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Abstract

Despite the fact that the optimal design for nonlinear model depends on the unknown quantity of parameter
to estimate basically, its popularity is growing in bio and engineering statistics area since all those models in
the area are virtually nonlinear. In this paper we have dealt with the case when the researcher has multiple
objectives in experimentation, decision among the competing models, protection against the departure from
the assumed model, and the conflicting interests among design criteria. To tackle these issues we attempted
several new approaches which are taking advantage of the easiness of constrained optimal design. Several
nonlinear models were tested.
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y=n(z,0) + e (1.1)

371 07 = (60,01, ...,0p) & FHFIoF & Rpwlejoly. APAA (& AFIT Q Y] {8 kA
o A"z o€ Qi=12..,k o tigt EAZFTF £(a;),i = 1,2,....kZ 7lgﬂ% ol A Age
“Olh A5 AeE nela 2 WA (support point) z; oA WHEE = ASZE ALTF niyi =
Lk e ARY £(xi),i = 1,2,...,kE ni/no EJEHE AW SR e(x) = 1.09] AlkzA
7“—11]- n x &(x;:) 7F Agehe AgR 0] FoJXH ZEAFH A (exact design) B JFaL AR 7 0]
L= ZAA P A (approximate design)2t 3ith. H oA ZALA I AW 183} 4]
ol e eo) FREA 1Ak 0 1E|al, AW 4 glo] oF = 19 HjARY] AEEE 7}
:}1:]—@ A o tist Fishere] AR )& (information matrix)< 4] (1.2)8} o] Fo Rt}

677 z, 0 ) On(x,0)

M(&,9) 00T

—or dE(x). (1.2)
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o} 7] 220 . u) BwlE) (derivative vector)g} 31 S p x 10|tk ole]sh AR AHL w e
A7} ftolmg A (1.3)37} o] ®7]7} 7153t

M(E,0)=VIWV. (1.3)
A7 V = P iR o] WA zol A whSeHe] AALE (gradient) 2150 Q) | x p 243N
<H(Jacobian) B otk =3 W A7t 21, 22, ..,z 0l Fod AR (2) D kx k tiZd=4E
ojtt. R WAH zol A ASEAt T 4 (1.4)9F 2ol 7]dTh

d(w,€,0) = %M—l(@ 0) 377(;9’ o) (1.4)

714 e o) QAL px 10|22 4] (L) SR zolA shhe] kS ATATE B4 9o el

= HS =2 AH(MLE)) FE49] AaH(first order) ZAFE ML, 0)0] B2 4] (1.4)2] E2F A

HLg W 4e) o 2R Ate] T3k LxF2Abolc},

e vdRR A ol Asehs AR NEoRA 4 (12)2] 3
7

Baidol g)E 4 (determinant)S
Hadbshe A GO)-FHA A
4)2) 22v) Heigro] psk A s
A7) okl = AW 2L 5
Bl o3 AFHBE B AFlA

Zol gtk aEL o] T ARINEL FHolW HAolny 4
o ol Bes7) W] 945 o R AT Ee} Po] S
o)

kel

gl

tisteks A% 71E A (local) D(9)—-2 A3 4 (1.4)9] Heizk
9 5 (1
3 3}

rlrzﬁiﬂ

of xed A2+ ik WAZRFA F¢ HAHLHL v
Aol FAY Bol= At

At FEVE V = [Vi[Ve] 2 BEREINFE Vi bk xpi AV = Jlol H Vot kxp V =
s 7t BTk 71K 0] =, 0 = [01]62] 2 E1F W] pr x 1 B o1 07 pa x 1 RSOl
ft?& ARFYD M(,0)& 4 (1.5)8 2 877} 7153}

0

VEWWV, VEWV, (1.5)
Vi WV Vi Wa ‘

My M2
M(E,0) =
M1 Moo

020 NF= = FERFBL Moo — Moy My M3, 01tk 714 MiE M2 26k} 9382 (generalized
inverse) o]t} 7|E2EF N AE Moo — Moy My, M3, 2] FHAS Hhslets AF7|2E Dy(62)-H A
olg} dth. HUT Moo — Moy M, M7 0 FHAL ‘Jvl}/lfiggez‘”-‘} At oM D, (02)—FH AL of

