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Abstract

Bandler and Kohout investigated the solvability of fuzzy relation equations with inf-implication
compositions in complete lattices. Perfilieva and Noskova investigated the solvability of
fuzzy relation equations with inf-implication compositions in BL-algebras. In this paper, we
investigate various solutions of fuzzy relation equations with inf-implication compositions in

pseudo BL-algebras.
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1. Introduction

Sanchez [1] introduced the theory of fuzzy relation equations with various types of com-
positions: max-min, min-max, and min-«. Fuzzy relation equations with new types of
compositions (continuous t-norm and residuated lattice) have been developed [2-5]. In par-
ticular, Bandler and Kohout [6] investigated the solvability of fuzzy relation equations with
inf-implication compositions in complete lattices. Perfilieva and Noskova investigated the
solvability of fuzzy relation equations with inf-implication compositions in BL-algebras. In
contrast, noncommutative structures play an important role in metric spaces and algebraic struc-
tures (groups, rings, quantales, and pseudo BL-algebras) [7-15]. Georgescu and Iorgulescu
[12] introduced pseudo MV-algebras as the generalization of MV-algebras. Georgescu and
Leustean [11] introduced generalized residuated lattice as a noncommutative structure.

In this paper, we investigate various solutions of fuzzy relation equations with inf-implication
compositions A; = R = B; and A; — R = B; in pseudo BL-algebras.

2. Preliminaries

Definition 2.1. [11] A structure (L, V, A, ®,—, =, T, 1) is called apseudo BL-algebra if it
satisfies the following conditions:

(A1) (L,V,A, T, 1) is bounded where T is the universal upper bound and L denotes the
universal lower bound;

(A2) (L,®, T) is a monoid;

(A3) it satisfies a residuation, i.e.,

a®b<ciffa<b—ciffb<a=c.

A anb=(a—=bGa=a0 (a=D).
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(AS)(a—=b)V(b—a)=Tand (a=b)V
We denotea® =a — L anda* =a = L.

(b=a)=T.

A pseudo BL-chain is a linear pseudo BL-algebra, i.e., a
pseudo BL-algebra such that its lattice order is total.

In this paper, we assume that (L, A,V,®,—,=, 1, T)isa
pseudo BL-algebra.

Lemma 2.2. [11] For each z,y, 2, x;,y; € L, we have the
following properties:

MHIfy <z, (z0y) <(z®2),r =y <x— 2z and
z = x <y—xfor—e {—= =}

QzoyLzrny<xVy.

B)(zoy) vz=2x—>(y—2)and (zOy) = 2

Dr— y=2z)=y=@@—=2)andz = (y— 2) =
y— (z=2).

BOzo(z=y)<yand(z—y) oz <y.

©)z0yVe)=(0yV(rozad@@Vy Oz =
(z®2)V(y©2).

Nz —y=Tiffe <yiffr =>y=T.

3. Fuzzy Relation Equations in Pseudo BL-
Algebras

an) € L™ and b € L.
We define two equations with respect to an unknown x =

Theorem 3.1. Let a = (aq,ao, ...,

(1, .0y ) € L™ as
Afas = ;) = )
/\(aj = l‘j) =0, (II)

Then, (1) (I) is solvable iff it has the least solution y =
(Y1,.-sYn) € L™ suchthaty; =b®a;,j=1,...,n

(2) () is solvable iff it has the least solution x = (1, ..
L" suchthatz; =a; ©b,j =1,.

(3) If (I) is solvable, then b > /\J 1 j

(4) If (II) is solvable, then b > /\] 1@

W@p) €

Proof. (1) (=) Letx = (x4, ...,
b= /\J 1(a;j = ;) <a; = zj,b®a; < x;. Moreover,
b< Nj_i(a; = boa;) <Aj_,
Nj=i(a; = b®aj) =b. Thus,y =
least solution.

2, ) be a solution of (I). Since

a; — x;) = b. Therefore,
J J
(bo®ay,...,b®ay) is the

(<) It is trivial.
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(3) Let x = (1, ..., &, ) denote a solution of (I). Then, b =
(2) and (4) are similarly proved as (1) and (3), respectively.

