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Ceyuan (測圓海鏡) and Jiuyong Yandai (九容演代)

C Chun Chor, Litwin 鄭振初

The book《Ceyuan Haijing》 studies inscribed and circumscribed circles in a right
triangle and shows equations that give the diameters of the circles. We discuss
the development of mathematical contents written by the scholar Yang Zhaoyun in
Qing dynasty on the contents of《Ceyuan Haijing》 in his book《Jiuyong Yandai》.
He derived equations to find the diameters of the circles based on algebraic knowl-
edge known in the Qing dynasty. In this paper, we conclude that Yang’s methods
in devising the equations include the Gou-Gu Theorem, mathematical expressions
derived from Gou-Gu ratio table, and the technique of interchanging triangles and
events. We conclude that the Gou-Gu ratio table was a very important tool when
Yang devised the equations in《Ceyuan Haijing》.
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1 Introduction

The book《Ceyuan Haijing (測圓海鏡)》 is completed in 1248 by Li Zhi (李治, 1192–
1279) also known as Li Ye(李冶) [4]. The mathematics in the book is to derive equa-
tions to find the diameter of the circle inscribed in a right triangle, and his basic
tool for constructing equations is the Tianyuanshu. A circular fort with diameter
set at 240 represented the circle. Different informations on the sections of the tri-
angles are given in order to find the diameter of the circle through setting up alge-
braic equations. The problem is given two conditions: (i) a2 + b2 = c2 and (ii)
D = a+ b− c where a, b, c mean the sides of the right triangle, and D is the diam-
eter of the inscribed circle. Li Zhi used one triangle as in〈Figure 1〉to include all
cases of inscribed and circumscribed circles. He converted the geometric problems
to algebraic problems, where the given two events were lead to an equation on the
circle.
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The mathematics of《Ceyuan Haijing》was checked by Li Rui (李銳, 1768–1817)
in 1798, and since then the book was well studied in Qing dynasty. For example,
Li Shanlan (李善蘭, 1810–1882) completed 13 events with two triangles added in
《Ceyuan Haijing》 [2], Chen Weiqi (陳維祺, ca. end of 19c) worked on Gou-Gu ratio
table and the principle of interchanging triangles and events [1], Yang Zhaoyun (楊
兆鋆, ca. end of 19c) employed different techniques to construct equations for the di-
ameters of the circles [7], Liu Yueyun (劉嶽雲, ca. end of 19c) contributed to system-
atic comments on Li Zhi’s work [5]. Yang, in fact, categorized the problems into 6
cases and worked with more than 600 problems, of which only 160 were recorded.1)

The following shows the form of questions in the book Ceyuan Haijing.2)

[Suppose there is a circular fort of unknown diameter and circumference.]

One person walks out of the south gate 135 steps and another person
walks out of the east gate 16 steps, and then they see each other.

[What is the diameter of the circular fort?]

Statements in the bracket above are the condition and the question tag of the prob-
lem. In〈Figure 2〉, the points 2, 14, 15 and 3 respectively represent the west, south,
east, north gates of the fort.3)

1.1 Triangles and corresponding events and notations

〈Figure 1〉shows the circle inscribed in a right triangle and lines to the sides of the
triangle are drawn. The triangles formed are labeled with a Chinese character at
the right corner of the triangle. For example, the triangle labeled as great (大) is the
largest triangle (with sides 320, 600, and 680). There are 15 triangles in Li Zhi’s con-
sideration, and the triangles are numbered at the vertices by Li Yan (李儼, 1892–1963)
[3]. The sides are denoted by ai, bi and ci. Some triangles are congruent (∆6 ≡ ∆7,
∆8 ≡ ∆9). Sides of triangle ∆4 are twice those of ∆6, as ∆5 of ∆9. So, in the early
discussion, only 11 different triangles were discussed.

1.2 13 events of Gou-Gu (Triangle)

The term (c−b), (a+b−c) etc. are called events of a triangle. The 13 events included
the events of the three side (a), (b), (c), the five sums (五和),

(a+ b+ c), (c+ b), (c+ a), (a+ b), (c+ b− a),

1) A full list of problems treated by Yang in 6 cases is in Appendix 1.
2) The question is from question 2 of chapter 7「卷七第二問。或問丙出南門。直行一百三十五步而立。甲出
東門。直行一十六步。見之。問答同前。」

3) In the old Chinese text, north is written below of south, and east is left of west, which is opposite
with today’s orientation.
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and the five differences (五較),

(c− b+ a), (a+ b− c), (c− a), (c− b), (b− a).

The number of events “13” could be explained by the number of positive combina-
tions of the three sides (a, b, and c) of the triangle. The combinations of the lengths
are Ei = αa+ βb+ γc where each of α, β, γ take one of the values 1, 0, or −1. Hence
there are 3 × 3 × 3 = 27 such cases. Now the case (0, 0, 0) is deleted and we are left
with 26 cases. As E > 0, if we assume c > b > a > 0 only above 13 of the 26 cases are
positive. This is how the 13 events originated. All these 11 triangles are similar, and
the perimeter of each ∆i corresponds to an event of ∆1. For example, the perimeter
of ∆2 is “c + b” (c1 + b1, to be exact); so perimeter of ∆2 corresponds to the event
(c+ b).

