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SEDENION FUNCTIONS OF HYPERCOMPLEX VARIABLES
IN THE SENSE OF CLIFFORD ANALYSIS

Su HYuN PARK AND KwANG HO SHON*

ABSTRACT. The aim of this paper is to define hyperholomorphic functions
with sedenion variables in C® and research the properties of hyperholo-
morphic functions of sedenion variables. We generalize the properties of
hyperholomorphic functions in sedenionic analysis.

1. Introduction

Deavours [1] has developed a theory of quaternion analysis. Naser [4] and
Noéno [5] gave some properties of quaternionic hyperholomorphic functions. In
2004, Kajiwara, Li and Shon [2] obtained some results for the regeneration in
complex , quaternion and Clifford analysis, and for the inhomogeneous Cauchy-
Riemann system of quaternion and Clifford analysis in ellipsoid. Néno [6, 7]
gave some properties of characterizations of domains of holomorphy by the exis-
tence of hyper-conjugate harmonic functions and domains of hyperholomorphic
in C*. In 2013, Lim and Shon [3] obtained some properties of hyperholomorphic
functions on O and hyper-conjugate harmonic functions of octonion variables.
We investigate some properties of quaternion, octonion, sedenion functions of
complex variables in the sense of Clifford analysis.

2. Notations on Sedenion analysis

The field S = C8 of sedenions
15
z=> ez, u(l=0,1,..,15) €R (1)
1=0

is a sixteen dimensional non-commutative R-field generated by sixteen base
elements ¢;(I = 0,1, ...,15) with the following non-commutative multiplication
rules:

el = —1, e;e; = —ejeq, (eiej)er = e;(ejer) (i #j#k,i#0,7#0,k#0).
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The multiplication of these unit sedenion follows

1— To— o — €o— Vo— Go9— 99 Log— 89 69— 0Tg ITo [ €lg— 4% Glg a1y
T I— €o— Co— g9 Vo— Lgy— 99— 69 89 ITog— (0] %=} €lg (4%} Glg— | V1o 4%}
Ty — €9 I— To— 99— Lo Vo— G9— | 0Tg— 1T 89 69 Vig— GTo [q¥) €19 €T
€9 (%) To 1— Ly 99 &) Vog— | TIg— | OTg— 69— 89 Glg— | PIg— | €I9— | CIg [4%
Vo G — 99 Ly— 1— To— (4=} €9 — [q %=} €lg— 4%} Glg— 89 65— (0] %=} T 1Ty
g9 1) Ly— 99— |¥=) 1— €9— Gy — €19 (4%} GTg— | VIig— 69 89 TIg— | 0Tg 0To
99— Lo Vo Go9— Gy — €9 T— To— | Vig— GTo (45 €lg— | 0Tg— 1o 89 69 69
Lo 99 5= i) €9 () Io 1— Glg— | VIg— | €Ig— | CIg— | TIg— | OIg— 69— 89 89
89— 69— 0To 1T Clg— | €lg— Vi Glo 1— To— (4=} €9 — 1) Go— 99 Lo Lo
69 89— ITg— 0Ty €Tg Clg— | 9T9— j4%) |¥=) 1— €9 — Ty — G99 Vo Ly — 99 99
0Ty — ITg 89— 69 Tig— qlg Clg— €1y o — €9 1— To— 99— Lo i) Gy 5=
Tlg— | OIg— 69— 89— [a e 4% €lg [4 %) €9 (4= To 1— Lo— 99— Go— ) Vo
Clg— | €Ig— 4%} GTo 89— 69— 0Ty T Vo— G9— 99 Lo 1— To— (4=} €9 €9
€T Clg— | STo— 4%} 69 89— TIg— 0Ty G99 Vo— Lg— 99 To 1— €9— (4=} (45}
Vig— Glg Clg— €lg 0Tg— TTo 89— 69 99— Ly Vo— &= o — €9 I— o To
Glg Vig €lg [4% 119 0Ty 69 89 Lo 99 5= ) €9 (4 To 09 0o
7 qlg 7 [0 7 [3P) 7 [3e) 7 1o 7 019 7 69 7 85 7 B 7 95 7 a9 7 2 7 €9 7 ) 7 I 7 09 : X ;
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The element eq is the identity of S and e; identify the imaginary unit /—1 in
the C-field of complex numbers. A sedenion z given by (1) is regarded as

