Output SNR Analysis of the LPP-Hough Transform

Recently, a new method called the local polynomial
periodogram-Hough transform (LHT) was proposed for linear
frequency modulated (LFM) signal detection. In this letter, a
closad-form expression of the output sgnal-to-noise ratio is
derived for the LHT, showing that the method exhibits a
threshold effect for LFM signal detection. Comparisons with
the pseudo-Wgner-Hough trandform (PWHT) show that the
threshold of the LHT islower (better) than that of the PWWHT.
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I. Introduction

In many practicd applications, such as radar, sonar, and
communications, linear frequency modulated (LFM) sgnds
are of great importance. Since an LFM signa can be described
asadraght linein thetime-frequency domain, with the hdp of
the Hough transform, the task of tracking an LFM signd can
be turned into locating the maximum pesk in the sgnd
parameter space. The Wigner-Hough tranform (WHT) was
proposed to detect an LFM sgnd [1], which is asymptoticaly
efficient and offers a dedrable suppresson of the cross terms.
Moreover, the pseudo-Wigner-Hough transform (PWHT) was
a0 proposed [2] as an edimator for the phase parameters of
monocomponent and multicomponent FM signals, with both
desirable numerica propertiesand detitica performance.

However, the Wigner-Ville digribution (WVD) suffers from
an inherent noise threshold effect problem [3], and it therefore
cannot give satisfactory representation for LFM sgndsin a
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sgnificantly noisy environment. As shown in [4], the loca
polynomid periodogram (LPP) has a much better noise
resgance capability than the WVD, and it can obtain a
desrable time-frequency representetion even in a very low
input signa-to-noise ratio (SNR) environment. Therefore, by
combining the LPP with the Hough transform, we proposed
the LPP-Hough transform (LHT) for detecting LFM sgndsin
very low SNR noise [4].

The output SNR is an important meassurement of the
method's sengtivity to noise. The closed-form expressons of
the output SNIR have been found for the WHT and PWHT [1],
[2]. It was shown that in the presence of additive white
Gaussan noise, the overdl mapping of the WHT and the
PWHT exhibits a certain threshold effect, and the threshold
helps us determine the input SNIR vaue a which the methods
canwork wel. However, the gatigtical output SNR andysisfor
the LHT has not been investigated. In this | etter, we will focus
on the output SNR andysis for the LHT, to show that the LHT
aso exhibits the threshold effect and thet the threshold of the
LHT islower (better) than that of the PWHT.

Thisletter is organized asfollows. Section 11 provides a brief
review of the LHT, the Hough trandform, and the locd
polynomid Fourier transform (LPFT) whose squareisthe LPP.
In section 111, output SNR andysis is presented for the LHT,
with comparison to that of the PWHT. Findly, the conclusion
isdrawvnin section IV.

I.LHT

The LHT is a combination of the LPP and the Hough
transform. In this section, we will briefly review the LPFT and
the Hough transform; then, we will provide the definition and
agorithm of the LHT.

The LPFT is a genadizaion of the short-time Fourier
transform [5]. The second-order LPFT isasuitable candidate to
process LFM dgnds. Consider an LFM signd expressed as
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where A is the amplitude, g, is the initid frequency, and by is
the chirp rate, which shows the indantaneous rate of frequency
variaions of the sgnd. The second-order LPFT of the signd
qt) isdefined as[9], [6]

LPFT(st.o,m) =] st+)h’ (r)e 1@ Dgr (2

where h(t) is the window function to segment the input sgnd,
and the parameter @, , which is proportiond to the chirp rate of
the dgnd, can be edimated from the location coordinates of
the maximum in the polynomia time frequency transform [7].
Details of the parameter etimation can befound in[7].

The Hough tranform is afeature extraction method to detect
lines in an image [8]. By udng the Hough transform, each
point in the time-frequency plane corresponds to a sinusoid in
thedgnd parameter plane. If N points are concentrated dong a
draight line in the time-frequency plane, they will correspond
to N snusoidd curves intersecting a the same poirnt in the
sgnd parameter plane. The integration dong the line produces
a maximum, and its coordinates in the signd parameter plane
aredirectly related to the parameters of theline. In thisway, the
Hough transform turns a difficult globa detection problem in
the time-frequency plane into a more eesily solved loca pesk
detection problem inthesigna parameter plane.

