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최적 유한 임펄스 응답 평활기를 이용한 미지 입력 추정 기법

Unknown Input Estimation using the Optimal FIR Smoother
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Abstract: In this paper, an unknown input estimation method via the optimal FIR smoother is proposed for linear discrete-time 
systems. The unknown inputs are represented by random walk processes and treated as auxiliary states in augmented state space 
models. In order to estimate augmented states which include unknown inputs, the optimal FIR smoother is applied to the 
augmented state space model. Since the optimal FIR smoother is unbiased and independent of any a priori information of the 
augmented state, the estimates of each unknown input are independent of the initial state and of other unknown inputs. 
Moreover, the proposed method can be applied to stochastic singular systems, since the optimal FIR smoother is derived 
without the assumption that the system matrix is nonsingular. A numerical example is given to show the performance of the 
proposed estimation method.
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그림 1. FIR 구조의 개념.
Fig. 1. The concept of FIR structure.

I. INTRODUCTION
In the general state estimation problem, it is assumed 

that the system and noise information and inputs are 
known. However, in practice, there exist many situations in 
which some inputs of the system are inaccessible. 
Moreover, the estimation of unknown inputs arises in many 
areas such as fault detection and identification and target 
tracking systems. Hence, unknown input estimation methods 
have been investigated for decades. For deterministic 
noise-free systems, the unknown input observer approaches 
have been developed in order to estimate the unknown 
inputs [1-3]. But, since they do not consider the noise in 
their derivations, these approaches may have poor 
performance with system and measurement noises. To 
overcome the effect of noise, Kalman filtering approaches 
were suggested for the system with unknown inputs [4,5]. 
Kalman filter can give optimal solution, but the estimates 
of each unknown input depends on the initial information 
and other unknown inputs. Moreover, since Kalman filter 
use all of the information from initiation to the current 
time, it has some potential problems due to its structure 
[6,7]. Kalman filter may diverge for system with initial 
state uncertainty, modeling errors, and numerical errors. To 
overcome the shortcomings of the Kalman filtering 
approaches, FIR filtering approach was proposed in [8]. As 
shown in Fig. 1, since the optimal FIR filter estimate 
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makes use of the recent finite measurements, it guarantees 
BIBO stability, robustness to temporary modeling 
uncertainties and fast convergency [9]. Moreover, since the 
optimal FIR filter is derived with unbiased constraint, which 
make exact estimates for unknown inputs, the estimates of 
each unknown input is completely independent of the initial 
state and other unknown inputs [8]. However, the optimal 
FIR filter used in [8] was derived assuming that the system 
matrix is nonsingular and the covariance of the initial state 
is infinity. Also, the optimal FIR filter was derived without 
known input. These assumptions and derivation are unclear 
and may prevent the optimal FIR filter from being applied 
to real problem. 
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In this paper, the optimal FIR smoother without the 
assumptions described before is used to estimate unknown 
inputs. The optimal FIR smoother does not require any 
heuristic approaches for the initial state and is reduced to 
the optimal FIR filter when the fixed lag size is set to 
zero. Moreover, the optimal FIR smoother is derived for 
the system model with known input. Therefore, the 
proposed method cam give more general solution than the 
optimal FIR filtering approach. Due to the structure of the 
optimal FIR smoother which use additional measurements 
made after the estimation time, it can be expected that the 
optimal FIR smoother can give more exact estimate and 
faster convergence property than the optimal FIR filtering 
approach. The estimates of the each unknown input is 
completely independent of the any priori state information 
and other unknown inputs same as the optimal FIR filtering 
approach. 

This paper is organized as follows. In Section 2, the 
unknown inputs estimation method by using the optimal FIR 
smoother will be introduced. In Section 3, numerical example 
is presented to show the performance of the proposed 
method. Finally, conclusions are drawn in Section 4.