Each triangle has its 13 events and we denote the event n of the triangle m by
∆[m](n). For example, event (a) of ∆[a+b+c] (or ∆1) is represented by ∆[a+b+c](a),
which is equal to a1. Note that no triangle in〈Figure 2〉could correspond to a simi-
lar triangle with perimeter “a+ b” and “b− a”, so there is no correspondence of the
events (a+b) and (b−a) in Ceyuan Haijing. It is not until Li Shanlan, for the first time,
added two more triangles and completed the system of 13 triangles and 13 events [2].
In〈Figure 4〉, the two new triangles ∆A′B′C and ∆A′S′G are formed by drawing a
line A′B′ through O parallel to AB so that A′B′ intersects FG at S′. The perimeter of
∆A′B′C is “a1+ b1” and the perimeter of ∆A′S′G is “b1−a1”; which corresponds to
the events (a+ b) and (b−a). Li Shanlan labeled △A′B′C as “Combine triangle” (合,
denoted by ∆16 or ∆[a+b]) and ∆A′S′G as “Divide triangle” (斷, denoted by ∆17 or
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 3 

congruence ( 6Δ ≡ 7Δ , 8Δ ≡ 9Δ ). Sides of triangle 4Δ  are twice of 6Δ , and 5Δ  is twice of 9Δ . 

So, in the early discussion, only 11 different triangles were involved.  

 

13 events of Gu-Guo (Triangle) 

The term (c-b), (a+b-c) etc. are called event of a triangle. The 13 events included the events of 

the three side (a), (b), (c), the five sum (�+), (a+b+c), (c+b), (c+a), (a+b), (c+b-a), and the 

five difference (��),(c-b+a), (a+b-c), (c-a), (c-b), (b-a). The number of events is “13” could 

be explained by the number of positive combination of the three sides (a, b, and c) of the 
triangle. The combination of the lengths are iE  = αa + βb + γc, where α, β, γ are 1, 0, and -1. 

Hence there are 3×3×3 = 27 such cases. The case (0, 0, 0) is deleted and left with 26 cases. As 

E > 0, only 13 of the 26 cases are positive (c > b > a > 0). This is how the 13 events were 
originated. All these 11 triangles are similar, and the perimeter of each iΔ  corresponds to an 

event of 1Δ . For example, the perimeter of 2Δ  is “c+b” ( 11 bc + , to be exact); so perimeter of 

2Δ  corresponds to event (c+b).  

 

Each triangle has its 13 events and we denote the event n of the triangle m by Δ [m](n) . For 
example, event (a) of ][ cba ++Δ  (or 1Δ ) is represented by Δ [a+b+c](a), which is equal to 1a . Note 

that no triangle in Figure 2 could correspond to a similar triangle with perimeter “a+b” and 

“b-a”, so there is no correspondence of the events (a+b) and (b-a) in Ceyuan Haijing. It is not 

until Li Shanlan who added two more triangles and completed the system of 13 triangles and 

13 events. In Figure 4, the two new triangles CBA !!Δ  and GSA !!Δ  was formed by drawing a 
line BA !!  parallel to AB, and meeting FG at S ! . The perimeter of CBA !!Δ  is “ 11 ba + ” and 

the perimeter of GSA !!Δ  is “ 11 ab − ”; which corresponds to the events (a+b) and (b-a). Li 

Shanlan labeled CBA !!Δ  as “Combine triangle” (), denoted by 16Δ or ][ ba+Δ  ) and GSA !!Δ  

as “Divide triangle” (H, denoted by 17Δ or ][ ab−Δ ). The following table summarized the 

information of the 13 triangles and the 13 events correspondingly.  

 

1Δ  2Δ  3Δ  6Δ  9Δ  10Δ  11Δ  12Δ  13Δ  14Δ  15Δ  61Δ  71Δ  

1 � > � < 1; 8; Q y I $ ) H 
[a+b+c] [c+b] [c+a] [b] [a] [c+b-a] [c-b+a] [c] [a+b-c] [c-a] [c-b] [a+b] [b-a] 
++ 1+ 8+ v   �+ �� A +� 1� 8� + � 

 

 

Interchange of triangles and events  

Based on the notation Δ [m](n) , we can easily express the principle of “interchanging of event 

and triangle”, that is, Δ[m](n) = Δ[n](m). For example4, in the shaded boxes of the following 

                                                
4!Though! the! notation!Δ[a](c+b) = Δ[c+b](a) correctly describe the relation, the shortened form of representation 

29)( abc =+  is accordingly simpler. The paper will use the shortened form of representation when needed, for 

Table 1. The 13 triangles and the 13 events.
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and triangle”, that is, '[m](n) = '[n](m). For example4, in the shaded boxes of the following 
table of Chen, (a+b) of 17' (斷率) is represented by (b-a)(a+b), and the representation of (b-a) 

in 16'  (合率) is (a+b)(b-a). Both expressions are equal ('[b-a](a+b) = '[a+b](b-a)). This 

principle could be easily verified by ratio as '[b-a](a+b) = )()( ba
cba

ab
�u

��
�  = 

)()( ab
cba

ba
�u

��
� = '[a+b](b-a).  

 

 
Above is part of the table of Chen, 

the translation is on the right. 

b-a a+b c b a  

(c+b+a)(b-a) (c+b+a)(a+b) (c+b+a)c (c+b+a)b (c+b+a)a 通率 
(c+b) (b-a) (c+b) (a+b) (c+b)c (c+b)b (c+b)a 邊率 
(c+a)(b-a) (c+a)(a+b) (c+a)c (c+a)b (c+a)a 底率 

2b(b-a) 2b(a+b) 2bc 2bb 2ba 黃廣 
2a(b-a) 2a(a+b) 2ac 2ab 2aa 黃長 
b(b-a) b(a+b) bc bb ba 高率 
a(b-a) a(a+b) ac ab aa 平率 

(a+b)(b-a) (a+b) (a+b) (a+b)c (a+b)b (a+b)a 合率 
(b-a) (b-a) (b-a) (a+b) (b-a)c (b-a)b (b-a)a 斷率 

c(b-a) c(a+b) cc cb ca 皇極 
(c+b-a) (b-a) (c+b-a)(a+b) (c+b-a)c (c+b-a)b (c+b-a)a 大差 
(c+a-b) (b-a) (c+a-b)(a+b) (c+a-b)c (c+a-b)b (c+a-b)a 小差 