Since the LPP can provide better noise resistance capability
than the WV D, we gpplied the Hough transform to the L PP of
LFM dgnds, obtaining a new method known as the LHT for
LFM signd detection [4].

TheLHT of thedgnd gt) isdefined asamagpping of thesgna
from thetime-frequency domain into thesgnd parameter spaces

—j[(a+bt)r+%rz]

LHT,(a,b) = j"; j"; s(t+7)h (r)e dz] dt

= [" LPR(t.a+bt)d; ©

therefore, the LHT can beinterpreted asalineintegration of the
LPP

[11. Output SNR Performance of LHT

The purpose of this section is to theoreticaly derive the
output SNIR for performance evauation of the LHT.

The discrete form of (3), that is the discrete LHT of a
sequence §(n) for =0, 1,..., N1 usng the rectangular window,
isdefined as

N-M-1 M M .
LHT,(ab) = > > > sn+k)s (n+k)
n=M k=-M k=-M

s _ D22
e Il(a+bn)(k=ky)+=+(K" =k )] (4)
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where M is a parameter defining the window length expressed
as L=2M+1. Assuming L<<N, we aso define the LHT asthe
summation over the NHL—1 points in the center of the LPPR,
which leaves out the rising and faling edges of the digtribution.
It can be eadily derived that the maximum vaue of the LHT of
anLFM sgnd isequa to (N —2M )(2M +1)* A% and located
at the coordinate point (ag, by).

When the sgnd is corrupted by the noise, the corresponding
output, that is, LHT_,, (a,,1,), becomes a random variable
and its maximum is &t a coordinate point(a, + da,b, + Jb).
Following the definition in [1], the output SNR of the LHT is
defined as

2

SR . LC. Y

var{LHT,,, (a,,1,)}
where LHT,(a,b) means the LHT of the signd only and
LHT,,, (a,b) indicates the LHT of the signdl corrupted by
noise. The noise is assumed to be a Sationary complex white
Gaussian noise, with a zero mean and avariance of o2, and
independent of the dgnd. We further assume that the
paameler @, isesimated correcily, thetis, @, =h,.

Theexpectationof LHT;,, (ay,1p) is

E{LHT,., (2, b)}
=2, 2. D EIs(n+K)+n(n+K)-[S (n+k) +7 (n+k)]}
n k k

®

~[(Bo o) (k) + 2 (k)]
‘e

=(N=2M)(2M +1)° A% + (N —2M)(2M +1)5?, (6)

and its second-order moment is
E{|LHT,., (20|}
=§;;§ZZH@Hm§wD
(g+¢x%+m»EW“%m“
wheres; = s(n+k), s, =s(n+kj), s3=s(m+l), s, =s(m+1y),

m=n(n+k), mp =n(n+ky), ng=n(m+1), 7, =n(m+l;), and
p(n, K, k, m 1, 1) =(a +byn)(k-k )—(a, +h,m)(I -1,)

+%(k2—kf—lz+lf).

@

Following the smilar procedurein[1], we obtain

E{|LHT,., (.5}
= 22%222[51823384 +SSE{mn,)

+sS,E{my,} + .5, E{mm:} + 5,8, E{mm;}
+E{nm,} E{myn,} + E{nn} E{myn,}H
e Jonkkmi)
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By direct subdtitution, the terms in the multiple summetions
satisfy thefollowing properties
SlS;%*SAE_W(n'k'kl'm'l'll) — A4,
SSE(m e AT = Kots(l -1,),
SSE{m,n, e ey = A2g25(m+ ], —n—k,),
S5, E{nmi}e 0khmh = 26250+ k—m-1),
sis,E{n}e 0 = Kols(k-k),
S, Eimrye et = Ro?s(k—k,),
E{77177;} E{U;n4}eij¢(n'k’kiym’l’Il) = G:J(k_ k1)5(| - I1)’
E{mm} E{r;m}e it
=o'5(n+k-m=1)d(m+l,—n-k). (9
Therefore, the variance of the output is independent of the
sgna parameters. With the assumption N>4M+1 and inserting
the above expressonsinto (8), we obtain
2
E{[LHT.., (3. t)[ }
=(N-2M)?(2M +1)* A*
+2A%02(N - 2M)?(2M +12)°

+§A20§(2M +1)°[3N(2M +1) —2M (5+8M)]
+04(N-2M)*(2M +1)?
+%0':(2M +1)%[4N(2M +1)-2M (10M +6)].  (10)