2 A (1.6)014 Aold ds(,€,0)9) HTHEER p2oke] LA R E 2<lo] 7hss)tt.

du(06.0) = D6, 0y 21D QYR g, 21000, (16)

2o A4 Do UE-L Kiefer (1961)F 22317] vtk ae)n Qe 43 0 vaae
el &3t Silvey (1 980) 0]1/]— Atkinson ¥} Donev (1992), Berger$} Wong (2009), Fedorov2} Leonov
o
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o] EANsh=t ool tieh A Hofl 1)) AY 7t A ALY tiste] 7HAE B8-S WA AT
a7t ek
D(0)-5&: D(O)-FAel tek 47 ¢ D(0)-2& ¢¢(D(0))2 that 2ol Bejdrt.
1/p
¢e(D(0)) = {d t(M(EE,G))}

4714 £b= n(x, 0)o1 tet D(9)— o}
G(0)—&&: GO)—F =l that A €9 G(0)—F& ¢c(G(0))S T3 o] A=A},

ﬂ
n
>
e
)
i)
Q.
&
rr
ok
i)
1>
o
1o
H
%

T mazzead(x, £,0)

G(0)-2 A 2] 7% HALe) ke 544 2ste] prh Bek
Ds(02)—F&: Ds(02)—HFoll that AP €9] Di(02)—E& ¢e(Ds(02)) th3} Zo] Hojdn).

det(M(€,0))/det(Myi1(€,6)) Ve
det(M (&), ,0))/det(Mir (€, . 0)) '

1714 €, = n(a,0)0) Tl D, (02)— A4 B o] o] detis LA ol o]tk 2213 B4 D, (02) -
272 00 hSA R o]y,
G(62)— B&: G(O2)—-HAA gt A7 £ G(62)-FE ¢e(G(h2))2 thaat 2ol Bejdrt.

$e(G(62)) = =

mazgead(z,£,0)

1o A4 olste] p,7t "Lk
£7) @917 g 4 gk ] B AY o y-F g
A7 ol thate] 7l B ge(€)) ol Bzt =

BATAY R F0] B @Toﬂ% o} A fstel thet B 71 RAL Pol

W 1 BARAE: Liuter (1974)7h A A9 712024 kAN ABAE i = 1,2, k7 &
AsHe A% Thet 2 AY AFe Arjsisht 487)E coltk,

k
mazxeon dg (&g, ) + @2de(Ey,) + oo + arde(€,.),0 < a; < 1’20” =1.0.
i=1

w 2 ARRANGIE: Stigler 5 (1971)0] AR ABAECoRA kA ABAE i =
Jk7F EASE A9 o] F S AT UnAE Atzdsen £ e shiE 2A%
*oﬂ sl BABAE Arslsh A71E colk

maze e (&) subject to ¢e(€y,) > civi=1,2,..,0 # J, ..., k.

aE k> 291 Aol AFRAAG BE RESA] £ e (infeasible) 2] 7154wl o]
ﬂﬂ“&"%#?f*%‘-‘%%%ﬂﬂﬁ}i%k: o F3 sk 97k tjRHolr).
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W 3 22 Ao (maxi-min) P71E: k70 ARAE G0 = 1,2, k7h 2R 25 A9 7}
ARS] AR Ao ool AL BES Gel€h,),i = 1,2, . keh Behe A2 Heh A3
© 9% ¢ 2 ofvgk,

mazeminide (&y,),i=1,2,.., k.

o] AFL uj$ B5A el W O 2 Tmhof9 Wong (2000)0) ] 8H9 k = 291 3 ¢e(€),) = ¢e(€5,)7F

w0} Wt

Z|ET oA g EAlE SRVIEoE By 12 o ok 28y g 1

A A s AR FAA %Zﬂﬂ 77k Heuk 2 AFols By 2

22 ANT Aelt}. Ik} Foll 22 71A a; = 1/k7 o=tz Az 7 A7 7])Ee
88, i - %pl& e 7Hva BAe skA 28] uf

291 ] 30] A@ANAE o AA#H ozt A

AAE AAZ ZelTk.