II. THE OPTIMAL FIR SMOOTHER FOR SYSTEM 
WITH UNKNOWN INPUTS

Let's consider the system with unknown inputs 

     (1)

    (2)

where ∈  and ∈  , are the state, the measurement 

and ∈   and ∈  are the known input and the 

unknown input vector, respectively. The system noise 
∈ and the measurement noise ∈   are zero-mean 

white Gaussian and mutually uncorrelated. The covariances 

of  and  are  and  , respectively. The pair   

of system (1) and (2) is assumed to be observable. The 
unknown inputs can be represented by random walk 

processes as  , where ∈  is a zero-mean 

Gaussian random process with covariance [8]. If we 

assume that the unknown inputs are uncorrelated with each 
other, the covariance matrix  is to be diagonal matrix. 

By augmenting the state and unknown input vector as 





 


, the system model (1) and (2) and the 

unknown input model represented by a random walk 
process can be represented in the following augmented 
system model:
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If we define the augmented state as   



 


, and 

the augmented system noise as   



 


, then the 

augmented system model can be rewritten as follows:
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Since we assume that the system noise  and random 

walk process noise  are zero-mean white Gaussian and 

they are mutually uncorrelated with each other and , the 

augmented system noise  also is a zero-mean white 

Gaussian random process with covariance , which is 

defined as

 



 


 

 
. (7)

The pair    of the augmented system (5) and (6) 

is observable so that all modes are observed at the output 
and stabilized observers can be constructed [8]. 

Since the optimal FIR smoother is derived without the 
system input, we now derive the optimal FIR smoother for 
the general discrete-time systems with the system input. On 
the horizon   , the optimal FIR smoother for 
estimation of the augmented state   at time  can 

be represented by linear combination of the finite 
measurements and inputs as [9]

   (8) 

at the current time , where  and  are the fixed-lag 
size and the size of the finite receding horizon, respectively 
and the finite measurement vector  and the finite 

known input vector  are defined as 
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  (9)
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respectively.  and  are the impulse responses with 

finite duration which are chosen to minimize the variance 
of the estimation error. 

Since the optimal FIR smoother should satisfy the 

unbiased constraint, i.e.,     , we have 

following constraints: 


 

  
 , (11) 



172 권 보 규

where ,  and  are given as
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For the augmented system model (3) and (4), the 
optimal smoother gain matrix  can be obtained as [9]
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.
The optimal smoother gain  can be obtained from  

by the unbiased constraint in (11).
Since the optimal smoother gain matrices  and  

can be partitioned into two parts as   
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 , (8) can be rewritten as 




 










 










 





 (13)

Here, the matrices   and   represent the gain 

matrices for the state estimation part and the matrices  

and  represent the gain matrices for the unknown inputs 

estimation part. Therefore, the estimates of unknown inputs 
can be represented as follows.

  (14) 

From now on, we check the independency between the 
estimated each unknown input and the initial states 
information and other unknown inputs. Firstly, we will 
show that the estimated unknown input is independent of 
the initial state information as following theorem. 

Theorem 1: The estimate of unknown input  's 
≤ ≤   of (14) is independent of the horizon initial 
state information. 

Proof: Since matrices  and can be partitioned as 
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 , 

the estimate of the th unknown input  is derived as
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From (1) and (2), the finite measurements  on the 

horizon   can be expressed as
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and , , and  are obtained by replacing →

→ , → , → in the definitions of , , 

and , respectively. By using the equation (16), the 

estimate of the th unknown input (15) can be rewritten as 
follows:

    
      ≤  ≤ 

(17)

From the unbiased constraint (11), we have 
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Since the equation (18) gives the following matrix 
equality:


   ≤  ≤  , (19)

  is independent of the horizon initial state . 

This completes the proof. ■

Secondly, let's check that the estimated unknown input is 
independent of other unknown inputs as following theorem. 

 

Theorem 2: The estimate of each unknown input   
≤ ≤   of (16) is independent of other unknown 
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그림 2. DC 모터에 인가된 미지 입력과 추정치들.
Fig. 2. Unknown inputs applied to the DC motor and  estimates.

inputs. 