From (6) and (10), we obtain the variance as

var{LHT,, (a,,b,)}
=§A20§(2M +1)°[BN(2M +1)— 2M (5+8M)]

+%oﬁ(2M +1)’[4N(2M +1) - 2M (10+6M)]

= % A262L°[3NL — (L —1)(4L +1)]

1

+Eof,‘L2[4NL—(L—1)(5L +1)]. (1)

Based on (5) and(N-2M)(2M +1)> A°=(N-L+1)L°A?,
which is the maximum of the LHT of the sgnd only, we
obtain the output SNR asafunction of theinput SNR:

S\x
(N - L+1)° PSNR?
g L[3NL— (L-1)(4L+D)]SNR +%[4NL— (L—1)(5L+1)]

(12)
where the input SNR is defined as A2/ o2 . It should be noted
that the above dosed-form expression is achieved by using the
software package Mahematicaand is vaid under the condition
that N>4AM+1, that is, N>2L—1.

Based on the rdationship between the input and output
SNRs given in (12), we can discuss the threshold effect
of the output SNR. When L<<N, the denominator of
(12) is approximaely egua to 2NLZSNRn+§NL. For
NR, >>1/(3L), the output SNR is gpproximated
aBS8NR, = NNR, /2. For NR, <<1/(3L), the output
SNR degrades rapidly according to SNR,, = 3NLSNR? / 2.
Therefore, the threshold on the SNR peformance of this
method is sad to occur a the interception point,
NR,, =1/(3L), of thesetwo cases considered above.

The output SNR of the PWHT was proposed in[2] as

SR — ; (N-L+1)LSNR? _
73NL—(L—1)(4L+1))SNRH 1
3 N-L+1

(13

Assuming L<<N, the PWHT has an SNR performance
threshold a 1/(2L): for SNR,, >>1/(2L), the output SNR is
approximated assSNR ,, = NSNR,, / 2; for SNR,, <<1/(2L),
the output SNR degrades repidy according to
SNR, = NL(SNR?). For better reedability, comparisons of
the output SNRs of the PWHT and LHT arelisted in Table 1.
Figure 1 showsthe output SNR of the LHT for N=512 with
different L values. We can clearly observe that as L increases,

Table 1. Comparisons of output SNR of PWHT and LHT.

Output SNR Threshold
T - (N-L+D)LS\NR] oy [SRe=NIRL 2 when SR, >>1/(2L)
NL—(L-1)(4L +1 :
(2SNE=(L=DEL+D g 11 SNR, = NLSNR?, when SNR, <<1/(2L)
3 N-L+1
| 5 (N—L+1)?L°’S\NR? e NR,, =~ NS\NR, /2,  when SNR,>>1/(3L)
1 5
SLBNL—(L-D(AL+DISNR, + [4NL— (L-D)(5L +D)] NR, ~3NLSNR?/2,  when SNR, <<1/(3L)
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Fig. 1. Output SNR of LHT vs. input SNR for N=512. Output
SNR of PWHT for L=15 is given for comparison.
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Fig. 2. Output SNR of LHT vs. input SNR for L=63, with N=128,
256, 512, and 1,024. Output SNR of PWHT for N=128 is
given for comparison.

the threshold becomes lower (better) and the performance
be ow the threshold becomes better. Figure 2 shows the output
SNR of the LHT for L=63 for different N values. It can be seen
tha as N increases, the performance of the output SNR
becomes better and the threshold becomes lower (better). The
output SNIR of the PWHT for L=15 and the output SNR of the
PWHT for N=128 are shown in Fig. 1 and Fig. 2, respectively,
for comparison. It can be seen that the output SNR
performance of the LHT above the input SNR threshold is the
same asthat of the PWHT, and the output SNIR performance of
the LHT below the threshold is better than that of the PWHT.
Moreover, the threshold of the LHT is dightly lower (better)
and is ableto achieve a better performance than the PWHT.

V. Concluson

In this |etter, the output SNIR of the LHT was derived and
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showed that the LHT exhibits the input SNR threshold effect.
Compared with the PWVHT, the LHT has alower (better) SNR
threshold. When the SNR is above the threshold, the LHT
achieves the same output SNR performance as the PWHT.
When the SNIR is lower than the threshold, the LHT achieves
better output SNR performance than the PWHT.
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