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A New Variational Principle of Dynamics:
Mixed Convolved Action

.M E

ol

W& o] Z(Hamilton’s principle: 1834, 1835)2 & A 71|
So| T3 YT HEC|E O 2K, Principle of virtual
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& 513k 4] o] 2(Mixed convolved action: 2012)0]
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2. SiYLE 0o|2(Hamilton's principle)
AUE o]2L A A|AHS Lagrangiano]| that A7+ A
Hol action®Z Ao5}al, 1 actiono] T AHAAS
(stationarity) 3, &2 AlAF O] true trajectorys 2=
analytical mechanics®] 7to] &&= ¥Zo|2o|th &, w¢
o] FEWAAol Wi gAY ke, siEE o]E2
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(i) 4 A A9 true trajectoryS AA|H o7 uiatE,

(i) Ywks} 2}3F(generalized coordinates)S AME-3l| Lagrangian
= Bz ¢ dubHolH, &4

2.1, 7] ZZ(Initial conditions)
oA AFT WA FRolw Esta, Hud o] 2L o
£ Aoste] wEo|REo] HHAAHS A %] E(boundary

conditions) Atz APEE 4= Ql&ol whef &4 ALH
%7 A S (Initial conditions) AT E AFAT 4= Qe 2 oFF
o] (end-point constraints) )T}

a2 19 A m, A3 B4 FA kS Z+= Harmonic

o o
oscillator2] ojjof A UE 0|22 ZFFo| equilibrium position
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4/\/\/\_ m
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12 1 Harmonic oscillator
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oflA] AIZEol e WISR= W] u(t) 2} 4 ir) 24 Lagrangian
12 BT 2ol Bolain,

Liu,ist) =L m[u(@)] =L k[u@)] M
1ZH A4, dE 01 (o] gt action A= of
shel o] Holgl.

A ,';t=tL T)d
(u,u;1) g(uur) T (2)

oL Ou u 3)
ol otefjet Ert
5A=tf[mu5d—ku5u]dr=0
0 (©)

A @) WA FEof FHZH S (integration by parts)

©)

fuEl o|29] & kA end-point constraints= 1% 19]
Z

o] obd, w(0)9} u(t) o] AlZte] Bt AA2AE &L Aot
i He otk &, sjuE o223 A 9 wte At 7
AR A A €] variationg 3]-85HA %= The2l Ale RHFsEk,

ou(0)=0; Jou(t)=0 @)

4 (5)% obajel Zol mHH

t
SA=—[[mii+ku]Su dr=0
0 ®)
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upxeto s, A ®)9 A% Yol mrt Jolw wslels
AN AL A7 o8 7] Walaty] m2s A4a)e

Fo, He) LEWHAL 2L 3o 4

mii+ku=0 ©

2.2, @ dd o] 34 (Rayleigh's dissipation)

EUE o2 27|2UE Atz ARE o glvk= &
o] 2] of| &=, non-conservative systemof #-8-A|, Lagrangian©] 2]
9] ¥ 9] gcalar function?] Rayleigh’s dissipation function©]
(Rayleigh, 1877) H@slth= ©H3l& 7HA1L itk o] Rayleigh’s
dissipation functione 4~8+4, B8] 402 AAH %] k=g o]

£ olg}| 9] Damped oscillatorel| & E3f A E 1%} 3ot

1% 29] Damped oscillator &5 A& olgfjrlog &
el =,
mii+cu+ku=0 (10)

o AAEE UE o]Eo A Fostr] A= Y
Lagrangian(4] (1)) €]of t}2-2] Rayleigh’s dissipation(1877)
o] Ba st

oGis 1) =L c[u(n)]’ an

2, SUE 0|22 3]} functional Q1 action($F2] Harmonic
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oscillator®] 7%~ 4] (2))2 ©| Damped oscillator®] 7-9-oj
Aols 4 ¢lil, Lagrangian©] energy® T2 ¥ scalar
function® o] WFall, Rayleigh’s dissipation(4] (11))- energy-rate
&9 scalar functiono 2, A2 T2 EIFS FE=

scalar function®] 3oz SEHFHA (10)L o] Lo U7

t t Y
5= [Lauwizt)dr - 122957 sy dr =0
0 0 8u (12)

Al (12)o)| 4] R, Rayleigh’s dissipation®] first variation

(W2 BB $3p402 487 e tha 5549 84
2 Abgsta ek
A4 (2% oheat go] B,

0A= tj[mu ou—ku 5u]d1—tf[c Ll]é'udr:O
0 0 (13)

