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I. INTRODUCTION 

The use of multiple antennas at the transmitter and receiver 

provides a higher capacity than that of a single antenna system 

[1]. Multiple-input multiple-output (MIMO) communications 

have been intensively studied over the last few years and are 

widely considered as suitable for improving performance of mo-

dern wireless communications [2]. 

Maximum-likelihood (ML) detection gives the maximum 

receive diversity and has high computational complexity. We 

can apply linear zero-forcing or minimum mean square error 

(MMSE) detectors to reduce computational complexity. Unfor-

tunately, linear receivers have a smaller diversity order than that 

of the ML detector. 

In [3], the authors derived the achievable instantaneous ca-

pacity of a MMSE detector for a given channel matrix ۶. 

However, we have introduced the achievable ergodic capacity for 

an uncorrelated channel matrix ۶. In this paper, we investigate 

the analytical measurement associated with MMSE detection. 

We use the probability density function (PDF) of signal-to-

interference plus noise ratio (SINR) [4] to obtain a precise value 

for the achievable capacity of the MMSE detector. We also 

derive the achievable ergodic capacity of the MMSE detector at 

high SNR. Finally, we confirm for a small number of antennas 

that the difference between the channel capacity and the achi-

evable capacity of the MMSE detector converges to some con-

stant that depends on the number of transmit and receive an-

tennas. 
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II. SYSTEM DESCRIPTION 

We consider single-user communications and investigate a 

point-to-point link, where the transmitter is equipped with ௧ܰ  

antennas and the receiver employs ௥ܰሺ൒ ௧ܰሻ antennas. Su-

ppose that no inter-symbol interference (ISI) exists. Let ݄௜௝  be 

the complex-valued channel coefficient from transmit antenna 

݆  to receive antenna ݅ . If the complex modulated signals 

⋯,ଵݔ , ே೟ݔ  are transmitted via the ௧ܰ  antennas, then the recei-

ved signal at antenna ݅ can be represented as ࢟௜ ൌ ∑ ݄௜௝ݔ௝
ேೝ
௝ୀଵ  

൅࢏࢔ ,where ࢔௜ represents additive white Gaussian noise. This 

relation is easily written in a matrix form as 
 

ܡ ൌ ܠ۶ ൅  (1)                  ,ܖ
 

where ܡ ൌ ሾݕଵ ⋯ ேೝሿ୘ݕ ∈ ԧேೝൈଵ denotes the received com-

plex vector, ܠ ൌ ሾݔଵ ⋯ ே೟ሿ୘ݔ ∈ ԧே೟ൈଵ	 is the transmitted 

vector with the power ܧ௦ , ۶ ൌ ൣ݄௜௝൧ ∈ ԧேೝൈே೟  is an inde-

pendent and identically distributed (i.i.d) complex Gaussian 

fading channel matrix with unit variance, and ࢔ ∈ ԧேೝൈଵ is an 

additive white Gaussian noise with zero mean and variance ଴ܰ. 

Suppose that the transmitter does not know the channel 

realization. Minimizing the mean squared error (MSE) between 

the actually transmitted symbol ܠ௜ and the output of a linear 

MMSE detector leads to the filter vector ܏௜ ൌ ሺ۶۶ୌ ൅

௜ܐ۷ሻି૚ݏ , where ݏ ൌ
ே೟ேబ
ாೞ

ൌ ௧ܰ/ܴܵܰ  and ܐ௜  is the ith 

column of ۶. Applying this filter vector into Eq. (1) yields 

௜ݖ ൌ ௜܏
ୌܡ ൌ ௜ݔ௜ߚ ൅ ݓ , where ߚ௜ ൌ ௜܏

ୌܐ௜  and the inter-

ference-plus-noise term ݓ is defined as ∑ ௜܏
ୌܐ௜x௝௝ஷ௜ ൅ ௜܏

ୌܖ. 

The variance of ݓ  is computed as ߪ௪ଶ ൌ
ಶೞ
ಿ೟
ሺߚ௜ െ ௜ߚ

ଶሻ. The 

SINR of a linear MMSE detector on the ith spatial stream can 

be computed as ୗ୍୒ୖ೔ୀ
ഁ೔

భషഁ೔
. For the uncorrelated channel, the 

statistical property of SINR௜ is the same for all 1 ൑ ݅ ൑ ௧ܰ . 

Then we omit the subscript i of SINRi. 

