ol y& XEY AHFS AT o] A7 A=AF
ol ¢/ (X'X)” X'y7} Bt}

2 (3.1)9 AFF Q, = 124.5476, 4] (3.2)9] AFF Q, = 123.9048, 4] (3.3)9] AFFL Q5 =
109.141500) 3 4 (3.4)9] AFE Q. = 30.6667% FATE 4 (4.4), (4.5), (4.6)TF (4.7)2RE]
713 That 2ol fofxith

E(Q,) =T0.> + 9.28570,% + 11.571402%, 4 + 507

E(Q,) =9. 14290(043) + 407

E(Qy) =4.51760%,5) + 207

E(Q,) =30 (5.1)
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29l #l& ol = —2.9026, 05 = —3.8503,
19 ¢]3t Milliken¥} Johnson®] & 45
o2 = 3.8333 olth. A}L o] gale MY
A e A AlgstEg so) e 2

HEWS ol8she AN A= o83 AR
0(a5> = 13.9465°] 3 o2 = 3.8475°|t}. Henderson®] w
B g2 = —8.2523, 05 = —10.8817, 0,5, = 15.8593°]
ol A2 AgulAg A3} Hartley2] Aol A2 ol ulA Al

Hﬂo}i

rlo

A Tk SR A S o] S5 WAL TR BEST 9/ miEelth. Lol el
apol 7k o} G AR tist FHFTELS A9 fAEES & 4 Atk
Hendersond] ¥hY I A A1ZE AFTFS 0]_3F AL A1E: 2AHAXE 02 = —8.0329, 0[23 =

UN
o)

—10.5877, 0(,5) = 22.4620°]3 o7 = 3.8333°% ;L‘ % Milliken3} Johnson (1984)01]/\1 =2 £
2t} Henderson®] Hh4 III0)A] Zﬂl}— AFge A9 T8 Ao FAGREL 02 = —8.0414,
0f = —10.1684,07,5) = 22.4627°] 3L 07 = 3.8333°2.& 7%4 A FelAE & ATk

e ne] Yol Rpngsl Aol o A
o) A= Falof sk WAL w2 Ak F ¥ EF Aigle] A4S Hartleys $4MS o] 3}e]
87 Ay

B =579 FoHHL Henderson® WHENA AFE = AFgge] ArbAS WEeg7to A2l A9

olgste] EEH R AT = S =28kl Avh. 53] AA W £+ Hendersono| W III%
TFe APRFES A ARAA ddete Alude Fohs WAS ol8sta Atk o] e &
AEYH BLRYSo Aol g AlFgelre #4s o83k rh. & =74 Henderson]
Y I o At dAshke AFdeteze] AGAET Eutohyet thdd sl Aol
o] 82 & Yo HolFa vk =3, AFTe gk Ak sl Hartleyo] 9449 thilel &9
HFPo] TRIE o] &she WS ATt vk Aol oE AlEeke] ALt #EPde] ufe
ol thet BS9S] el Millikent Johnson (1984)04 9] Atz Aot 7o) FAsHA +
)& HolFa glrt
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Abstract

This paper discusses a method of estimating variance components for random ef-
fects model. Henderson’s method I and III are discussed for the esimation of variance
components. This paper shows how to use projections instead of using Henderson’s
methods for the calculation of sums of squares which are quadratic forms in the ob-
servations. It also discusses that eigenvalues can be used for getting the expectations
of sums of squares in place of using the method of Hartley’s synthesis. It shows the

suggested method is much more effective than those methods.

Keywords: Eigenvalue, projection, quadratic form, random effects, variance compo-
nents.
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