Integration by parts, end-point constraints®} 22U u”}

dojE ®gtth= S A (13)o] H-EstA =¥, Damped
oscillator?] &FHA4 (10)2 o]Eo ¥ 4= qlth

3. BEEMTE A7

SUE o]Z9 FUHA fHle S5, At =4
HolE2 a9 A E e E U Aot

O Mixed formulation: §¥} HYS B+ 1123} variational

formulation
@ Convolved action: convolution A}-&
® Fractional calculus: integer order®] wu|ZEo] ofd
fractional order®] w]ZlE A}&
3.1, E£8H 4 (Mixed formulation)
NE oo WY 7|¥9(u, u) formulationo] o}
B340 93t Mixed Lagrangian formulation Sivaselvan
and Reinhom(2006)9] |3} AISFE|sict. 1 F, oje] 177}
(Apostolakis and Dargush; 2012, 2013: Lavan et al., 2009:
Sivaselvan el al. 2009) ZsiEil Qlony, 1 7]EZ9]
framework= el o] 2o AT AOB T o w3t
O 2 7FAch

QFAl AF3E, 19 19 Harmonic oscillator 739, Mixed

Lagrangian formalism-> TF-3-9] Lagrangian®. & 33} H 5
Aol sk,

Lo I, 1
Lu,u,J;t)y=—mu " +—aJ —Ju
(it Sty =i+ @ (14)

A4l A, Jt) e e 22 227 ] F(t) 9] impulse2}
flexibility =, otef o] #AE 7Hct.

F(l‘)ZJ(t) (15)
a=1/k (16)
Z, A~z 9] §l1 = Mixed formulation® 2 T2}
o] xdHch

u-aJ=0 (17)

w2} A, Lagrangian®] A|7FA 20 2 F 3 E= actionS of
dol 43} Zov,

t .
A=[L(u,u,J;7t)dt
0

(13)
1 first variation, ¢4+ ThS3} 7 oM,
t
5A= j 5u+6—L5 +6—L5J dr=0
0 ou oJ (19)
SESTCIERSILEEY
gl . . . .
A=—[[mi Si+aJ 8J-udJ-J Suldr=0
% (20)
2] (20)0f H-5 A E, end-point constraints(®] 7] A=, su(0) =

ou(t)=0, 6.J00)=0; 6J(t)=0) X HEY sue} ssY9 o= ‘ﬂ
s We Agshe o) &5 WA 558 4

=5 Y
mii+J =0 o1
o] 9]o] constitutive relation4]

aJ-i=0 22)
4= old, 4 @D~(2D)IA o] %, mixed formulation
H

H Q& primary variablesZ 5531 ot & + %

o
=
o
t}. o= o t}E state variablesS E 5} formulationS
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fst7) o -3t 7102 Mixed Lagrangian formulation 2]

2. A A E (convolved action)

FUE o]Zo] BAAHL AR}, Gurtin(1964a,b)
convolution functionalS ©]-&3t= WHE Hx=2 AU
t}. kAL 1 e %27])2] EA|(Initial value problems)S
A7t Tzt 2Hd A (convolution) S F3f A& 553 %7
2] EA Z(boundary value problems) X|3Fa}o] A3l A ©
AFHer 2712 £AE HE & gl @Al Stk

0]%, Tonti(1973)= 13 22| Damped oscillator®] z7| %]
7 0% ke o] Ago] w,

u(0)=0; (0)=0 23)
ole} 9] functional action& A ¢ks}%ct.
A=Lm(ara) s Le(ivu)r Lk (urn)

2 2 2
4 2494 *+= time duration [0, t]o] T3t

(convolution)2 o] u] gt}
Al 249 B, 2, 64=0 offfe} Zo] R E M,

n:?i’.
oX
Yy
Shs

0A= m(u*ﬁu)+;c(u*éu)+;c(u*éu)+k(u*5u):

5A=m(i4'*5u)+c(it*5u)+k(u*5u)

+{ma(o)+§u(0)}6u(t)—{mﬂ(f)%u(f)}?u(o):o (26)

A 26)°1A w(0)7F o A= Fholehe A, 6u(0)=0)

FEAE W w7t doE Wote A& 286, Damped

oscillator®] &FHA4S FET 4= Qlon,
},

A (26)9] ZHlg ol et

. C
mu+5u (27)
& A7t thgo] Fejojop W Holth,
mu+cu (28)
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&, Tonti®] W 27|27} B& 031 759 gH = o]
282 4~ 9l A4k, Damped oscillator 2] E?ﬂ 1S A2 &
A3 4 gl w0l Aot

3.3, Fractional calculus

AutA Q] integer order®] WA X oA EAFE  fractional
order®] w|AHo| thdt HLL I’'Hoopital?} LeibnizS H|F
Sk 1747] FA el o) m| 2 Esto] AYH AF ol%
AupE| 2] ool A7) = %laL, 7HA] o F o7t ek £
kA o] 20| A =(Mixed convolved action) Riemann¥} Liouville
of 93] A== fractional calculusS 1 7|20 2 A&l

M %], Riemann-Liouville fractional integral2 A B H, L
ZEHTO, t]HANA S A 7o 3] 2] order2 ZEA|, forward

9} backward®] T WgFo & 7bz} ofef o} o] A gt}
a 1o u(s

(10+u)(r)z)g(r(§))lad§ for 7>0, a>0(29)
YRR B L1 (5

(It,u)(‘r)_r 2 rj(g—r)l —d¢é for 7<t, a>0 50

Al (29)~(3)°| A, I'= gamma functionS YERHCE.
E3E, order o9 fractional differentiationof tjdt A ol=

chet 2.