III. ACHIEVABLE CAPACITY OF MMSE RECEIVER 

We introduce the PDF of SINR at output of linear MMSE 

detector to calculate the ergodic capacity. We use it for 

analytical derivation of the ergodic capacity obtained by the 

MMSE detector. For a high SNR, we will prove that the 

difference between the channel capacity and the capacity of the 

MMSE detector converges to the constant that depends only 

on ௧ܰ  and ݀ ൌ ௥ܰ െ ௧ܰ ൅ 1. 
 

1. PDF of SINR 

For small ௥ܰ  and ௧ܰ , we summarize the PDF ே݂ೝൈே೟ሺߛሻ 
of SINR [4] as following: 

ଶ݂ൈଶሺߛሻ ൌ ௦ఊି݁ݏ ቂ1 ൅ ݏ െ
ଵ

ሺଵାఊሻమ
െ

௦

ሺଵାఊሻ
ቃ, 

ଷ݂ൈଶሺߛሻ ൌ ௦ఊି݁ߛଶݏ ቂ1 ൅
௦

ଶ
െ

ଵ

ଶሺଵାఊሻమ
െ

௦ାଵ

ଶሺଵାఊሻ
ቃ, 

ଷ݂ൈଷሺߛሻ ൌ ௦ఊି݁ݏ ቂ1 ൅ ݏ2 ൅
௦మ

ଶ
൅

௦ାଶ

ሺଵାఊሻయ
൅

௦మି଺

ଶሺଵାఊሻమ
െ

௦మାଷ௦

ሺଵାఊሻ
ቃ, 

ସ݂ൈଶሺߛሻ ൌ ଶ݁ି௦ఊߛଷݏ ቂ
ଵ

ଶ
൅

௦

଺
െ

ଵ

଺ሺଵାఊሻమ
െ

௦ାଶ

଺ሺଵାఊሻ
ቃ, 

ସ݂ൈଷሺߛሻ ൌ ௦ఊି݁ߛଶݏ ቂ1 ൅ ݏ ൅
௦మ

଺
൅

௦ାଷ

ଷሺଵାఊሻయ
൅

௦మାଶ௦ି଺

଺ሺଵାఊሻమ
െ

௦మାହ௦ାଷ

ଷሺଵାఊሻ
ቃ, 

ସ݂ൈସሺߛሻ ൌ ௦ఊି݁ݏ

ۏ
ێ
ێ
ێ
1ۍ ൅ ݏ3 ൅

ଶݏ3

2
൅
ଷݏ
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െ
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െ
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൅
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െ
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ۑ
ۑ
ې

 

(2) 

 

2. Achievable Capacity 

For the uncorrelated MIMO channel, the ergodic capacity 

ேೝൈே೟ܥ	
୑୑ୗ୉ achievable by the MMSE detector can be defined as 

[3] 
 

ேೝൈே೟ܥ												
ெெௌா ൌ ௧ܰ ׬ logଶሺ1 ൅ ሻߛ ே݂ೝൈே೟ሺߛሻ݀ߛ

ஶ
଴ .      (3) 

 

For example, in ௥ܰ ൌ 2  and ௧ܰ ൌ 2 , we compute the 

integral directly, as follows: 
 

ଶൈଶெெௌாܥ ൌ
ଶ

୪୬ଶ
׬ lnሺ1 ൅ ሻ݁ି௦ఊߛ ቂ1 ൅ ݏ െ

ଵ

ሺଵାఊሻమ
െ

௦

ሺଵାఊሻ
ቃ ߛ݀

ஶ

଴
  

ൌ
2
ln2

ۏ
ێ
ێ
ێ
ێ
ۍ ሺ1 ൅ ሻනݏ lnሺ1 ൅ ߛ௦ఊ݀ି݁ݏሻߛ

ஶ

଴ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ୀ஺

	

െන
lnሺ1൅ ሻߛ
ሺ1൅ ሻଶߛ

ߛ௦ఊ݀ି݁ݏ
ஶ

଴
	െ නݏ
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1 ൅ ߛ

ߛ௦ఊ݀ି݁ݏ
ஶ

଴ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ୀ஻ ے

ۑ
ۑ
ۑ
ۑ
ې

 

(4) 
 

We can easily check the first term in Eq. (4) by [5, 4.337]: 
 