Proof: The estimate of the th unknown input   (18) 

can be rewritten as
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where

 














⋮


  





,

where  is the th component of .  is the th 

columns of the matrix  and   is defined by replacing 

→ and → of  where  and  are the th 

columns of the matrices  and , respectively. 
From the unbiased constraint (18), we can have 

additional matrix equality as   . Thus, the following 

identities are obtained:

    ≤  ≤   ≠ . (21)

The second equation of (21) implies that the estimate of 

each unknown input   is independent of other 

unknown inputs. This completes the proof. ■
 

Since the inverse of the augmented system matrix  

does not appear in the optimal smoother gain , the 

proposed approach can avoid the singularity problem. Also, 
the optimal gain matrix  [9] is derived without infinite 

covariance of initial state assumption whereas the optimal 
FIR filter used in [8] is derived by assuming that the 
covariance of initial state is infinity. This makes better 
adaptability to real problems. 

Moreover, the unknown input estimation method by using 
the optimal smoother is more general than the optimal 
Filtering approach, since the optimal FIR smoother is 
reduced to the current augmented state  when the 

fixed-lag size  is set to zero. And, since the optimal 
fixed-lag FIR smoother use more additional information 
made after the estimation time, it is expected that the 
proposed method can give more exact estimate and have 
faster convergence property than the optimal FIR filtering 
approach.

III. NUMERICAL EXAMPLE
To demonstrate the performance of the proposed 

estimation method, a numerical example on the following 

discretized DC motor system [8] is simulated. The 
corresponding dynamic model is represented as

 


 


 

 




 










 


 

 




 





 

(22)

 


 


 

 




 


 

 
  . (23)

The covariance of system noise, the measurement noise 
and the random walk process noise are taken as 
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respectively. 
In order to design the optimal FIR smoother, the 

receding horizon size and fixed-lag size are taken as 
 and   , respectively. Unknown inputs 
     applied to the DC motor system (22) and 

(23) are set as

  ≤ ≤ 
 

   ≤ ≤ 
 

 

The estimates and estimation errors of the optimal FIR 
smoother based approach and the optimal filter based 
approach are compared in Figs. 2, 3, and 4. It is shown 
that the estimate of each unknown input does not affect 
other estimates of unknown inputs in Fig. 2. 

As shown in Figs. 2 and 3, the estimate of the proposed 
method is converged to the real values much faster than 
that of the optimal FIR filter based approach at time of 
unknown input occurrence. Moreover, Fig. 4 shows that the 
estimation error of the optimal FIR smoother based 
approach is much smaller than the optimal FIR filter based 
approach. 
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그림 3. 실제 미지 입력과 추정된 미지입력 ( ,   ).
Fig. 3. Real unknown inputs and estimates (  ,  ).

그림 4. 추정 오차 ( ,   ).
Fig. 4. The estimation errors (  , ).

IV. CONCLUSION
In this paper, the unknown input estimation method by 

using the optimal FIR smoother was proposed for linear 
discrete-time systems. The optimal FIR smoother applied to 
estimate the unknown inputs does not require any heuristic 
approaches and assumptions such as infinite covariance of 
initial state and nonsingular system matrix. Since the 
optimal FIR smoother can be reduced to the optimal FIR 
filter by setting the fixed-lag size as zero, the proposed 
method gives more general solution than the previous 
optimal FIR filtering approach. It was also shown that the 
estimate of each unknown input was completely independent 
of the initial state and other unknown inputs. Moreover, 
since the optimal FIR smoother use additional measurements 
made after the estimation time, the proposed approach can 
give more exact estimate and fast convergence property 
than the optimal FIR filtering approach. To demonstrate the 

performance of the proposed method, a numerical example 
was given for the discretized DC motor system. From the 
simulation result, it was shown that the proposed method 
has much better tracking and estimating ability than the 
optimal filtering based approach.
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