A 28 HAdES dF0l £ A4S ANT A vehhs B34S Avele B2 Aty

2yo) A8 oAlE AFdte] Boh dE AN KimF} Lim

(2007)9] Al<toll whet Wy 29] Alkxe) AR ¥ 39| HAUH AT R AFVES M

3 2ol A@Aog Agste] B Zojtk. 23 Al 3HA = wHAPR Y thet FF AAE A

Sfo] it

M rlo

T o

2. AlURIRE oAl

B2 HAY 232 318 593 (chemical kinetics) A7ollA vhesHl vEt 22 A5HQ dAF R
[e]
=

e A7ksto] B,

3 (first order reaction) 238
0 0
A= B2 C.

AIZF zoAl A AdE(component) B 5% (concentration)+ Hill¥} Hunter (1974) &J3phd t2 4
2134 22 ryor dAHr

n(x,6) = [B] =

o _192 (exp(—02z) — exp(—b1z)),z > 0. (2.1)
o] 232 Hill¥} Hunter (1974)°]FZ O‘Brien (2005) 5o &3] thFo] FHoh 4 (2.1) 29
9] (61,602)9 Z71ge® (69,03) = (0.2,0.7)28 Fthd D) -HAY AIL £p : £(1.5987) =
£(5.9055) = 0.52 2tk T} Dy(6)—H AL z = 6.76190] BE DS Hojsl= AFo] L}
2 o)y Ao R U2 A= o3 Y-S AFAZI=t vk EstA] gt kA Foll 23
ol thet 24 HEo] tHEAY AFS AAT Fart vt webA v 2 Aok 21 A7
A kst

1/p
M€, 0)| - [M(&,0)|
MaATg ——— (M (2,0)] subject to {w} >c.
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o714 et 03 14}o]9] gho.m A@AL A Stelok sH ok,
ET AP BF AA B FAo) e FUFS WA T 2ACE 0,0 th F4L e 1
B APol Bek c=09 2 & 3 D,(6:)-A A% el 2709 wIHS Ak

€e0.0 : £(1.5088) = 0.2873,£(6.1764) = 0.7127.
223 D(O)—A AT} D,(02)—H Aol e TES Tofo] wl The 2k,

¢e.(D(0)) = 0.9, ¢¢.(Ds(62)) = 0.7300.

Aok 202 $E5UA BASE AjSse AP F Y BAGS) #HS BRE 4
Fol Atk FF LE AN AR AL £.olet st

2.2. M JHAl Oafe] SHS JHRID Qe MOEEH AlE

/34 (component) A7} BEF t} A& BE W3 (conversion) HA Xh= A% 3o 4
(2.1)9] 2YPRT} A (2.2)¢] ZFo] AT}

n(z, 0) = 0s(exp(—b2x) — exp(—b1x)),x > 0. (2.2)
F1o] 232 Fresen (1984)°l ofsfl zk57k E410] H 3=l & 18702 A7 FrollA the3t HaAlw+

Agke Toan

69 = 0.05884, 65 = 4.298, 65 = 21.80.

o 258 2/Y0 sl D()-AAE Folol HE g3} Lo DO)-AAAY) ek o =
d o The Be HAY A e e SA%e A

€5(0.2288) = £5(1.3886) = £p(18.417) = 1/3.