(c-a) (b-a) (c-a)(a+b) (c-a)c (c-a)b (c-a)a 明率 
(c-b) (b-a) (c-b)(a+b) (c-b)c (c-b)b (c-b)a 叀率 

(b+a-c) (b-a) (b+a-c)(a+b) (b+a-c)c (b+a-c)b (b+a-c)a 太虛 
 

 

Qian (1966) concluded that the principle brought by Chen could be used to work out the 
validity of the mathematical expression in Shibie Zaji (識別雜記) of Ceyuan Haijing. Yang 

used the technique to devise the equations, though he did not explicitly wrote it down as a 
principle. The principle could also be applied to two triangles. Since all triangles ][m' and 

][n' are similar, we have 
)(
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'

'
, or )()()()( ][][][][ pqqp nmnm '' '' , that is, the 

product of two events of two triangles could also be interchanged. For example, '[c+b](b) 
'[a+b+c](c) = '[a+b+c](b)'[c+b](c), or  2112 cbcb � � {[邊股][大弦] = [大股][邊弦]}; which 
represented the ratio of two sides of two triangles 2' and 1' .  

 
YANG’S WORK IN CEYUAN HAIJING 

                                                 
4 Though the notation '[a](c+b) = '[c+b](a) correctly describe the relation, the shortened form of representation 

29)( abc  �  is accordingly simpler. The paper will use the shortened form of representation when needed, for 

example, writing 2112 cbcb � �  instead of '[c+b](b) '[a+b+c](c) = '[a+b+c](b)'[c+b](c), etc. 

 

Table 2. The table of Chen and its translation.

∆[b−a]). The Table 1 summarizes the information of the 13 triangles and the 13 events
correspondingly. (See [2] and Chap. 1 of [4].)

1.3 Interchange of triangles and events

Based on the notation ∆[m](n), we can easily express the principle of “interchanging
of triangles and events”, that is, ∆[m](n) = ∆[n](m). For example4), in the shaded
boxes of the following table of Chen, (a+ b) of (斷率) is represented by (b− a)(a+ b),
and the representation of (b− a) in ∆16 (合率) is (a+ b)(b− a). Both expressions are
equal (∆[b−a](a+ b) = ∆[a+b](b− a)). This principle could be easily verified by ratio
as follows (See Table 2):

∆[b−a](a+ b) =
( b− a

a+ b+ c

)
× (a+ b) =

( a+ b

a+ b+ c

)
× (b− a) = ∆[a+b](b− a).

Qian Baocong (錢寶琮, 1892–1974) concluded that the principle brought by Chen
could be used to work out the validity of the mathematical expressions in Shibie Zaji

4) Though the notation ∆[a](c+ b) = ∆[c+b](a) correctly describe the relation, the shortened form of
representation is accordingly simpler. The paper will use the shortened form of representation when
needed, for example, writing instead of ∆[c+b](b)∆[a+b+c](c) = ∆[a+b+c](b)∆[c+b](c), etc.
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(識別雜記) of Ceyuan Haijing [6]. Yang used the technique to devise the equations,
though he did not explicitly wrote it down as a principle. The principle could also
be applied to two triangles. Since all triangles ∆[m] and ∆[n] are similar, we have

∆[m](p)

∆[n](p)
=

∆[m](q)

∆[n](q)
or ∆[m](p)∆[n](q) = ∆[m](q)∆n(p),

that is, the product of two events of two triangles could also be interchanged. For
example, ∆[c+b](b)∆[a+b+c](c) = ∆[a+b+c](b)∆[c+b](c), or b2 · c1 = b1 · c2 which means{

[邊股] [大弦] = [大股] [邊弦]
}

; this represents the equality of the ratios of two sides
of two triangles ∆2 and ∆1.

2 Yang’s work in Ceyuan Haijing

2.1 The Gou-Gu ratio table and its formation

Solving the problems in Ceyuan Haijing, mathematicians in the Qing Dynasty used
a table of Gou-Gu ratio (勾股比例). The ratio table is an important tool in working
with Ceyuan Haijing, yet it did not attract enough attention it deserved. In fact, many
scholars in the Qing Dynasty set up their own ratio table. The Table 3 is a table set up
by Liu Yueyun, and the Table 4 is set up by Yang Zhayun. The Gou-Gu table formed

is based on the Pythagorean Theorem. As c2 = a2+b2 and so (c+ b)

a
=

a

(c− b)
. This

formed the 4 upper left grids of the table (Y), and by
(c+ b)

a
=

a

(c− b)
=

(c+ b)− a

a− (c− b)
=

(c+ b) + a

a+ (c− b)

the first two rows of the table are formed. We then subtract R2 from R1 to make Row
3, and adding R1 with R2 to make Row 4. This completes the table as in Table 5.

There are 36 cases of cross-multiplications from the 16 grids tables, but only 21
of them are distinct.5) As the two terms (b − a) and (b + a) are not factors of the
Pythagorean theorem, they are not in the table. Each element in the tables corre-
sponds to an event of a triangle, for example (c+b) corresponds to event 2. All of the
13 events except (c), (b+ a) and (b− a) are in the table.

Apart from the 10 different events appearing in the table, the 21 cross multiplica-
tions provide a mathematical relationship of the sides of a triangle. For example, we

get a× (a+ b− c) = (c− b)× (c+ b− a) by

a c+ b− a

c− b a+ b− c .
The cross multiplications also give the relations of pairs of events of two triangles.

