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NOTES ON THE SPACE OF DIRICHLET TYPE AND
WEIGHTED BESOV SPACE

K1 SEoNncg CHOT*

ABSTRACT. For 0 < p < oo, @ > —1 and 0 < r < 1, we show that

if f is in the space of Dirichlet type ©7 ,, then fol ME(r, (1 —

)P lrdr < oo and fol M((22++§))5(T7 (A =7)EreIrterdr < o0 where
My(r, f) = [% 02W\f(re“)|pdtr/p. For 1 < p < ¢ < oo and
a+ 1 < p, we show that if there exists some positive constant ¢
such that || f [|La@y< c |l f llor for all f € DF, then || f ||La(aun<
c |l f lls,g) where By(g) is the weighted Besov space. We also
find the condition of measure p such that sup,cp [, (ka(2)(1 —

jaf*) =) Pdp(z) < co.

1. Introduction

Let C be the complex plane and D = {z € C': |z| < 1} be the open
unit disk in C. Let dA(z) be the area measure on D normalized so that
the area of D is 1. In rectangular and polar coordinates,

1 1
dA(z) = —dxdy = —rdrdf.
T ™

Let H(D) be the space of analytic functions in D. For 1 < p < 400, the
Bergman space LL(D,dA) consists of those functions f € H(D) such
that

15 lan=| [ Ipaace)] e

For any a > —1, let dA, be the measure on D defined by
dAy(2) = (a+ 1)(1 — |2]*)*dA(2).
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Then dA,(z) is a probability measure on D. For any 1 < p < +o0,
the weighted Bergman space Lh  is the set of all f € H(D) for which
I |f(2)PdAG(2) < oo (See [13]).

If 0 < p and a > —1, the space of Dirichlet type D%, consists of those
functions f € H(D) such that

I/ g = (|f<o>rp [ !f’(z)!pdAa(Z))l/p < oo.

See [9, 12] as general references for the space of Dirichlet type D5.
For0 <p<ooand 0 <7 <1, we set

1 /2 ., 1/p
M) = |5 [ lseepal
As usual, Mo (r, f) = sup{|f(rt)| : t € OD}.

The classical result of Hardy and Littlewood is that M, (f,r) = O((1—
r)~®) if and only if M,(f',r) = O((1—r)~(@+1). In [10], the important
various properties of M,y (r, f) were investigated.

In section 2, we will show that if f € @gfl, then

1
1
/0 Mg(r, A —=r)P~lrdr < 0o
and )
/0 Mgiz))ﬁ(r, - r)(2+a)p+ard7“ < 00

where a > —1.
Riesz representation theorem implies that there exists a unique func-
tion K, in L2(D,dA) such that

f(2) = /D F(w) K (w)dA(w)

for all f in L2(D,dA). Let K(z,w) be the function on D x D defined
by K(z,w) = K,(w). K(z,w) is called the Bergman kernel of D.

For 1 < p < 400, the Besov space B, of D is defined to be the space
of f € H(D) such that

/ (1~ [P f(2)PdA(z) < +o0
D

where d\(z) = K(z,2)dA(z) = % is the Mobius invariant measure

on D. Note that B is the classical Dirichlet space.
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If g is a positive Borel measurable function in D, the weighted Besov
space B,(g) is defined to be the space of f € H(D) such that

11 )= 11OP + [ (1= RV P a(:)aAE) < oc.

In section 3, we will show that if —1 < o < p — 1, then D% = B,(g).

For a large class of spaces X of analytic functions in D, a characteri-
zation of those positive Borel measures p in D such that X C LP(du) is
known and such a characterization is useful to study the boundedness
of operators acting on X.

In section 3, we will show that if there exists some positive constant
¢ such that || £ l|po@n< ¢ | J log for all £ € DB, then | f |l aqan< c |
F Iy (q) -

In this paper, ¢ will stand for positive constants whose value may
change from line to line but not depend on the functions.

For any a € D and z € D, let

K(z,a 1—lal?
RS I T
K(a,a) (1-—za)
Then k,(2) are unit vectors in L2(D,dA). Let 0 < p,q < co and —1 <
a < p. Let p be a positive Borel measure on D. In section 3, we

will also show that if there exists some positive constant ¢ such that
I f e =< c |l f o for all f € H(D), then

sup /D (ka(2)(1 — af2) P~ D)2 () < 0.

2. Properties of M,(r, f)

LEmMA 2.1. If 1 <p < a+ 1, then
felh, < felf, .,
Proof. By Theorem 6 in [8],
P = [F

a7a7p

if 1 <p < a+ 1. By the definition of D% and L} ,, f € D if and only
if f' € LL . This implies that

felia(=1q

hatp_p) = [eDh

a+p

/ p
— f ELa,a+p'
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THEOREM 2.2. If 1 < p < a+ 1 and fol ME(r, f)dr < oo, then
felLk

a,a—p *

Proof. We have

/D F(2)P(1— |2])*dA(z)
1 ! 2 / it\|p —r aT r
=5 [ ] wreepa = ara
2

_ /0 1 [;ﬁ /O | f’(re“)|pdt] (1 r)*rdr

1
< /0 ME(r, f')dr
< 0

This implies that f’ € L} ,. By Lemma 2.1, f € L? O

a,a—p*

LemMA 2.3. If f € ©) |, then

/1 Mg’(r, - r)pflrdr < 0.
0

Proof. We have

/1 Mé’(r, Ha - r)p_lrdr
0
1

= S 7 |f'(reit)|pdt (1- r)p_lrdr
o L27 Jo

= % /01 /O27r \f’(reit)|p(1 — ’I“)p_lT‘dtd’l“

= [ irera-lraac

<c /D () PdA, 1 (2)

< 0.