. Ld 5 u()

(DOJ,)(T)EF(I_Q)E g(T_g)a dé for 0<7<t, O<a<l 31
" B 1 dt u(é)

(Dfu)(r)=- ey dr fj(g_r)”dg for 0<7<t, 0<a<1(32)

Fractional integro-differentiation TF-2-2] semigroup property

g 2t glew,

(1 1)(0)= (15 7) )
(1e22u)(z) = (127u)(7)

(D(‘)ﬁ D(ﬁu)(r) = (Dg‘fﬂu) (7)
(D7 Dlu)(2)= (D "u)(x) (33)

iy

=i

oA <

Ehd

w3, ofdfe)

1

Jp(7) (D(‘f,l//)(‘r) dr ::{(Dj{w)(r) w(r) d‘r+(l/‘f"¢))(t) w(1)-p(0) (I (//) (34)

0

Reflection propertyS ZH=t|
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(178)(0)=(152)(r=7) 71Z270] 23k trg9)
15.8)(e)=(17g)(1-7) (3) 5u(0)=0; 67(0)=0 o

ol gsh, 412 ofge} Zo] maAE L),

54 5u*(mii+cu+J)+5J*(_aJ+u)

5u(n)[mi(0) +eu(0)+(0)]

u(0)]=0 @3)

equilibrium,

g()=gt—7E n|3tc}.
tl2o] A BofA] complementary order] integro-differ-
+3J (t)[-aJ (0)

4 (35)01 4, ¢
O 1
Zdgw 3
Al (43)0| A H = Mixed variablesZ ¥ ¢ &
constitutive relations 2 momentum balance at the initial time

entiation relation> TH} gk
= wsgl Age ARES o 2 9
ZVekst Damped oscillator2] of|of| 4] HE&, gzgz‘sjm olzo |
%= 9] Rayleigh’s dissipation©] €& 131, dlt9] 243t functional
A ojste] A A3t governing
%_% AF B of},

t
OJ(D(I)I“u)(r) (Dgiu)(t—r)dr
4, E880|2(The mixed convolved action)
3330|122 13 29 Damped oscillator] functional
actiong ofgf o] Aoz A olst=d],
A(u,ﬁ,il,J,jJt) (t*u)—fa(.].*.].)+j*ﬁ+2c(u*u) 37) ol action® @ FAHA|AEZ
equations 4 27| & A2 AAT &
- Ast AL o Ao A= d tives= A3 actione-
AL BNNA wit J= ZHzF th2-2] semi derivativeS 2j1] A | ellAlel A= semi derivatives S A-E-3H action
s} 4oJFAIRE A (36)9] WA 2 Qlsf, o]HEt complementary
T order®] formulation™= 4] (43)3} Z-& A¥E Y=rh= Holrh
12 . T _(nl2
(Dy2u)(r); T =(Dy2J)(2) 39 ——
€ oe gel wddd SUTHOIRE A §UT Fste W2l 3
g o]29 TS S5 fEE Aor A, 4 L'
A 5h=t] 9lo] AFEEL Q)+ semi-discretization scheme, <,
F7toll )8 A+ Finite Element Methods2 & &)1 A7}
o] taljA]+= Newmark’s methodsE H|ZE3t o]2] numerical
qole ool Aeit fetaadds
4 5 Qe o4

g shA et
(Space-time finite element method) Z|-&A]Z

Functional action®] %A
oA m(u*&u) a(]*é‘])+5j*u+]*5u+c(u*514) 0(39)
AL @9 A F Aolle oA Aud REALS A
83}, semi derivatives2 FHE U] A Ao 4] (33) methods2
-39 A%, o 4L 2L & 9tk ime fin
2708 AR,
84 =Sux(mii+ci+J )+ 8 *(—aj +1ii) A SUE o]Zo] of] Hofol| XojY%, o] o] w3l 11
+8u(t)[mit(0)+cu(0)+.J (0)] Aol e 30, A, Elastodynamic continuum, dynamic
+5u(0)(mi(1)) +8J (1) ~aJ (0)+u(0) ]-5 (0)(=aJ (1)) =0 (40) thermoelastic continuum, dynamic fractional viscoelastic continuum
7] o) o] BAEl] I, of ole] 2AT AFL 3t
4 @0elH 2712AL w(0), W), J0) W T0)ZA, A= D ALE A
J0)SF A0 thee] Ao zRE A
#oE
mu(0)+cu(0)+J(0) 0 aJ(O)—u(O)zO @1)
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