ܣ ൌ
ଶ

୪୬ଶ
ሺ1 ൅  ሻ,                (5)ݏଵሺܧሻ݁௦ݏ

 

where ܧଵሺݏሻ ൌ ׬ ೐ೣ೛	ሺష೟ሻ
೟

ௗ௧
ஶ
௦  and ܧଵሺݏሻ ൌ െ݅ܧሺെݏሻ [5]. The 

second term in Eq. (4) is calculated by integration by parts and 

[5, 3.352] and then the third one in Eq. (4) is eliminated: 
 

ܤ ൌ
ଶ

୪୬ଶ
ሾെݏ ൅  ሻሿ              (6)ݏଵሺܧଶ݁௦ݏ

 

We can obtain the exact ergodic capacity as 
 

ଶൈଶܥ																	
୑୑ୗ୉ ൌ మ

ౢ౤మ
ൣି௦ା൫ଵା௦ା௦మ൯௘ೞாభሺ௦ሻ൧.          (7) 

 

In a similar way, ܥேೝൈே೟
୑୑ୗ୉ can be calculated as the following: 

 

ଷൈଶܥ
୑୑ୗ୉ ൌ ଶ
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ೞ
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Fig. 1. The ergodic capacities obtained by the minimum mean square 

error (MMSE) detector. SNR = signal-to-noise ratio. 
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ౢ౤మ
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ల ష
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భమ శ
ఱೞఱ

భమ శ
ೞల

యల൰௘
ೞாభሺ௦ሻ

቏,      

(8) 
 

where ݏ ൌ ௧ܰ/ܴܵܰ. Note that ܥேೝൈே೟
୑୑ୗ୉ is a function of SNR. 

 We consider an independent and identically distributed 

Rayleigh fading channel with ௧ܰ  transmit antennas and ௥ܰ  

receive antennas. The simulated capacity performance of the 

MMSE detector under a typical realization is displayed with 

respect to SNR. This is validated by the simulation results 

shown in Fig. 1. 

 

3. Constant Gap between the Channel Capacity and Achievable 

Capacity of the MMSE Detector at High SNR 

At a high SNR regime, the capacity of the MMSE detector 

for a MIMO system can be approximated as 
 

ேೝൈே೟ܥ																				
୑୑ୗ୉ ൎ ௧ܰ ׬ logଶߛ	݂ሺߛሻ݀ߛ

ஶ
଴ .           (9) 

 

Up to ௥ܰ ൌ 4  and ௧ܰ ൌ 4 , by integrating Eq. (9), the 

approximated ergodic capacities of MMSE detector can be 

computed easily as 
 

ேೝൈே೟ܥ																						
୑୑ୗ୉ ൎ െ ௧ܰlogଶݏ ൅

భ
ౢ౤మ
߰ሺ݀ሻ,         (10) 

 

where ݀ ൌ ௥ܰ െ ௧ܰ ൅ 1 and ψሺ݇ሻ is expressed as [6] 
 

ψሺ1ሻ ൌ െμ, ψሺ݇ሻ ൌ െμ ൅ ∑ ଵ

୮
୩ିଵ
୮ୀଵ 	ሺ݇ ൒ 2ሻ.    (11) 

 

Note that μ is Euler’s constant. In [6], the authors found the 

approximation for ergodic channel capacity at high SNR as 
 

ேೝൈே೟ܥ															 ൎ െ ௧ܰlogଶݏ ൅
భ
ౢ౤మ

∑ టሺௗା௜ሻ
ಿ೟షభ
೔సబ .       (12) 

 
Fig. 2. Convergence of the difference between the channel capacity and 

the capacity obtained by the minimum mean square error 

(MMSE) detector. SNR = signal-to-noise ratio. 

 

The difference between the MIMO channel capacity and the 

capacity of the MMSE detector converges to some constant as 
 

lim௦→଴ൣܥேೝൈே೟ െ ேೝൈே೟ܥ
୑୑ୗ୉൧ ൌ

ଵ

୪୬ଶ
∑ ൫߰ሺ݀ ൅ ݅ሻ െ ߰ሺ݀ሻ൯ே೟ିଵ
௜ୀଵ    (13) 

 

The Eq. (13) shows that the achievable capacity of the 

MMSE detector has constant capacity degradation. We will 

validate the capacity degradation by the simulation results 

shown in Fig. 2. 

IV. CONCLUSION 

In this paper, we have studied the achievable ergodic capacity 

of a MIMO system with a MMSE detector for a small number 

of antennas. We have also shown that the difference between 

the channel capacity and achievable capacity of the MMSE 

detector converges to some constant at high SNR. 
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