The expression a× (a+ b− c) = (c− b)× (c+ b− a) is equivalent to
a

(a+ b+ c)
× (a+ b− c) =

c+ b− a

(a+ b+ c)
× (c− b),

5) The list of all the expressions is in Appendix 2.
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 5 

used the technique to devise the equations, though he did not explicitly wrote it down as a 
principle. The principle could also be applied to two triangles. Since all triangles ][mΔ and 

][nΔ are similar, we have 
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Δ
=

Δ

Δ
, or )()()()( ][][][][ pqqp nmnm ΔΔ=ΔΔ , that is, the 

product of two events of two triangles could also be interchanged. For example, Δ[c+b](b) 
Δ[a+b+c](c) = Δ[a+b+c](b)Δ[c+b](c), or  2112 cbcb ⋅=⋅ {[�v ][1A ] = [1v ][�A ]}; which 

represented the ratio of two sides of two triangles 2Δ and 1Δ .  

 
YANG’S WORK IN CEYUAN HAIJING 

 

The Gou-Gu ratio table and its formation 

In Qing Dynasty, the solving of the problem of Ceyuan Haijing involved a table of Gou-Gu 

ratio ( vT�). The ratio table is an important tool in working with Ceyuan Haijing, yet it 

did not attract enough attention it deserved. In fact, many scholars in the Qing Dynasty set up 

their own ratio table. The following is a table set up by Liu Yueyun (�:�).  

 

 

2(c+b) (a+b+c) c+b-a 2a 
(a+b+c) (c+a) b c-b+a 
(c+b-a) b c-a a+b-c 

2a c-b+a a+b-c 2(c-b) 
 

In the Liu’s table, the cross multiplication of the 

4 boxes at the upper left corners gives 

2(c+b)(c+a) = (a+b+c)(a+b+c), which could be 

presented as 2Δ[c+b]((c+a) = Δ[a+b+c](a+b+c). 

 

Yang also wrote his tables as follow.  Table 3. The ratio table of Liu Yueyun.

 5 

 

The Gou-Gu ratio table and its formation 
In Qing Dynasty, the solving of the problem of Ceyuan Haijing involved a table of Gou-Gu 
ratio (勾股比例). The ratio table is an important tool in working with Ceyuan Haijing, yet it 

did not attract enough attention it deserved. In fact, many scholars in the Qing Dynasty set up 
their own ratio table. The following is a table set up by Liu Yueyun (劉嶽雲).  

 

 

2(c+b) (a+b+c) c+b-a 2a 

(a+b+c) (c+a) b c-b+a 

(c+b-a) b c-a a+b-c 

2a c-b+a a+b-c 2(c-b) 

 

In the Liu’s table, the cross multiplication of the 

4 boxes at the upper left corners gives 

2(c+b)(c+a) = (a+b+c)(a+b+c), which could be 

presented as 2'[c+b]((c+a) = '[a+b+c](a+b+c). 

 

Yang also wrote his tables as follow.  

 

  left            right 

[table (X)*       table (Y)#] 

 

(c+b) a (c+b-a) (c+b+a) 

a (c-b) (a+b-c) (c-b+a) 

(c+b-a) (a+b-c) 2(c-a) 2b 

(c+b+a) (c-b+a) 2b 2(c+a) 

# This refers to right table (Y). 

 

(c+a) b (c-b+a) (c+b+a) 

b (c-a) (a+b-c) (c+b-a) 

(c-b+a) (a+b-c) 2(c-b) 2a 

(c+b+a) (c+b-a) 2a 2(c+b) 

* This refers to the left table (X). 

 

The two tables from Yang are symmetric in terms of 

“a” and “b”. The table (Y) started with (c+b)u(c-b) 

= (a)u(a) and the table (X) started with (c+a)u(c-a) 

= (b)u(b).  

 
Table 4. Two ratio table by Yang.

Table 5. The construction of the table (Y).
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and could be represented as ∆[a](a+b−c) = ∆[c+b−a](c−b), or (a+b−c)9 = (c−b)10.

2.2 Construction of mathematical formulae from Gou-Gu table

In Yang’s work, he provided formula that could be used with Pythagorean theorem
and its variations, or relations that come from interchanging triangles and events.
Yang did not explain how he got these expressions, yet we could trace them to the
Gou-Gu ratio table. We give a few examples here.

Example 1 (Question 9 on a1).

Formula: (i) 6) and (ii)

In question 9 of a1, Yang made use of two formulae.

is (a + b − c)6 =
D2

2a1
and is

(c− a)1 =
D2

2a1 − 2D

(i) From the ratio table

a c+ b+ a

a+ b− c 2b , we have 2ab = (a+b−c)(a+b+c),
and so

b

(a+ b+ c)
(a+ b− c) =

(a+ b− c)2

2a
,

and hence the formula (a+ b− c)6 =
D2

2a1
.

(ii) From the ratio table

c− b a+ b− c

a+ b− c 2(c− a) , we have 2(c − a)(c − b) = D2 and

so (c− a) =
D2

2(c− b)
; which in turn gives (c− a)1 =

D2

2a1 − 2D
.

Example 2 (Question 3 on a9)

Formula: 明句弦和 = 高股.

And in question 3 of a9, (明句弦和 = 高股) is (c+ a)14 = b6.

From the table

c− a b

b c+ a , we have (c− a)(c+ a) = b2, which can be written
as

c− a

a+ b+ c
(c+ a) =

b

a+ b+ c
b or (c+ a)14 = b6.

6) The representation of fractions in the Qing dynasty is different from today, the element below the
fraction line is the numerator, and the element above the line is the denominator.
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Example 3 (Question 16 on c1)

Formula: (天 denotes the diameter D)

The formula is related to the table

a+ b− c 2(c− a)

c− b+ a 2b as

follows: By (c − b + a)(c − a) = (a + b + c)b, we have (c − b + a)(c − a) = (c + b −
a)a− c(a+ b− c) and so

c− a

a+ b+ c
(c− b+ a) =

c+ b− a

a+ b+ c
(a)− a+ b− c

a+ b+ c
(c).