%3 Atkinson3} Donev (1992)]] o]8} A@A1= mye] B4 2HW oljz} B 74%] th2 B4l A3
< 7Kg sty ARE Sk 1O 9 (area under the curve; AUC), & HAIZ A 55714 2

2]+ AlZH(time to maximum concentration; TMC, xmax) 28|31 u}A| 9t 2 55 3 (maximum
concentration; MC)o|t}. Z4zke] FAALEL 601, 0,,039] SHr2 ZHoj B o33} 2t

1

AUC : 053 <01 — 92> = g1(0), zmax :

logBs — logh
92T = 4a(0), MC (@ maz, 0) = g3(0)
0y — 0,

Aol ¢(0)7F 09 AP FejSl Aol g(0)e] e AAT A5 coll thste] var(g(d)) =
var(c"B) = "M (0) " 'c2 Y=t vAE 23oln ¢(0)7} 02 HlAFe] Fej Feole v LY
Al o] 5to] coll om— 7 As e o = %07 BT 5, var(g(0)) ~ " M(0) e 07 &
719 th 2| S U2 Silvey (1980) Y Atkinson¥} Donev (1992)2] A& Z=Z3}17] vlghch

17| D(9)—2 2 ¥ ol 3714 gi(6),i = 1,2,39] #AF g H4s} sk R BATxr)
oA ek 7|ERANE o7 71EE c—FHF o) gt FARE o] 37kA] FA- o et AfE Al
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~AAS Thet 2ok ¢1(0)% g2(0) 9 AL T LPFAA T g3(0)A L T B AN
v AL 7k

AUC : £(0.2327) = 0.0135,£(17.633) = 0.9865,
xmax : £(0.1793) = 0.6062, £(3.5671) = 0.3938,
MC : £(1.0122) = 1.0.

FolX Yo mpFAe 223 D(0)-H A0l Z gi(0)o thato] M= T&2 47 ¢¢,(§5,) =
0.3431, ¢¢, (€5,) = 0.6602, pe, ( ;) = 0.39102 veh=d 289 FF3e Al 7HA gi(0),i
1,2,39] c—HA A7 Az 4Fd 2= idhnk o71A & i = 1,2,3E 2 gi(0),i =
1,2,3°] W3l c—F] A ojt}. weba] Atkmson»} Donev (1992)+& 4] (2.3)3 22 B3¢ AF7&S
Al rsk At

U{M(E,0)} = Zlog{cg M1 0)e; (0 )} (2.3)

21 (2.3)8 Hashshs A¥e AD-FH o2} sHAh thaol AD-AZ 7]l 23 Aot}

€ap : £(0.2704) = 0.2991, £(1.3784) = 0.2029, £(15.753) = 0.4908.

T} BASE ole) @ Yol 7 c—2 Aol sl e AP BEe 129 4 Atk A Az
- HAe) AY71Fe] e 45HE B4 Hrow st

beap (£5)) = 0.4953, ¢¢ 1, (€5,) = 0.7810, e, 1, (£5) = 0.6837.
T} o] H 3 AFe D—H A tiste] JHAe EHL 091672 AR o Z =r} 7 —FH A AY

< HaA FolsHA D-E&2 FFeithe An|ojth. mEhA 2 dFolM = et 22 Aldde Al

1)
er

o

o r

TQ

1/p
* . 9 0
mazmine {cb&c (€5, 6. (€5,), 0x. (&3, )} subject to { oo } =

D>
A71A e 07 141018 Frow ARATL WAsolof sl Agolt). o7ME Ao co) g
09 = AA3te] 2 Aol e Brh. ojejat AWL 37 %?‘M% 7k,
c=0.9,
€. 1 £(0.2435) = 0.2201,£(1.4204) = 0.2201, £(18.3138) = 0.5598,
be.(€g,) = 0.5760, ¢ (&5,) = 0.6750, p¢.. (§55) = 0.6105, ¢¢. (£p) = 0.9.
28] D(O)-2A AT g(0)o] 3 c—H Aol 3t B Foto] Mtk AD-H A7} vl %3t A7

=g 7}
vgkot cf] g Skl D(9)-H AT Al 7HA] c—H AT 7S AFATE Bst] B+ dE A
olt}. o]#at AL Kim3} Lim (2007)9] W3S Het Aoy th2de) A%l A e g2 o|c}.