Theorem 3.2. Let L denote a pseudo BL-chain in equations (I)
and (II) of Theorem 3.1.

(DIfb < Tandb = Aj_,a; with B = {a;, | 1 <k <
Ik
/k\
m,b = (aj,)*}, then X = {x;, = (T,..., L ,...,T)|1<

k < m} is a maximal solution of (I[). Moreover, if X is a
solution of (IT), there exists k € {ji | 1 < k < m} such that

zj, =0,7 =k, .TjZGj@b,j;’ék

where there exists x;, € X such that x < x;, .
Q) Ifb< Tandb = /\?zlagwithB ={a;, |1 <k<
Jre
m,b = (a;,)°}, then X = {x;, = (T,...,T7...,T) 1<
k < m} is a maximal solution of (I). Moreover, if x is a solution
of (I), there exists k € {ji | 1 < k < m} such that

(Ejk:O,j:k‘, .’Eij@(lj,j?ék

where there exists x;, € X such that x < x;, .

Ik
Proof. (1) (=) x5, = (T, L .y

because

T) is a solution of (II)

/\(a]‘ :>517j) = Qj, :>J_:a;k =b.
j=1
Jk
Let x > x;, be a solution of (I). Then, x = (T, ..., "zj, ..., T)

with z;, > a;, © band
n
/\ a; = z;) = a;, = x; =b.

Since b < 1, a;, £ x;,. Since L is linear, a;, > x;,. Since

b=a,;, = x; =a} , wehave

Ik’

= aj, Nxj, = aj, O (aj, = x5,)
= Qjy, ©b= Qjy, © (ajk = J*) = 1.

L

Jk
=
Thus, x = x;,. x5, = (T,..., L ...,

tion of (II).

T) is a maximal solu-
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Let x = (21, ..., p,) be a solution of (II). Since /\;‘zl(aj =
xj) = b, by the linearity of L, there exists a family K = {jj, |

aj, € B,aj, = L =0,1<k < m} such that
n m
/\(aj:>;vj /\ajk:>acjk =0
j=1 k=1

, because by linearity of L, aj, ¢ B, (a;)* > b implies that
) ) > )
/\aijB(a’J = x;) = /\aijB(aJ = 1) >0
Fork € K,sincear = | =ap = xp =b# T and L is
linear, ap, > zx and ap, © b = a, © (ax = xx) = a; © (ar =

k
PN
1)=1 =ag ANz = x. Then, x = (z1,..., L ,...,zp) <
k
~~
(T, LT

(<) It is trivial.

(2) It is similarly proved as (1).

Example 3.3. Let K = {(z,y) € R? | z > 0} denote a set,
and we define an operation ® : K x K — K as follows:

(1,y1) ® (22, y2) = (122, T1Y2 + Y1)

Then, (K, ®) is a group with e = (1,0), (z,y) ' = (2, -1).

We have a positive cone P = {(a,b) € R?> | a = 1,b >
0 ,or a > 1} because PN P! = {(1,0)}, PO P C
P, (a,b)™* ® P ® (a,b) = P,and PU P~! = K. For
(x1,91), (T2, y2) € K, we define

& (z1,91) 7" O (22,92) € P,
(xZayQ) © (xlvyl)il € P
& xp < Ty OF Ty = T, Y1 < UYo.

(r1,91) < (22,92)

Then, (K, < ®) is a lattice-group with totally order <. (ref.
(1D

The structure (L, ®, =, —, (%, 1),(1,0)) is a Pseudo BL-

chain where L = (3,1) is the least element and T = (1,0) is
the greatest element from the following statements:
(z1,51) © (T2,92) = (x1,51) @ (T2, 52) V (3,1)
= (v172, 71y2 + Y1) V (%;1)7
(1, 91) = (22,92) = ((@1,51) 7" @ (22,92)) A (1,0)
— (T2 Y2=Y
— (22, 22) A (1,0),
(z1,91) = (22,82) = ((= 2,y2) ® (z1,91)71) A (1,0)
= (%, %ﬁ“ +y2) A (1,0).

www.ijfis.org

Furthermore, we have (z,y) = from:

(z,9)* = (z,y)>"

1 11—y
= (=,1)=(=—
(50 = (5 —2),

(:C’y)* = (l‘,y)

1 1—y 1

) —

2t (5’

(z,9)*° = (= 1) = (x,y).