Hence c− a

a+ b+ c
(c−b+a) =

c+ b− a

a+ b+ c
(a)− D

2c+D
(c), which is .

2.3 The work of Yang

In Jiuyong Yandai (九容演代, 1898), Yang used algebraic method to solve all the prob-
lems in Ceyuan Haijing systemically. His work involved constructing equations on 6
cases of questions, including questions on a1 (34 questions), b1 (33 questions), c1 (32
questions), a9 (20 questions), c9 (20 questions) and a15 (21 questions).

We summarize the techniques used by Yang as follows.

2.4 Technique 1: Using Gou-Gu Theorem (Pythagorean Theorem)

One of the techniques used by Yang is the Pythagorean Theorem. Yang obtained the
three sides of the triangle and used the theorem to obtain the equation. We illustrate
his work with a few examples and then listed all the cases he employed in his work.7)

Example 1 (Question 32 on a1)

Find the diameter, given the lengths of a1 and a16.

Yang expressed the three sides of the triangle ∆9 into expressions related to ∆16. He
got “b9 = r”, “a9 = (a16 − r) and c9 = (a1 − a16).” Then the theorem b9

2 + a9
2 = c9

2

is used, and obtained the equation r2 + (a16 − r)2 = (a1 − a16)
2.

7) There are in total 24 questions that were solved by directly using the theorem . A full list of questions
of Yang using this technique (with the three sides of the triangles) is in Appendix 3.
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Example 2 (Question 8 on b1)

Find the diameter, given the lengths of b1 and b14.

With r = a6, c6 = b14+r, b6 = b1−b14−2r and a6
2+b6

2 = c6
2, equation r2+(b1−b14−

2r)2 = (b14+ r)2 is obtained and in turn we have −b1
2+2b1b14+(4b1− 2)r− 4r2 = 0

Example 3 (Question 4 on a9)

Find the diameter, given the lengths of a9 and b14.

With r = a6, b6 =
r2

a9
, c6 = b14+r, and the relation a6

2+b6
2 = c6

2, one has r2+ r4

a92
=

(b14 + r)2, and hence the equation a9
2b214 + 2a9

2b14 − r4 = 0.

Example 4 (Question 9 on c9)

Find the diameter, given the lengths of c9 and c2.

By using r = b9, c9 + r = a2, a9 =
c9

2 + c9r

c2
, and c9

2 = a9
2 + b9

2, substitution gives

c9
2 =

c9
4 + 2c9

3r + c9
2r2

c22
+r2 and hence the equation (c2

2+c9
2)r2+2c9

3r−c2
2c9

2+

c9
4 = 0.

2.5 Technique 2: Using the Gou-Gu ratio table

Apart from constructing mathematical formulae from the ratio table, Yang also used
the 21 relations from the Gou-Gu ratio table to devise mathematical expressions that
he could use for individual questions. These 21 relations are the variation of the
Pythagorean Theorem, such as (c − a)(c + a) = b2, 2ab = (c + b + a)(a + b − c)

etc. Yang applied the relation to one triangle or two triangles to obtain his equations.
We provide a few examples here.

Example 1 (Question 6 on c9)

Find the diameter, given the lengths of c9 and a13.

Yang applied the relation 2(c−a)(c+a) = (a+b−c)2 to∆9 and obtained 2(c− a)9(c− b)9 =

(a+ b− c)29. By

a13 = (a+ b− c)9, (c− a)9 = r − a13, (c− b)9 = c9 − r

one has 2(c9 − r)(r − a13) = a13
2, and the equation

−2r2 + (2c9 + 2a13)r − 2a13c9 − a13
2 = 0.

Example 2 (Question 3 on a9)

Find the diameter, given the lengths of a9 and c15.



22 Ceyuan and Jiuyong Yandai

The relation (a+ b− c)(a+ c) = b(c− b+ a) is applied to the two triangles ∆11 and
∆14, that is,

(a+ b− c)11(a+ c)11 = b11(c− b+ a)11 and
(a+ b− c)14(a+ c)14 = b14(c− b+ a)14.

By ratio consideration one has
(a+ b− c)11

b11
=

(c− b+ a)11
(a+ c)11

=
(c− b+ a)14
(a+ c)14

and therefore
{

[小差弦和較] [明句弦和] = [小差股] [明弦較較]
}

. Substitution gives

(a+ b− c)11 = r · a9 − 2c15, (c+ a)14 = b6 =
r2

a9
,

(c− b+ a)14 = (r − a9 + c15), b11 = (r + a9 − c15),

and equation (2c15 − a9)r
2 − a9

3 + 2a9
2c15 − a9c15

2 = 0 is obtained.

Example 3 (Question 4 on b1)

Find the diameter, given the lengths of b1 and a15.

In this question, the relation (c − b)(c + b) = a2 is applied to two triangles, ∆1 and
∆15, and the relation is (c− b)1 · (c+ b)15 = a1 · a15 or

{
[大股弦較] [叀股弦和] = [大句]

[叀句]
}

. By

(c− b)1 =
D2

2b1 − 2D
, (c+ b)15 =

D2

2b1 − 2D
− a15,

a1 =
D2

2b1 − 2D
+D,

and subsequent substitution, Yang has the equation( D2

2b1 − 2D

)( D2

2b1 − 2D
− a15

)
=
( D2

2b1 − 2D
+D

)
· a15,

which is −D3 − 4b1a15D + 4b1
2a15 = 0.

Example 4 (Question 10 on a15)

Find the diameter, given the lengths of a15 and c10.

