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Irreducibility of Certain Quadrinomials

Seon-Hong Kim'

Abstract

We investigate irreducibility of the quadrinomial

F (z)=z""—

m

.7,’m+1 _',Emfl -1

>

where m is an even integer > 2 using only basic techniques that can be often used in many classes of polynomials.
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1. Introduction

A polynomial f(z)EZ[z] is called irreducible over
7 if f(z)#Z=+1 and whenever f(z) =g (z)h(z) with
g(z), h(z)EL[z],

glz)=+1orh(z)=%1.

In the theory of polynomials, we often encounter with
the question of deciding whether a given polynomial is
irreducible over Z or not. A simple criterion which
would give this information is desirable. However, no
such criterion that apply to all polynomials has been
found; but many irreducibility criteria have been
obtained for some particular classes of polynomials.

Kim " considered the quadrinomial

va(x) :xQIrL_xrrz+1 _xmfl _1’ m > 2.

He showed that the unique positive zero of 7, (z)

leads to analogues of 2(21?) (k even) by using hyper-

geometric functions, and their minimal polynomials are
related to Chebyshev polynomials. He also considered
the irreducibility of £, (z) and obtained the following
proposition.
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Proposition 1 Let m be an integer > 2.
(@) If m is odd, then () is irreducible over Z.
(b) If m is even, then £, (x)/(1+2?) is irreducible
over Z. More precisely,
(1) if 4 does not divide m, then

Ga) =G, (x) =F,(x)/(1+2")
:*1+$2*.Z‘4+"'+:Em74*$77772*$77771
+xm_xm+2 +_._+x2m*2

is irreducible over Z,
(ii) if 4 divides m, then
H(z) = Hm(az) = Fm(x)/(l +z2)

:_1+$2_ZE4+"'_$,”74+$T”72_l?m71
— ™ +xm+2 _.____’_xszz

is irreducible over Z.

The main idea for the proof of Proposition 1 was due
to deep theory for quadrinomial by Mills”. In Secton 2
of this paper, we prove (b) of Proposition 1 in another
way using only basic techniques that can be often used in
many classes of polynomials.

2. Proof

In this section, we only prove (i) of (b) of Proposition
1. The (ii) of (b) can be proved in the same way. Suppose
that G(z) =Q(z)¥(z), where 2(z),¥(z)EZ[z],
r=deg (2 and s = deg¥. Write
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2m—2
G’l(x) = xT.Q(l)W(x) = Z ckmk
z k=0
. . 1 1 2m —2 ) .
Gz(x) ::me*Zle(i):Is!p(i !2(1) — Z CkIZW*Z*k"
x x =0

Then

(1) Gyla) = rz(x)gp(x)(ﬁm*?n

2
= G(a:)x‘m*‘za(%)

— (_1+$2_ZE4 +"'+$7r174_$7,l72_Im71
+xm_xm+2 +"'+$2m72)
(1_.T2+$4_"'_,’EM74+.T7"72_$’”71
_$711+$7n+2 +.“_$2m*2)

= —1+2% =32 +425 — -+ (= D)2 (1/2+ 1)t
+oo—(m—=1)2*""*+ (m+1)z? 2 —(m—1)2"™
+(m_2)12m+2_.4.+2x4mfG_7,47117-1_ (1)

Comparing coefficients in (1) gives

0, l odd,
1 ! )
—|=+1], =4t
28k8277172,[+k = ( 2 (2)
k=0 1
?-i- 1, l=4t+2,

where ¢ > 0. In particular,

CoCom—o =1 3)
CoCom—3 T C1Con—9 =0 4)
and

At +tc, ,=m+1

(coefficient of z*™~2). (5)

So G (x) and G,(z) have at most m -+ 1 non-zero
terms. In fact G,(z) and G,(x) have exactly m +1
non-zero terms, since if [¢|=2 for some F,
k#0,2m—2. Then

2, 2 2 2 2 —
cgtette te ot ,=m—3.

So there are at most m — 2 non-zero terms in G, (z)
and G,(z). Then G,(z)G,(z) has at most 2m —4
non-zero terms. But G(z)z*" 2G(1/z) has 2m —1
non-zero terms by (1), which is a contradiction. Hence
G (x) and G,(z) have exactly m + 1 non-zero terms,
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and all of them are 1 or —1. First without loss of
generality we may assume that ¢y, =—1 and ¢,,,, , =1
from (3). By (4), we see that ¢, =c,,, 5. Then we have
three cases, i.e. either ¢, =c¢,,, ;=1 or ¢, =¢,,,_53=
—lorc =c¢,, 3=0.

Suppose that ¢, =c,,, 5 =1. Then, by the case | =2
in (2), either ¢, =1, ¢, _, =0 or ¢, =0, ¢y, , =—1.
Now the each case has two cases again so that we have
two possibilities: either

o=1c¢=1¢=1¢=1¢=1
Com—3 = 17 Com—4 :0’ Com—5 :07 Com—6 — 17
Com—7 =1 (6)

or

¢ =1,¢6=0¢=0¢=1c¢=1

Com—3 = 1’ Com—14 :_17 Com—5 :_17 Com—6 — 17

Com—7 = 1 (7)

The above patterns continue on. In fact, (6) is obtained
by

—2, =4t
) o, 1=at+1,
Cr— Com—2—1+k — 1, l=4t+27
1, I=4t+3,

where ¢t > 0, and (7) is similarly obtained. So this is not
the case, since there are non-zero terms more than m +1.
By the same method above, we can also show that
¢, = ¢y, 3 =1 is also not the case. Hence the only
case is

¢ = Com—3 =0.

Then, by the case [ odd in (2), we observe that ¢, =,
Com—o—1—j, Where k is odd. On the other hand, if [ is
even in (2), then we see that the ¢, (k even) and
¢,,—1 = lare exactly the same as the coefficients of
G(z) by comparing the number of non-zero terms. In
=1 or —1. Suppose that ¢ =1.

m—1 "

fact, ¢

“m—1

Obviously

Gl(x)GZ(x) = Glz)z™ 2G(1/x).



Irreducibility of Certain Quadrinomials 285

which means £2(z) is a self-reciprocal polynomial. If
¢, =1 and ¢,,, , =—1, then by the same method above,
W(z) is a self-reciprocal polynomial. Hence at least one
of 2(z) and ¥(z) is a self-reciprocal polynomial. If the
both are self-reciprocal, then so is G(z), which is a
contradiction. So only one of them is self-reciprocal.
Then G(z) has more than one non-reciprocal irreducible
factors (not necessarily distinct). Let «(z) be one of
them. Then w (z) = z%¢"4(1/z) is also non-reciprocal
irreducible factor. If w(z)|G(x), then we consider
2(z) and ¥(z) such that

Glz) =) w(z), wulz) Yw(x),
w(x) J2(x).

If o is a root of u(z ), then

2(z)=0and Q(é)# 0

so that 2(z) is a non-reciprocal polynomial. Similarly,
W(z) is non-reciprocal. Hence this is a contradiction. In
all

G(iL) =1 +£L‘2 7:24 +. ._7wmf2 7:1;777*1 +‘,L,m
_xm+2 _’_"__’_Z,Qm*Z

is irreducible over Z.
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