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Abstract

This paper presents a time-domain Gauss-Newton full-waveform inversion method for the material profile reconstruction in
heterogeneous semi-infinite solid media. To implement the inverse problem in a finite computational domain, perfectly-matched-
layers(PMLs) are introduced as wave-absorbing boundaries within which the domain's wave velocity profile is to be reconstructed.
The inverse problem is formulated in a partial-differential-equations(PDE)-constrained optimization framework, where a
least-squares misfit between measured and calculated surface responses is minimized under the constraint of PML-endowed wave
equations. A Gauss-Newton-Krylov optimization algorithm is utilized to iteratively update the unknown wave velocity profile with
the aid of a specialized regularization scheme. Through a series of one-dimensional examples, the solution of the Gauss-Newton
inversion was close enough to the target profile, and showed superior convergence behavior with reduced wall-clock time of
implementation compared to a conventional inversion using Fletcher-Reeves optimization algorithm.
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Fig. 1 (a) Horizontally layered and vertically
heterogeneous semi-infinite solid medium;
(b) One-dimensional schematic of the PML-truncated
domain
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ST YHEA]
AX=—Bu for 0<z <L, 0<t<T (36)
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“'BA 'De (41)

H 2] (42)9F 7o eIE=
T KKT AlzEl(reduced KKT

B

W.e=—yg, (42)

A& o]zt Zﬂﬂ g /‘]5}%1‘/}. welA] o] AlAE
Krylov subspace method& o]&3dle] 437 At A
EYAE Y AR L1 SHEANS Esle] A (42)2

HH TSR] JUolE & ZAMoR Akt
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TAB " So] 9th(Saad, 2000). o] A4 +E Conju-
gate GradientH< é‘iE—’i ste] 2] (42)9) thgahe APA A~
o n|Eg o] AL S AL 21 vjEY e} WEe F
< o] &3] WHEH o2 Alx~E9] & Tl A& FE
o] 2 (42)F ol2tsie FHE Jehd o3 2

W.c=—g, (44)

714, W et g= 2

I agtdEo 1, ¢ l
=2 749 wlEo ]1:} g = A (259 7t wEglsm %L*é

"o}, Table 10 431t 3 AIQE
F< Akele AAE &

Table 1 Algorithm 1 - procedure to calculate W,c

Calculate nodal values of u=—A4"'D(u)¢ by solving the

1.
incremental state problem (34)~(35).
9 Calculate nodal values of A= (4 Bu by solving the

)
incremental adjoint problem (36)~(37).
3. | Calculate nodal values of D(u)A (Eq (31)).

4. | Calculate nodal values of F(c)¢ (Eq. (32)).

Determine the vector consisting of nodal values of F(c)e¢
+D(w)i=[F+D(47) 'BA"'D|¢. This vector is W,é.

duEF 12 o]Esle 4 (44)ZHE @Az Al
OlE ¢Z A= Conjugate Cradient®< Table 29
Belstsinh. Table 29| 69ACNA ne T3t Zo] Attd
THAkcelik, 2002).

Table 2 Algorithm 2 - Conjugate Gradient method

1. | Assume the wave velocity update c.
2. | Set the residual r=—W,c—g,.
3. |e=r

4.15=0

5. (51):rTr

6. |while (it =5lgl) do

7. |d&=W,c (Use Algorithm 1)

9. | c=ctae

10. |r=r—ad

11.| ey =1"r

12. | 5= 2

13. | e=1+8;c

14. [j=5+1

15. | end while

End
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Table 3 Algorithm 3 - Gauss-Newton inversion procedure

1. |Choose a,p,u, and R,: Set a=a.

2. |Set k=0 and convergence tolerance tol.

3. |Set the initial guess of the wave velocity vector c,.

4. |J=tol+1

5. |while (J>tol) do

6 Solve the state problem (10)~(11) and obtain state
" |variables u= [v o]".

. Solve the adjoint problem (15)~(16) and obtain

adjoint variables A= [A,A,]".

8. |Compute the discrete form of the reduced gradient (g,),.

9. |Compute vector ¢, using Algorithm 2

10. |while (et ag)> Jic)+ nalg), - o) do

11. [a<pa
12. |end while
13. |cpe1= ot ac;,
14. [k=k+1
15. |end while

|| (gc)k—(gc)kﬂ _(Wc)k—lzk—1 H
I (o)1 |l

¢ =¢,+ac, (46)
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Fig. 2 (a) Horizontally layered semi-infinite elastic
media: (b) One-dimensional schematic of the
PML-truncated domain(PML location: 100<z <110)
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Fig. 3 Target elastic wave velocity profiles(CP, LP3, LP5b)
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Fig. 6 Curved profiles(CP) inverted by Gauss-Newton
(GN) and Fletcher Reeves(FR) optimization
methods(GN: 35 iterations: FR: 1290 iterations)
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Fig. 7 Misfit variations in the inversion process for
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Fig. 8 Inverted 3-layer profiles obtained by
Gauss-Newton(GN) and Fletcher Reeves(FR)
optimization methods
(GN: 175 iterations: FR: 1943 iterations)
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Fig. 9 Misfit variations in the inversion process for
reconstructing the 3-layer profile
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Fig. 10 Inverted 5-layer profiles obtained by
Gauss-Newton(GN) and Fletcher Reeves(FR)
optimization methods
(GN: 74 iterations; FR: 1950 iterations)
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Fig. 11 Misfit variations in the inversion process for
reconstructing the 5-layer profile
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Table 4 Objective functional and computational cost in
the GN inversion

Initial Final | Reduction Total Computing
Profiles | value of | value of | rate of J | iteration time
J J (%) numbers (sec)
CP 0.0384 | 7.75e-6 | 0.0201 35 83
LP3 0.2519 | 2.81e-6 | 0.0011 175 311
CP5 0.2504 | 3.77e-6 | 0.0015 74 175

Table 5 Objective functional and computational cost in
the FR inversion

Initial Final |Reduction| Total Computing

Profiles | value of | value of | rate of J | iteration time

J J (%) numbers (sec)

CcP 0.1292 | 2.83e-5 | 0.0219 1290 984

LP3 0.2537 | 6.33e-5 | 0.0249 1943 1829

CP5 0.3006 | 7.70e-5 | 0.0256 1950 1624
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