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Abstract

This paper considers the multiple-input multiple-output (MIMO) system with linear minimum mean square error (MMSE) detection

under ideal fast fading. For N, transmit and N,.(= N;) receive antennas, we derive the achievable ergodic capacity of MMSE detection

exactly. When MMSE detection is considered in a receiver, we introduce a different approach that gives the approximation of a MIMO
channel capacity at high signal-to-noise ratio (SNR). The difference between the channel capacity and the achievable capacity of MMSE
detection converges to some constant that depends only on the number of antennas. We validate the analytical results by comparing them

with Monte Carlo simulated results.
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[. INTRODUCTION

The use of multiple antennas at the transmitter and receiver
provides a higher capacity than that of a single antenna system
[1]. Multiple-input multiple-output (MIMO) communications
have been intensively studied over the last few years and are
widely considered as suitable for improving performance of mo-
dern wireless communications [2].

Maximum-likelihood (ML) detection gives the maximum
receive diversity and has high computational complexity. We
can apply linear zero-forcing or minimum mean square error
(MMSE) detectors to reduce computational complexity. Unfor-
tunately, linear receivers have a smaller diversity order than that
of the ML detector.

In [3], the authors derived the achievable instantaneous ca-
pacity of a MMSE detector for a given channel matrix H.
However, we have introduced the achievable ergodic capacity for
an uncorrelated channel matrix H. In this paper, we investigate
the analytical measurement associated with MMSE detection.
We use the probability density function (PDF) of signal-to-
interference plus noise ratio (SINR) [4] to obtain a precise value
for the achievable capacity of the MMMSE detector. We also
derive the achievable ergodic capacity of the MMMSE detector at
high SNR. Finally, we confirm for a small number of antennas
that the difference between the channel capacity and the achi-
evable capacity of the MIMISE detector converges to some con-
stant that depends on the number of transmit and receive an-
tennas.
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I1. SYSTEM DESCRIPTION

We consider single-user communications and investigate a
point-to-point link, where the transmitter is equipped with N,
antennas and the receiver employs N, (= N;) antennas. Su-
ppose that no inter-symbol interference (ISI) exists. Let h;; be
the complex-valued channel coefficient from transmit antenna
j to receive antenna i. If the complex modulated signals
X1,°**, Xy, are transmitted via the N; antennas, then the recei-
ved signal at antenna i can be represented as y; = Z L hijx;
+n; ,where m; represents additive white Gaussian noise. This

relation is easily written in a matrix form as
y =Hx+n, 1)

€ CM*1 denotes the received com-
XN T € CVe*1 is the transmitted
[hij] € C¥*Ne is an inde-

pendent and identically distributed (i.i.d) complex Gaussian

where y=[Y1 = Yn]T
plex vector, x = [X1

vector with the power Eg, H =

fading channel matrix with unit variance, and n € C"*! is an
additive white Gaussian noise with zero mean and variance N.

Suppose that the transmitter does not know the channel
realization. Minimizing the mean squared error (MSE) between
the actually transmitted symbol X; and the output of a linear
MMSE detector leads to the filter vector g; = (HHY +
sD)7h; , where s = NZ_NO = N;/SNR and h; is the ith
column of H. Applying this filter vector into Eq. (1) yields

z; = glly=Bix; + w, where B; =glh; and the inter-
ference-plus-noise term w is defined as ]#g?hixj +gin
The variance of w is computed as 02 = Es(ﬁl B2). The
SINR of a linear MMSE detector on the ith spatlal stream can
be computed as smm:f;,l
statistical property of SINR; is the same for all 1 <i < N,.
Then we omit the subscript 7 of SINR,.

I11. ACHIEVABLE CAPACITY OF MMSE RECEIVER

We introduce the PDF of SINR at output of linear MMSE
detector to calculate the ergodic capacity. We use it for
analytical derivation of the ergodic capacity obtained by the
MMSE detector. For a high SNR, we will prove that the
difference between the channel capacity and the capacity of the
MMSE detector converges to the constant that depends only
on N; and d = N, — N, + 1.