The relation b · 2a = (c − b + a)(c + b − a) is applied to the two triangles ∆9

and ∆12, that is, b9 · 2a12 = (c − b + a)9 · (c + b − a)12, or
{

[平股] [倍太極句] =

[平弦較較] [太極弦較和]
}

. By

c10 = (c+ b− a)12, (a15 + r) = a12,

(2r + a15)(a15 + r)

r + a15 + c10
+ a15 = (c− b+ a)9

and using substitution, Yang gets

r · 2(a15 + r) =
[ (2r + a15)(a15 + r)

r + a15 + c10
+ a15

]
· c10,

and then the equation −2r3 − 4a15r
2 + (2a15c10 − 2a15

2)r+ (2a15
2c10 + a15c10

2) = 0.
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2.6 Technique 3: Using the principle of Interchange of triangles and
events

Interchanging event and triangle is a technique which was used quite frequently in
Yang’s work.8) We illustrate his process with the following examples.

Example 1 (Question 9 on a1)

Find the diameter, given the length of a1 and b14.

The principle of interchanging involved (a + b − c)6(c − a)1 = (a + b − c)1(c − a)6,{
[高弦和較] [大句弦較] = [大弦和較] [高句弦較]

}
. By

(a+ b− c)1 = D, (c− a)6 = b4,

(a+ b− c)6 =
D2

2a1
, (c− a)1 =

D2

2a1 − 2D
,

and substituting, Yang got
(D2

2a1

D2

2a1 − 2D

)
= D · b14 and hence −D3 − 4a1b14D +

4a1
2b14 = 0.

Example 2 (Question 14 on c1)

Find the diameter, given the length of c1 and b2.

The interchanging involved the relation b9 ·(a+c)2 = b2 ·(a+c)9,
{

[平股] [邊句弦和] =
[邊股] [平句弦和]

}
. By b9 = r, (a+ c)2 = (c1 + r), (a+ c)9 = (c1 − b2) and subsequent

substitution gives r(c1+r) = b2(c1−b2), and the equation −r2−c1r+(b2c1−b2
2) = 0.

Example 3 (Question 11 on a15)

Find the diameter, given the length of a15 and b11.

The relation of interchanging here is b9 · c15 = b15 · c9,
{

[平股] [叀弦] = [叀股] [平弦]
}

,

with b9 = r, b15 = b11 − b9, c9 = a15 + b9, c15 =
b11 · a15
b11 − b9

− a15 − b11 + b9, substitution
gives

r ·
(b11 · a15
b11 − b9

− a15 − b11 + b9

)
= (b11 − b9) · (a15 + b9),

and 2r3 − 4b11r
2 + (2b11

2 − 2b11a15)r + b11
2a15 = 0.

Example 4 (Question 11 on c9)

Find the diameter, given the length of c9 and b10.

The interchanging relation is (c − b)9 · b1 = (c − b)1 · b9, or
{

[平股弦較] [大股] =

[大股弦較] [平股]
}

, with b9 = r, (c − b)9 = c9 − r, b1 = b10 − 2r, (c − b)1 =
2r2

b10
,

substitution gives (c9 − r)(b10 − 2r) =
2r2

b10
· r, and 2r3 + 2b10r

2 + (b10
2 − 2b10c9)r −

b10
2c9 = 0.

8) A full list of questions of Yang using this technique (with interchanging relation) is in Appendix 4.
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2.7 Other approaches used by Yang

Apart from the above techniques, Yang also employed different relations to solve the
questions. For example, the relation a15 ·a2 = a9

2 is used by Yang to devise equations
with conditions (a1, a15), and (a1, a17) (question 5 and 29 for case a1); and also for the
condition (a15, c3) and (a15, a16) (question 14 and 19 for the case a15). The relation
2a2 · a3 = a1

2 is used in question 26 of a1, with condition (a1, a12).
There is one question treated by Yang which involves a different expression of the

same mathematical term (c− b)10 with conditions (a15, b10) (question 9 on a15).

Example 1 (Question 9 on a15)

Find the diameter, given the length of a15 and b10.

Yang obtained two different expressions for (c − b)10. By (c − b)10 =
2r2

2r + b10
and

(c − b)10 =
a15 · b10

r
, which implies 2r2

2r + b10
=

a15 · b10
r

, and the equation 2r3 =

(2r + b10)(a15 · b10) is obtained.
One mathematical relation used by Yang and not in the Gou-Gu table, is the ex-

pression (b− a)2 + (a+ b)2 = 2c2, which is in Question 10 of the case c9. We include
the process here.

Example 2 (Question 10 on c9)

Find the diameter, given the length of c9 and a10.

In this question, the relation (b − a)2 + (a + b)2 = 2c2 is employed to ∆9, and so
(b− a)9

2
+(a+ b)9

2
= 2c9

2, with (b− a)9 = (a10 − c9) and (a+ b)9 = (c9 +2r− a10),
the relation becomes (a10 − c9)

2 + (c9 + 2r − a10)
2 = 2c9

2

3 Conclusion

Yang’s work is important as he gave a systematic work on nearly all the problems
in《Ceyuan Haijing》. His approaches are completely algebraic. He considered two
events of given triangles and transformed the events into expressions involving one
or two triangles. This could be done through either direct applications of Pythagorean
Theorem, the relations from the Gou-Gu ratio table or interchanges of triangles and
events. Yang also worked out some standard formulae of certain events (some of
which are from the results of cross multiplication of the Gou-Gu ratio table), so that
he could use them to substitute and get a new mathematical expressions. Through
the interchanges of triangles and events or using the formulae, the subsequent sub-
stitution resulted in equations which are subject to the conditions of two events of
any two triangles.
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Appendix 1: List of problems that was treated by Yang in his 6 chapters of work 