-}



Constrained Optimal Experimental Design for Nonlinear Models 1157

2.3. 2¢tto] 2ot MR A A1Sl: Michaelis-Menten@3

=2
2l (2.4)9 BH2 Aaeioro ] 848 (enzyme-kinetics) S AFdh=tl flof 917] = Eﬁé o]
t}. Raaijmakers (1997)] 2]3te] o] B3-S o] &et FAAA Eo] o] o] 1 &S & 5 2
o}

91.T
0o +x

n(z,0) =

o714 61 WESE (reaction rate)o] =& Sl FHUigholal 0= Michaelis-Mentend<o]t}.
Ozl whet o] o] gl ARt 7= 01 = 02 = 12 g3}

T ARE ol AL ARAL o7 AEE EaoA th2o]R vl 9|5k ujAY 239 Aor oAt
o] BAIE & 2707F H ol A etk Berger T (2009)¢] # 210 nﬂO]ZMW+ AA7F ek Aol &
AFEAlE BAge) EAlR steeks AgA B 7H £ ok 4 (24) 4 AFGAL 0,102
E 3= A7 A zo = 129149 2419 e Has) sk 4 (2. )31' 22 oA-AAAE Lot

577(1’07 0)

5’77(550a 9)
0T '

-1
(€05

mined(zo, &, 0) =

Eext : £(0.6040) = 0.0582,£(10) = 0.94183} Zo] vehdrh. A F Ao
gol MAdE ¢ + Itk AdAE z0 = 12 o]gfol] T ﬂé}mﬂ_‘i S
xo = 209 A% Lepr : £(0.6040) = 0.1536,£(10) = 0.8464F JERIT]

94* s OME} 23 F4E 87%ke A% Afole AR A= B§EE

i=3

) o] WatA] ¢otof stk 7Hge] Qledl ol wie EHE

ot 7}13015}. 1?41 Ai-H AL D-HA et 7MAle BEL w9 Ak FuE D-HHL
£(0.8333) = £(10) = 0.5°]™ xo = 1091 ¢ AL ¢e,,. (€h) = 04357 E& B &5 AT
o} o] A Kim¥} Jang (2014)9] *HS A85te] Ry} o4t H Aol A3t #3S s+ A

o] vl sy,
AP ok 2719 4FEE TEFA BAb 201 = 12,302 = 202) A AR A AL TS
7} 2o] A wA.

mafﬂsmm{qﬁ (§eat ) ¢5(£f£?)} subject to ¢¢(€p) > ¢

A7NA ¢e(€ene) = ool Aol ak-H Aot o2 AP A 2o et D(0)-a&2 c oI
AsaA o F Qdabel thE HaaES Fol evv AdVIEe] Avh 22a WA A=
0.6040%} 0.8333AFo]ofl A H= et 24z o] zo = 2091 -7 A 100 Fojd A2 Eol==

A& 7ot FAgk dateltt
Ec=0.90 : £(0.8000) = 0.2825,£(10) = 0.7175.
a2]al D(0)-F A% zF 24t el Ao 24 Aol thEk &S thaat Zo] Foke] H 3ttt

e (6D) = 0.9, de, (§531) = 0.7957, ¢e, (£.77) = 0.9102
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2.4. 23 XpHof| 2t MIfE 2 A8: Michaelis-Menten 239| Y1
The ot & 279 A B o] FolA glrkar B}

n(z,0) = 0o + 12 + G2,
n(x,0) = 0o + 61" + 2™ ".

2

I~

T AEAE ok myol o Be RYA FAL A Ree ATk Il 1,12 2
A m ol gk D-2 AL Fo] £(+1) = £(0) = 1/30]tk. ole}d D-HHL AH oz ol o
F8 5 79 59 F olu shizh gel gow ¥ seks &g Wl 2u 43 EAI7 9l
of Helth T o} o mao] AUAAE Bt AHole $& AU ot wehd ZgA
Aol o] AW L theA Teistelo} ek wekA A EEAAAE 4 (2.6)7 2ol

n(x,0) = 0o + 012 + O20° + O3¢” + Ose™". (2.6)