1. PDF of SINR
For small N, and N¢, we summarize the PDF fy .y, (¥)
of SINR [4] as following:
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2. Achievable Capacity

For the uncorrelated MIMO channel, the ergodic capacity
C 11\‘]/1%5\?]13 achievable by the MMSE detector can be defined as
[3]

MMSE _
Cnyxn, =

N, J; logo (1 +¥) f,xn, (V)dy. 3)

For example, in N, =2 and N, =2, we compute the

integral directly, as follows:

MMSE _ © —sy -1 __s
cyM fo In(1 +y)e [1 +5— oy (1+y)] dy
l[ a1+ s)f In(1 +y)se SYdy ]l
_ 2| =2 |
mz| (®In(l+7y) se-5Tdy —s J-OOIn(l 1 posray |
[ o A+y) . J

We can easily check the first term in Eq. (4) by [5, 4.337]:
A==(1+5)eEy(s), 5)

where E;(s) = f exp( £ and E,(s) = —Ei(—s) [5]. The
second term in Eq. (4) is calculated by integration by parts and
[5, 3.352] and then the third one in Eq. (4) is eliminated:

B = é [—s + s2eSE;(s)] (6)

We can obtain the exact ergodic capacity as

CZNQ\;SE 1; —s+(1+s+52)e5E1 (s)]. 7)
In a similar way, Cy'%n- can be calculated as the following:
Cé\fgSE = 11122[1+;+S +(1 s— sz—;) SE1(S)]
Ct™ = S e ene)
Cé\/}[(l\é[SE — % _§_#—f+(1+25+—2—s—) SE1(S)]
CA},V%ISE = %[1+s+zi;2+§ %+(1 s—?—?—#—i) 551(5)]
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Fig. 1. The ergodic capacities obtained by the minimum mean square
error (MMSE) detector. SNR = signal-to-noise ratio.
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(8)

where s = N./SNR. Note that C,I\\,/Eg,s\",f is a function of SNR.
We consider an independent and identically distributed
Rayleigh fading channel with N, transmit antennas and N,
receive antennas. The simulated capacity performance of the
MMSE detector under a typical realization is displayed with
respect to SNR. This is validated by the simulation results

shown in Fig. 1.

3. Constant Gap between the Channel Capacity and Achievable
Capacity of the MMSE Detector at High SNR
At a high SNR regime, the capacity of the MMSE detector
tor a MIMO system can be approximated as

CAMSE ~ N, ["log,y f(r)dy. 9)

Up to N, =4 and N; =4, by integrating Eq. (9), the
approximated ergodic capacities of MMSE detector can be

computed easily as

CaiSNe = —Nelog,s + = (d), (10)

where d = N, — Ny + 1 and (k) is expressed as [6]

YD) = ) =—p+ It (k22 (1)

Note that p is Euler’s constant. In [6], the authors found the
approximation for ergodic channel capacity at high SNR as

Cr,xn, = —Nilog,s + =5t y(a+i). (12)
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Fig. 2. Convergence of the difference between the channel capacity and
the capacity obtained by the minimum mean square error
(MMSE) detector. SNR = signal-to-noise ratio.

The difference between the MIMO channel capacity and the

capacity of the MIMISE detector converges to some constant as

limg_o[Cy, oy, — CAMSE] = =T (W(d + 1) —p(d))  (13)

" In2

The Eq. (13) shows that the achievable capacity of the
MMSE detector has constant capacity degradation. We will
validate the capacity degradation by the simulation results
shown in Fig. 2.

IV. CoNCLUSION

In this paper, we have studied the achievable ergodic capacity
of a MIMO system with a MMSE detector for a small number
of antennas. We have also shown that the difference between
the channel capacity and achievable capacity of the MMSE
detector converges to some constant at high SNR.

This work was supported by the ICT R&D program of
MSIP/IITP, Republic of Korea (No. 13-911-01-102, Deve-
loping the core technology of the digital LMR RoIP con-
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