Q 1'n a1 1vn  b1 1An c1 <'n  a9  <An  c9  $'n  a15 

1 1v b1 1A c1 <' a9 $' a15 $v b15 I' a14 

2 1A c1 <' a9 <A c9 $v b15 $A c15 Iv b14 

3 <' a9 <A c9 $' a15  $A c15 Iv b14 �A c6 

4 <A c9 $' a15  $v b15 Iv b14 IA c14 y' a13 

5 $' a15 $v b15 $A c15 IA c14 �v b6 yA c13 

6 $v b15 $A c15 I' a14 �A c6 y' a13 �v b2 

7 $A c15 I' a14 Iv b14 yv b13 yv b13 �A c2 

8 I' a14 Iv b14 IA c14 yA c13 �v b2 1;' a10 

9 Iv b14 IA c14 �v b6 �' a2 �A c2 1;v b10 

10 IA c14 �v b6 �A c6 �v b2 1;' a10 1;A c10 

11 �v b6 �A c6 y' a13 1;' a10 1;v b10 8;v b11 

12 �A c6 y' a13 yv b13 1;v b10 8;' a11 8;A c11 

13 y' a13 yv b13 yA c13 8;' a11 8;A c11 >' a3 

14 yv b13 yA c13 �v b2 8;v b11 >v b3 >A c3 

15 yA c13 �' a2 �A c2 >v b3 >A c3 2Qv b12 

16 �' a2 �A c2 1;' a10 >A c3 2Qv b12 2QA c12 

17 �v b2 1;' a10 1;v b10 2Q' a12 2QA c12 H' a17 

18 �A c2 1;A c10 1;A c10 2Qv b12 Hv b17 Hv b17 

19 1;' a10 8;' a11 8;' a11 HA c17 HA c17 )' a16 

20 1;v b10 8;v b11 8;v b11 )A c16 )v b16 )v b16 

21 1;A c10 8;A c11 8;A c11   )A c16 

22 8;v b11 >' a3 >' a3    

23 8;A c11 >v b3 >v b3    

24 >v b3 >A c3 >A c3    

25 >A c3 2Q' a12 2Q' a12    

26 2Q' a12 2Qv b12 2Qv b12    

27 2Qv b12 2QA c12 H' a17    

28 2QA c12 H' a17 Hv b17    

29 H' a17 Hv b17 HA c17    

30 Hv b17 HA c17 )' a16    

31 HA c17 )' a16 )v b16    

32 )' a16 )v b16 )A c16     

33 )v b16 )A c16      

34 )A c16       
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Appendix 2: The 21 expressions of cross-multiplication. 

(c+b) a  (c+b-a) (c+b+a)   2E  9E  10E  1E  
a  (c-b) (a+b-c) (c-b+a) ⇔ 9E  15E  13E  11E  

(c+b-a) (a+b-c) 2(c-a) 2b 10E  13E  2 14E  2 6E  
(c+b+a) (c-b+a) 2b 2(c+a)   1E  11E  2 6E  2 3E  

 

2E  9E   2E  10E   2E  1E   9E  10E   9E  1E   10E  1E  

9E  15E   9E  13E   9E  11E   15E  13E   15E  11E   13E  11E  

2E  9E   2E  10E   2E  1E   9E  10E   9E  1E   10E  1E  

10E  13E   10E  2 14E   10E  2 6E   13E  2 14E   13E  2 6E   2 14E  2 6E  

2E  9E   2E  10E   2E  1E   9E  10E   9E  1E   10E  1E  

1E  11E   1E  2 6E   1E  2 3E   11E  2 6E   11E  2 3E   2 6E  2 3E  

9E  15E   9E  13E   9E  11E   15E  13E   15E  11E   13E  11E  

10E  13E   10E  2 14E   10E  2 6E   13E  2 14E   13E  2 6E   2 14E  2 6E  

9E  15E   9E  13E   9E  11E   15E  13E   15E  11E   13E  11E  

1E  11E   1E  2 6E   1E  2 3E   11E  2 6E   11E  2 3E   2 6E  2 3E  

10E  13E   10E  2 14E   10E  2 6E   13E  2 14E   13E  2 6E   2 14E  2 6E  

1E  11E   1E  2 6E   1E  2 3E   11E  2 6E   11E  2 3E   2 6E  2 3E  

 

Those shaded boxes gave duplication of the 21 expressions. For example, the two grids below 

both represents (c+b)×(a+b-c) = a×(c+b-a). 

 

2E  9E   2E  10E  

10E  13E   9E  13E  
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Appendix 3: List of the 24 problems treated by Yang using directly the theorem 222 cba =+ .  

 

Using the theorem 222 cba =+ on triangles 11Δ , 1Δ  and 16Δ (3 questions) 

11Δ , (a1, b11) 1Δ , (c1, b10) 16Δ , (a9, c16) 
raa 2111 −=  1011 bca −=  raa += 916  

11b  Dbb += 101  
r

a
rb +=
9

2

16  

11111 bac −=  1c  16c  

 

Using the theorem 2
6

2
6

2
6 cba =+ on the triangle 6Δ , (where ra =6 , 8 questions) 

 
6Δ  (b1, b14) (b1, b17) (a9, b14)  (a9, b12)  (c9, b6) (c9, b16) (a15, b14) (a15, c16) 

6b  rbb 2141 −−  rb +17  

9

2

a
r  

9

2

a
r  

given rb −10  

ra
rrb

+

+

15

2
14  ra

rc
+9

16  

6c  rb +14  171 2 brb −−  rb +14  12b  
r
bc 69 ⋅  

r
rbc )( 169 −  rb +14  rac −− 1516  

 

Using the theorem 2
9

2
9

2
9 cba =+ on the triangle 9Δ , (where rb =9 , 7 questions) 