(1) An equation is defined as

((3,2) = (z1,51)) A (3. 5) = (22,12))
(

M3 3) = (23,33) = (5,3)

Since (3,2)°A(2,2)0 = (3,-1) > (2,
it is not solvable.

3) by Theorem 3.1(3),

(2) An equation is defined as

((3,2) = (21,91) A (3, 3) = (22,52))
N(3,3) = (23,98)) = (3,

~—

_1
1

X ={x=((z1,y1), (z2,92), 1)
orx = ((z1,11), L, (z3,¥3))
| (z1,91), (z2,¥2), (x3,y3) > L}

is a solution set of (I).

M= {(T,T,L),(T,L,T)}is a maximal solution family
of (I).

(3) An equation is defined as

((3:2) = (21, 9) A (5, 5) = (22,2))
M3, 3) = (23,93) = (3, -1).
Since (3,2)* A (3,3)* A (3,5) = (3,-1) > (£,-1) by

Theorem 3.1(3), it is not solvable.

(4) An equation is defined as

((3:2) = (@1,51)) A (3, 3) = (22,32))
(

A(3,8) = (z3,y3)) = (3,-1).
Since (5,2)* A (2,3)* A (3,2)" = (3,-1), X = {x =
)

((‘rhyl)a (an y2)7 ‘ (xhyl)a (vayQ) Z J-} is a solution
family of (ID). (T, T, L) is a maximal solution of (II).

Definition 3.4. Let L denote a pseudo BL-chain. L satisfies

the right conditional cancellation law if

T<a©rLadOy=x<y.
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L satisfies the left conditional cancellation law if
T<rxoaly©a=z<y.

Theorem 3.5. Let L denote a pseudo BL-chain in two equa-
tions (I) and (II) of Theorem 3.1.

Then, (1) If L satisfies the right conditional cancellation
lawb < Tand b > A a; with B = {a;, | 1 < k <

Jk

m,b > (a;,)*}, then X = {x5, = (T,...,aj, ©b,...,; T) |
1 < k < m} is a maximal solution family of (IT). Moreover, if
X is a solution of (II), there exists a family K = {ji | a;, €
B,a;j, = z;, =b,1 <k <m} such that

rp=arObkeK, z;>a;0b j¢€K

where there exists x;, € X such that x < x;, .

(2) If L satisfies the left conditional cancellation law b < T

and b > A yad with B = {aj, [ 1 <k <m,b=(a;,)°},
J
/—Jk\ﬂ
then X = {x;, = (T,...,00aj,,...,T) |1 <k <m}isa

maximal solution of (I). Moreover, if x is a solution of (I), there
exists k € {ji | 1 <k < m} such that

T =bOak,j=k x; 2b0a;, jFk
where there exists x;, € X such that x < x;, .

Jk
Proof. () =) x5, =(T,...,a5, @b, ..., T

because

) is a solution of (II)

Ni=i(aj = a;) = aj, = a;, ©b
=V{ylaj, 0y <a; ©by=\V{y|y<b}=0b.
Jk

~ =

Letx > x;, denote a solution of (I). Then, x = (T, ..., x;, , ...

with z;, > a;, © band

~.

(a; = 7;) = a;, = x5, =b.
1

J

Since b < 1, a;, £ ;. Since L is linear, aj, > x;,. Thus,

T, = aj, Nrj = aj, O (aj, = v5,) = aj, Ob.

J
/—/L
Aj O] b, ceey T

Therefore, x = x;3,. x5, = (T, ..., ) is a maximal

solution of (II).
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7T)

Let x = (x1, ..., ¢, ) denote a solution of (II). Since

n
/\ (a; = z;)

by the linearity of L, there exists a family K = {ji | a i €
B,a;, = xj, =b,1 <k < m} such that

n m
/\(aj:>xj /\ajk:>m]k =b
j=1 k=1

because a;, & B, (a;)° > bimplies that Na,, gpla; = ;) =
N, gpla; = 1) > b.