= Qe AGsIo] Dy(01,0:)9 Do(05,04)) ARAT Fele] ~H A nslE D). Atkinson}
Donev (1992) t}&} 28 487122 AT}

A7IA M2 A (2.6)9] AA BFo)a M2 0.3 620 st M| FEFHo|N Mo 033 0400
0 M) FEAEOIT T s st AP BTG A HuE 27 20T o)
3 %S 4328F0z ¥ Reuse QU4 AUsEe AR/El B old BFAQ
AUNES AD AZolsh S o)t 1 AolA AT WY 19 WAolck, IeW ohe I} 2L T
2 (symmetrical) Q] AD—Z=& A& o] dojRT}

£ap @ £(£1) = 0.140, £(+0.649) = 0.259, £(0) = 0.202.

Lopez-Fidalgo 5 (2008)2 4] (2.7)3) 22 H|A3 2L ALt 2.32e0 A A58 Michaelis-
Menten 23 2] W=l Fejo|r}.

+ Fz. (2.7)
T

F = 0°]9d $¢] 232 Michaelis-Menten® 3 o] Et}. ARzl EAl= A7) 2o RygozA

olgx= F9o] Z7]o thdl 3HAlo] ¢l HLo|t}. Michaelis-Menten 23 o] 24 ]—»—Z] old § Al

(279 B3o] SulEAo] tigt APE AAse St &, B 6,7 60 ik 33 Foll oigt

FANY #FE olF+ BAZF AL

o] EA] 9A] Atkinson¥} Donev (1992)2] W& 2 -g3lo] B =0| Atkinson¥} Donev (1992)2] w
2 F AR T AE oA T AR 7 Ds(0)2 Ds(F) o tiet £&2 o33 2o &

AbSHA W& wl el A Este] B 4 Qi)

£(10) = 0.2307, £(3.4480) = 0.4324, £(0.4802) = 0.3369,
berp (Ds(0)) = 0.9138, ¢, , (Ds(F)) = 0.9292.
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we Aok 2AUPL The T ol Agte] B,

1/s1
|M(€,0)] ‘ |M(&0)|
MaTe 7 Mo €, 0)] subject to { (M ( 79)|} >c.

o714 ex= 03 1AFo] 8] A2 AJ A 7F WAl sto] of gtk AAf ool A= o] g |4 0.82+0.9%
3.
c=0.8,

£e ¢ £(10) = 0.2946, £(3.7334) = 0.4463,£(0.4216) = 0.2590,
B¢, (Ds(0)) = 0.8, e (Ds(F)) = 0.9932.

c=0.9,

£ £(10) = 0.2400, £(3.461) = 0.4345,£(0.4722) = 0.3254,
Pe. (Ds(0)) = 0.9, ¢e.(Ds(F)) = 0.9421.

232 nudhd cof wet A TRtk cgte WE2TF ¢ (Ds(F)) @2 e &
obFtt. el F AF T3S o]F+ A2 E A7t §lo] Bt thtk Atkinson} Donev
(1992)] W} vlwatd s 7oz A s Zo] AFAte] gdMs o fA4S 7IAT
Z Zojt}. Adxle 34 Fositty A4 = H 7| E0 2 284S HA AHE F1a 2] 37wl
Folth

rﬂj
>
»

3. E9|

7]37(4 o7 u]/\

o o3k 57
Y 29 oA myo] 7

o APol 23t S A go] Ak oht mae] 27

AR BT Dol thRojof Atk T AFR I v 2 HAl

St mgol Fustel Aol AASAL Bth, B Aol HA

Pyl e AP AAFE A PASE R4 o4 E FPEE Jopr gkt £ AT
] o]

ATEAN & A G AREAUDE M4 2 ABAARIT. 90 el 71
9 ASkzAL) WP B3] DAL AT Gk Bael AWINE S £ solnelsyy 4
Qr1EE Thaseth oleue AR FsAS AAE Fakel 1 s R SAOE dol T
0] Hhsto] £ Al 2ol gieka R}
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