9Δ  (a1, a16) (a9, c14) (c9,c2)  (c9, c3)  (a15, c6) (a15, c13) (a15, b16) 

9a  ra −16  given 

2

9
2
9

c
rcc +  

93

2

cc
r
−

 
6

15 )(
c

rra +  
1315

15
2
15

cra
raa

−+

+  
rb

r
−16

2
 

9c  161 aa −  
149

9

2
9 ca
a
b

−+  
given given ra +15  ra +15  ra +15  

 

Using the theorem 2
12

2
12

2
12 cba =+ on the triangle 12Δ , (where 912 ca = or ra +15 , 6 questions) 

12Δ  (c9, b14) (c9, b3) (c9, b12)  (c9, c12)  (c9, c17) (a15, b12) 

12a  9c  9c  9c  9c  9c  ra +15  

12b  )( 14 rb +  )( 3 rb −  given 
9

12

c
rc ⋅  917 cc +  given 

12c  
9

149 c
r
bc

+
⋅  9

93 c
r
cb
−

⋅  
r
bc 129 ⋅  given 

r
ccc 2
9179 +⋅  12

1512 b
r
ab

+
⋅  
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Appendix 4: List of problems of the 6 cases treated by Yang in using the principle of 

interchanging triangles and events 
Cases  1a  1b  1c  9a  9c  15a  
Number of questions 20 14 18 5 2 6 
 
1a  (total 20 questions using the principle) 

6 111111 )()( abcabc ⋅−=⋅−  19 110101 )()( abcaabca +−⋅=+−⋅  

7 911119 )()()()( abcbaabcba −⋅++=−⋅++  20 10131310 )()( babcbabc ⋅+−=⋅+−  

9 6116 )()()()( accbaaccba −⋅−+=−⋅−+  21 121112 )()()()( abccbaabccba −+⋅++=−+⋅++  

10 114141 22 acac ⋅=⋅  23 111111 )()( cbccbc +⋅=+⋅  
11 6116 )()( bcbabcba ⋅−+=⋅−+  24 6116 )()()()( cacbacacba +⋅−+=+⋅−+  

12 6116 )()( ccbaccba ⋅−+=⋅−+  25 2112 caca ⋅=⋅  

15 131113 )()()()( cbabccbabc −+⋅−=−+⋅−  27 6116 )()( caacaa +⋅=+⋅  

16 2992 )()( abcaabca +−⋅=+−⋅  28 112121 )()( bacbac +⋅=+⋅  
17 2112 )()( babcbabc ⋅+−=⋅+−  31 117171 )()()()( cbacbacbacba ++⋅−+=++⋅−+  

18 9229 )()( abccabcc +−⋅=+−⋅  34 161116 )()( ccbaccba ⋅++=⋅++  

 

1b  (total 14 questions using the principle) 

5 115151 )()( cbabcbab ++⋅=++⋅  16 2112 cbcb ⋅=⋅  

6 112121 )()()()( cbabccbabc ++⋅−=++⋅−  22 6336 )()( cbaacbaa ++⋅=++⋅  

9 141114 )()()()( bacbabacba +⋅−+=+⋅−+  26 6116 )()( aacaac ⋅−=⋅−  

10 6116 )()( cbabcbab ++⋅=++⋅  27 121112 )()( ccbaccba ⋅−+=⋅−+  

13 131113 )()( cbabcbab ++⋅=++⋅  28 9119 )()( abbabb −⋅=−⋅  

14 112121 )()()()( cbacbacbacba ++⋅−+=++⋅−+  30 171117 )()( ccbaccba ⋅++=⋅++  

15 215152 )()( cbaacbaa ++⋅=++⋅  33 116161 )()( cbaccbac ++⋅=++⋅  

 
 
1c  (total 18 questions using the principle) 

1 121112 )()( bacbac +⋅=+⋅  16 10141410 )()( abcaabca +−⋅=+−⋅  

2 215152 )()( caacaa +⋅=+⋅  18 12101012 )()( cabccabc ⋅+−=⋅+−  

3 12151512 caca ⋅=⋅  21 11121211 )()( cabccabc ⋅+−=⋅+−  

5 152215 )()( acaaca ⋅+=⋅+  24 312123 cbcb ⋅=⋅  

7 314143 cbcb ⋅=⋅  27 917179 baba ⋅=⋅  

8 914914 bccb ⋅=⋅  28 916169 abab ⋅=⋅  

9 121112 )()( cbaccbac ++⋅=++⋅  29 10121210 )()( abccabcc +−⋅=+−⋅  

13 113131 )()( bacbac +⋅=+⋅  30 16171716 baba ⋅=⋅  

14 9229 )()( cabcab +⋅=+⋅  32 116116 )()( bacbac +⋅=+⋅  
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9a  (total 5 questions using the principle) 

7 13141413 )()()()( cacbacacba +⋅++=+⋅++  16 912129 )()( acaaca ⋅+=⋅+  

8 16131316 )()( cbaccbac −+⋅=−+⋅  19 17111117 )()( cabccabc ⋅−+=⋅−+  

13 159915 )()( cbaacbaa ++⋅=++⋅    

 

9c  (total 2 questions using the principle) 

8 9229 bb ⋅=⋅ aa  11 9119 b)(b)( ⋅−=⋅− bcbc  

 

15a  (total 6 questions using the principle) 

4 159915 c)(bc)(b +⋅=+⋅ aa  11 915159 cc ⋅=⋅ bb  

6 159915 c)(bc)(b +⋅=+⋅ aa  12 15111115 aa ⋅=⋅ cc  

8 159915 c)(bc)(b +⋅=+⋅ aa  18 159915 c)(bc)(b +⋅=+⋅ aa  

 

 

 
 