For k € K, since a, = xr = b # T and L is linear,
ar >z and ap, © b = ay © (ap = k) = ax Az = xp. For

j & K,since a; = z; > b, x; > a; © b. Hence,
=0, Obk €K, .CEjZ(Ij@b,ng

(<) It is trivial.
(2) It is similarly proved as (1).

Example 3.6. The structure (L, ®, =, —, (3, 1), (1,0)) is de-
fined as that in Example 3.3. Then, L satisfies the right condi-

tional cancellation law because

,0) © (w1,91) < (a,b) © (22, y2)

(a,b) ®
<)L < (axi,ay; +b) <

() < (awz, ayz +b)
(=)ax1 = azq,ay1 + b < ayy + b, or axy < azs
(=)x1 =x2,y1 <Y1, or Ty < T2

(=)(@1,91) < (72,92).

Similarly, L satisfies the left conditional cancellation law.

(1) An equation is defined as

((3:2) = (z1,91)) A (3,
N(3,3) = (23,33)) = (

Since (3,2)* A (3,3)" A (3,
{(%7%) | (%Jg)* < ( 7_%

= {x = ((z1,91), (z2,92),
is a solution set of (II).

(2) An equation is defined as

= 3327212))

((3:2) = (@1, 3:) A (3 5)
&1

/\((%, 2) = (z3,93)) = i

—
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Since (41,2)° A (3,5 A (3. = (1.-2) < (3, -1,
2 2 2 1
B={G.0.G. D162 <G
and . 113
= (TG o) T)
and |3
X2 = (T’T’(i’i))

— ((@1,p), (w2 2)s (5, 2)),

272
1 13
7o) (. 40)

2 J—v (532792) 2

X:{Xl

x2 = ((z1,21), (5,
> (%%)}

[ (@19) (3 ) (s,10)

is a solution set of (II).
(3) An equation is defined as

((3:2) = (z1,91)) A (3, 3) = (22,42))
(

M(3,3) = (23,93)) = (3, —7)-

~—

X ={x=((z1,11), (x2,92), 1)
orx = ((z1,91), L, (x3,y3))
| (z1,91), (22,92), (73,93) > L}

is a solution set of (I).

Theorem 3.7. Let a; = (a1, aso, ...,
We define two equations with respect to an unknown x =

(x1,...,xpn) € L™ as
/\ aij — xj) = bi,i € {1,...,m} (I11)
N\ (ai; = ;) =b;, i € {1,...,m} (IV).

Il
—

J
Then, (1) (IIT) is solvable iff it has the least solution x =
(#1,...,xn) € L™ such thatz; = \/[", (b ® a;j),j =1,...,n
(2) (IV) is solvable iff it has the least solution x = (z1, ...,
L™ such that z; = \/" | (a;; ©®b;),j =1,.
(3) If (IIT) is solvable, then b; > /\J 1 U.
(4) If V) is solvable, then b; > /\] 1 @75

www.ijfis.org

am) € L™ and b; € L.

) € Hence, \_,

(5) If (I1D) (resp. (IV)) is solvable and x4, ...,
of each ith equation, i = 1,2,...,

X,,, 18 a solution
m, thenx = A", x;is a
solution of (IIT) (resp. (IV)). Moreover, if each solution x; of
the ith equation is maximal, any maximal solution x of (III)
(resp. (IV))is x = A% ;.

Proof. (1) (=) Lety = (y1, ...
Since b; = /\;L:l(aij — yj) < Qij — Yj, b; ® Qij < Yj. Then,

Viei(bi © aiz) < y;.
Moreover,

,Yn) denote a solution of (III).

&
I
==

(aij = b; © azj)

<.
Il
—

IN

> H >:

a” — \/ @a”

< Nl(aij = y;) =b;.

Il
—

J

Then, /\J 1(ai]- — VIZl(bl @aij)) =b;, 1 € {1,...,m}.
Substitute z; = \//~ (b; ® a;;). Thus, (@1, ..., ) is the least

solution.
(<) It is trivial.
3) )
bl = /\(aij — ij)
j=1
> /\ (aij — J_)

<.
I
—

I
=

(aij)OJ S {1, 7m}

<.
I
—

(2) and (4) are similarly proved as (1) and (3), respectively.