z = 21 + z2e2 + 23€4 + 2z4€6 + 258 + 26€10 + 27€12 + 28€14 € S,

where z1 = x9 + e121, 29 = To + €13, 23 = X4 + €1X5, 24 = Tg + €127,
z5 = g + e1xg9, 26 = T10 + €1x11, 27 = T12 + e1x13 and zg = T14 + e1x15 are
complex numbers in C. Thus, we identify S with C8.

We write the sedenion z = leio e;r; and the sedenion conjugate z* =

xo — 21121 eir;. Also, the absolute value |z| of z and an inverse 27! of z in S
are defined by

Thus, the sedenion z € S have the following forms:

15
z = E e|x]
=0

= 21+ 22e2 + z3€4 + 2466 + 25€8 + Zg€10 + 27€12 + 28€14
= Zy1+ Zaes + Zzeg + Zseqo
= P+ Pyeg € S

and

15

*

z = X9 — E e|xr;
=1

Z1 — Zg€g — Z3€4 — Z4€6 — 25€8 — Z6€10 — 27€12 — 28€14
= Z{ — Zyey — Zzeg — Zse1z
= Pl* — P268 S S,
where Zl = z1 + 2262,22 = 23 + Z4€2,Z3 = 25 + zg€2 and Z4 = 27 + zg€2

are quaternion numbers in C2, and ,P; = Z; + Zseq and Po = Z3 + Zse4 are
octonion numbers in C*.

We use the following differential operators:

0 0 0 0 0 0
07 T 0m 0w 07 0m  P0m
0 0 0 0 0

07, " 0w 0m 073 0m  om
0 0 0 0 0
02, 0m 0w 0Z; 0m 0w
o 0 o 0 0

07 " 0m 0w 077 07 Com



524 S. H. PARK AND K. H. SHON

where 0/0z;, 0/07z; (1 = 1,2,...,8) are usual differential operators used in com-
plex analysis.

And we use the following differential operators:

0 P o 0 o
87]31:28721_646722787131*:@4_6467227
o 0 o o9 d
B~ 9z, “ozy op; 0z | “ozi

Also, we use the following sedenion differential operators:

B o . 9 B}
D=5m “om P ~apr T =om

The operator

8
bD" = ; azlazl Z 8a:l

is the usual complex Laplacian A.

3. Some properties of hyperholomorphic functions on §

Let Q be an open set in C8. The function f(z) is defined on Q with values
in § as follows:

15
f(Z) = Z ueg
1=0

= f1(2) + f2(2)e2 + fs(2)es + fa(2)es
+f5(2)es + fo(2)ero + fr(2)er2 + fs(z)era.
Definition 1. Let © be an open set in C% A function f(z) is said to be
L(R)-hyperholomorphic on £, if
(a) fr(z) (k=1,2,...,8) are continuously differential functions on 2,

(b)
D*f =0 (fD* =0) on Q. (2)

The function f(z) is a L-hyperholomorphic function on  C C8, simply we
say that f(z) is a hyperholomorphic function on  C C8.
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The equation (2) operate to f(z) as follows:

0 0
D*f = (3P1* +6887P2)(f1(2)+f2(z)€2+f3(2)€4+f4(2)€6
+f5(z)es + fo(2)e1o + fr(2)eiz + fa(z)e1s)
_ Ofi 95 ofs | Ofs ofs | Ofz
= G ~opy) " GEr T ary T GEr T
Ofs | Ofs ofs | Ofr ofc  Of2
Haps Taps o (g T apy)es T gy ~ gm0
ofr  Ofs fs  Ofs
opr ~ary) 2 T Gy T oy
If the following equations
ofy _0fs 9fs _ Ofc Ofs _ O0fr 0fs _ Ofs
oP; 0Py oPr  op;’ op;  oP; Py by
ofs  Ofi Ofe 0fr Ofr Ofs 0Ofs  Ofa 3)

oP;y 0Py’ 0Py 0Py 0Py

apP;y’ oP; 0P

are satisfied, the function f(z) is a hyperholomorphic function on 2. These are
the corresponding s-Cauchy-Riemann equations on C2.

Remark 1. We redefine the equations (3) in C* as follows:

ofs _0fs 9Ofr _9fs 0f _
0Z7 ~ 9z 92, 9Zy OZ;

ofs _ 0f Ofs _ 9fr Ofa
0Z; ~ 97y 92, 07y 07
ofs _ 0fi Ofs _ 9fi 9fs
0Zy ~ 07y 0Zs  9Zs 9Z;
Ofr  0fs Ofr 9fs Ofs

aZ;

T 0ZL 0Z, 02y 0ZF 07 0Zy 0Zs

0fc 0f: __0fs

073 0Zy 07y
_ Ok of_ Ok
0Z3 0Zy  0Zy
_ 0L 0f _ R
0Z3 0Zy, 0Zy

ofi Ofs O
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Remark 2. We redefine the equations (4) in C® as follows:

Of _90fs 0fi _dfs 0fi _0fs Oh _ Ofs

921 0% Dz 0z Dz Dz Dz Dz

of __0f 0f _ Of 0f _ 0f O _ 0%

071 0% 0z 0z Oz Oz Om Oz
071 325, 0z 62’67 0z3 827’ 0z4 8287
Ofs _ _Ofs Ofs _ Ofs Ofs _ _Ofs Ofs _ _0fs
071 o 625, 029 a (r“)ZG7 073 - 627’ 0724 o (9287
Oh __0R o _ R o _ O ofy_ _O%
071 8%7 0za 826’ 0z3 8277 0z4 62’87
0fs _0fr 0fs _0fr 0fs _ 0 Ofs _0f
871_ 3757 029 - 6267 073 - (9277 024 - (9,287
Ofz _0fs Ofr _0fs Ofr 0fs Ofr 0fs

G5 0% 02 0% Oz Ox 0m Oz
Ofs _ 0l Ofs _Ofs 0fs _0fs 0fs _0h

071 855’ 029 826’ 023 827’ 024 o 82’8' (5)

We call that the equations (5) are the condition of harmonicity of the hy-
perholomorphic function f(z) on € in C8,

Lemma 3.1. Let Q be an open set in C®. If the function f(z) is a hyper-
holomorphic in Q , then the functions fi(z) (k=1,2,...,8) are of class C* in
Q.

Proof. Fix z = leio e;x; in © and let 6 be chosen such that a ball with center
z and with radius §, B(z;9) C Q. Then f; has a harmonic conjugate fry4(k =
1,2,3,4) on B(z;0). That is, f = 218:1 fi(2)ez—1y is hyperholomorphic and
hence infinitely differentiable on B(z;0). It follows that fx(k =1,2,...,8) is of
class C*°. |

Theorem 3.2. If the function f(z) satisfies the condition of harmonicity (5)
in an open set 2 in C8, then the functions fr(z)(k = 1,2,....,8) are harmonic
on €.
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Proof. From the condition of harmony (5), we have

8
DD*fl _ Z 82fl

0 8% 0 8% 0 8% 0 6%
921 975 T 9% 02 T 0%\ 0) T 57 02
LI AN ) AN ) A )

9z | Oz 079 877(_823 Dz 071

%5
= 0.
And the functions fx(2) (k = 2,3, ...,8) are proved by the similar method as in
the proof of the case of fi. O
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