O

LEMMA 2.4. For 0 < s < t < 00, there exists a positive constant
¢st depending only on s and t such that, for each f € H(D) and each
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r € (0,1), then

My(r, f) < eaiMy (1;7" f) (1= p)l/ess,

Proof. See Lemma 3.4 in [10].

TuEOREM 2.5. If f € D) | and a > —1, then

1
2 e «@
/0 M((Qj:z));(r, M- 7“)(2+ P dr < 0.
Proof. Since

147
2

1

,f’> (1—r)CFem s

M(2+a)p(ra f/) < CMP <

by Lemma 2.4,

1
24« a «
[ e e

1
<c [ mfErer (1 = f’) (1= r)ErP-Tygy
0

1

<c | METP(s, ) (2(1 - ) FTP(2s — 1)2ds
1/2

1
< c2(2+a)p+1 ” M}SQJra)p(sa f’)(l N 8)(2+a)p718d8

1
< 2(2Feptl / Mé2+a)p(r, (A =) EFer—legy,
0

By Lemma 2.3,

1
[ ona-np
0

dr

1

/ MD(r, f1)(1 - )P~ Lrdr
0

00

<

397
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This implies that My (r, f')(1 —r) — 0 as r — 17. By Lemma 2.3,
[ MG 0 - e
< C2(2+0f)p+1/ Mé”a)p(r, (1 =) @EFer=lygy
< 2t p+1/ Mp - T)qunga)p(r’ a— T)(1+a)prdr

<c/ ME(r, f1)(1 — )P~ Yrdr

3. Space of Dirichlet type and weighted Besov space
Here and throughout the paper

1 1

1 1
St =S4
p D q ¢
where p,q > 1 and g(z) = (1 — |2]|)*P*2 where —1 < a < p — 1.
THEOREM 3.1. If -1 < a < p—1, then
Df = Bp(9).

Proof. If f € D%, then [, (1 — |z]*)?|f'(2)[PdA(z) < .
/ (1 [22Pg()| ' ()IPdA ()
D

= [ lPra - e pae)
D

= /D<1 DL+ )P f (=) PAA(2)
p—2 "()P(1 — |2])* z

<2 /le()! (1 - |2)*dA(2)

< oQ.

This implies that D% C B,(g).
If p—2 >0, then
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/D (1~ 2% f(2)IPdA(z)
< [ @D+ )
D

If -1 <p—2<0, then

/D (1= |21 (=) PdA(2)

_ 92—pop—2 p z

P /D< )21 f (2)[PdA(2)

< 22p/ (1= [+ |2))P72|f (2)[PdA(z).
D

If f € By(g) for p > 1, then

/D (1 - 2% f(2)IPdA(z)
c /D (1= [22)°(1L + [2)P2[f (=) PdA(2)
o /D (L~ [2PPIF ()P~ =)™ 72N ()

< Q.

This implies that B,(g) C D%. O

THEOREM 3.2. Suppose that 1 < p < q<ooand a+1 < p. Let
be a positive Borel measure in D. If there exists some positive constant
¢ such that || f || o< c || fllop for all f € D, then || f ||La(g< c ||

f ”Bp(g) .

Proof. If f € D¢, then f € By(g) by Theorem 3.1. Since || f || zo(au) <
C || f H@ﬁ ;
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/ F(2)]9dp(z)

<c(iror+ [ rf’<z>rpdAa<z>)Q/p

dA(z) a/p
7)

—c(17@P + @+ 1) [ @=BPPa- PP

a/p
p — 2)Pg(2)|f (2)|PdX (= .
SC(\f(O)\ +/D(1 1217)Pg(2) [ (2)[PdA( ))

This implies that H f HLq(du)S & H f HBp(g) .
LEMMA 3.3. Suppose that z € D and c is real, t > —1, and

[ = JwP) .
Iea(z) = /D Wdfl(w),
then we have
(1) if ¢ < 0, then I.4(z) is bounded in z;
(2) If ¢ > 0, then I.4(z) ~ W (Jz| — 17Y);
(3) If ¢ = 0, then I.4(z) ~ log ﬁ (Jz| — 171)

Proof. See Lemma 4.2.2 in [13]. O

THEOREM 3.4. Let 0 < p,q < oo and —1 < a < p. Let u be a
positive Borel measure in D. If there exists some positive constant c
such that

I lza@m<cll fllo
for all f € H(D), then

sup / (ka(2)(1 — [a2) P2 D)2/Pdp(z) < oo.
aeD JD
Proof. We have

[ R o) D)
D

()

= (- loPyoy | (M)/ du(2).
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Since || £ l|pau< c Il £ llop for £(2) = (1—az2)7>/7,

[ R a0 )
D

ety (e () [ =)

al? a/p
< (1= o)) (1 + (1_'|'|))

< e((1 —[al?y=* + |al?)¥?

< 00

where the second inequality follows from Lemma 3.3. O
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