(5) Letx; = (,Til, ey
tion in (II) and x =
AL, z;j. Then,

Zin ) denote a solution of the ith equa-

/\211 X; = (1‘1, ceey

z,) with z; =

n n
/\ (ai; = x;) /\ aij — i) = b;.
i=1 i=1

Moreover,

3

<.
1>

CL” *)l‘j /\ ;5 %bZQLLZJ) :bl
=1

(aij — ;) = b;. Therefore, x = A" x; is a
solution of (III).

Moreover, if x; is a maximal solution of the ith equation
in (II), then x = A!’, x; is a solution of (II). Let y =

Fuzzy relation equations in pseudo BL-algebras | 212
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(Y1, ---, Yn) denote a solution of (II[). Then, y < x; for each
i=1,..m. Then,y < x = A", x;. Hence, x is a maximal
solution of (III).

Example 3.8. The structure (L, ®, =, —, (%, 1),(1,0)) is de-
fined as that in Example 3.3.
(1) An equation is defined as

((3:2) = (@1.9) A (5, 3) = (22,12))
= (

((% %) = (23,¥3)) % 1).

={((3, %), (w2,92), (x3,93)), (z1,91), (3, — 13>
($2,y2)) ((z1,91), (22, 92), (2, 1) | (21,91) > (3,3),
(z2,92) > (2, —3). (x3,93) > (2 )}lsasolutlonset M,; =
T),

{((3,8), T, T),(T,(2,-3), T),(T, T,(2,1))} is amaximal
solution set.

(2) An equation is defined as

((2,2) = (z1,11)) A (3,
) = (23,93)) = (

Xy = {((%v %)v (I25y2)7 (I37ys))
((331,241) (332,ZU2) (% —%))

[nan) > (0, 0), (e2,0) > L (w5,5) > (35,-2))

is a solution set.
M. = {((3,
solution set.
X ={((38): (3 —13) (w3,
(55— | (x1,m) = (5, 9),
solution set of (1) and (2).

DT, T) or (T,T,(%,—3))} is a maximal
y3))7(($17y1)7(§ 1
(z3,93) > ({5 —%))

is a maximal solution set of (1) and (2).
(3) An equation is defined as

((3:2) = (z1,91) A (5 3) = (22,52))
(

N(3.3) = (23,93)) = (3, —1)-

X3 = {((87%) (x27y2) (x37y3)) (( ) ( ,_%),
($2,y2))7(( L1, ) (x%y?) (g %)) | (xlayl) (37%)7
(z2,12) > (2, — —g) (z3,y3) > (2, %)} is a solution set.

M3 = {((9?3) T T) (T (% %)7T) (T T, (97T8))} is

a maximal solution set.
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(4) An equation is defined as

((3:2) = (z1,31) A (3
A(§.0) = (23,93)) = (

X4= {((%7 %)7 (x%y?)) (1‘3, y3)),
((21,91), (T2, y2), (Tgaa -1))

| (‘rhyl) > (gv %)7 ($27y2) > 1, (xévyd) > (1%37_1)}
is a solution set.

M, = {((87 2) T T) (TﬂT7(1973’
lution set.

_{((872) (57_%;) (I37y3))a((x17y1)7(5’ %g)
(35, =) | (z1,1) > (3, 5) (23,3) > 1))} is a solu-
tion set of (3) and (4).
= {2, G -1 D or (T,(3. -1, ({%

a maximal solution set of (3) and (4).

—1))} is a maximal so-

(1;96’7

1))} is

4. Conclusion

Bandler and Kohout [6] investigated the solvability of fuzzy re-
lation equations with inf-implication compositions in complete
lattices. Perfilieva and Noskova investigated the solvability of
fuzzy relation equations with inf-implication compositions in
BL-algebras. In this paper, we investigated various solutions of
fuzzy relation equations with inf-implication compositions in
pseudo BL-algebras.

In the future, we will investigate various solutions of fuzzy re-
lation equations with sup-compositions in pseudo BL-algebras
and other algebraic structures.
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