Industrial Engineering

& Management Systems

Vol 12, No 3, September 2013, pp.207-223
ISSN 1598-7248 | EISSN 2234-6473 |

http://dx.doi.org/10.7232/iems.2013.12.3.207
© 2013 KIIE

Mathematical Model for Revenue Management
with Overbooking and Costly Price Adjustment

for Hotel Industries

Nur Aini Masruroh*, Yun Prihantina Mulyani
Department of Mechanical and Industrial Engineering, Faculty of Engineering, Gadjah Mada University, Indonesia

(Received: January 31,2013 / Revised: July 10, 2013 / Accepted: September 10, 2013)

ABSTRACT

Revenue management (RM) has been widely used to model products characterized as perishable. Classical RM
model assumed that price is the sole factor in the model. Thus price adjustment becomes a crucial and costly factor
in business. In this paper, an optimal pricing model is developed based on minimization of soft customer cost, one
kind of price adjustment cost and is solved by Lagrange multiplier method. It is formed by expected discounted
revenue/bid price integrating quantity-based RM and pricing-based RM. Quantity-based RM consists of two capac-
ity models, namely, booking limit and overbooking. Booking limit, built by assuming uncertain customer arrival,
decides the optimal capacity allocation for two market segments. Overbooking determines the level of accepted
order exceeding capacity to anticipate probability of cancellation. Furthermore, pricing-based RM models occupan-
cy/demand rate influenced by internal and competitor price changes. In this paper, a mathematical model based on
game theoretic approach is developed for two conditions of deterministic and stochastic demand. Based on the
equilibrium point, the best strategy for both hotels can be determined.

Keywords: Revenue Management, Costly Price Adjustment, Overbooking, Game Theory, Cancellation, Capacity
Allocation
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1. INTRODUCTION (Chen et al., 2010). To avoid such losses, it needs proper

management of capacity allocation and pricing. One of

Hotel has products characterized as perishable and
categorized as fixed inventory. Consequently, there are
many uncertainties in the hotel industries. Firstly, there is
possibility of cancellation and no shows when customers
order by call and then disappear in the D-day or cancel
the order near D-day. Secondly, because of its fixed
capacity, the hotel should optimize the rooms’ utilities
towards the uncertainty of the number of customers.
Thirdly, assuming that price is the sole factor considered
by customers, pricing decision affects the expected
revenue so price adjustment becomes a costly decision

the methods that can be used is revenue management
(RM) (Bitran and Gilbert, 1996; Netessine et al., 2002).
This method allows companies to sell the same product
with multilevel price (Bertsimas and De Boer, 2005) and
provides a method to allocate the fixed capacity for all
price levels to optimize both the resources’ utility and
revenue. Talurri and Van Ryzin (2004) describe the
definition of RM as stated below:

“RM is concerned with such demand-management
decisions referred to as either sales decisions (we
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are making decisions on where and when to sell
and to whom and at what price) and the methodology
and systems required to make them.”

The first RM research had been conducted by Lit-
tlewood in 1972 as the development of overbooking. RM
for the case of the hotel industry has been carried out
(Britan and Gilbert, 1996; Netessine and Shumsky, 2004).

Basically, RM is a method to anticipate the behavior
of consumers and competitors to maximize revenue (Dol-
gui and Porth, 2010). There are several strategies to in-
crease revenue (Dolgui and Porth, 2010): lowering pro-
duction costs, increasing market share, and setting price.
Of the three strategies, setting price is the fastest and ea-
siest way to optimize revenue. Therefore, in this case,

price becomes the sole factor considered in the RM model.

Because of the existing competition in the hospitality
business, the game theory approach is also used to dem-
onstrate the price competition among the players. Netes-
sine and Shumsky (2004) conducted a study which intro-
duces a method of capturing duopoly competition. The
assumption used in that study is that the price offered to
consumers consists of only 2 types: full price and dis-
count price. This study complements the weakness of
Bitran and Gilbert (1996) which assumes there is no
competition.

Furthermore, Dai et al. (2004) continued the study
for oligopoly competition, but it takes a different assump-
tion that the competition of few firms (oligopoly) is par-
tially developed by doing duopoly competition repetitive-
ly. To describe that condition, Dai et al. (2004) apply the
game theory. It describes a mathematical model to ana-
lyze the system when firms face stochastic and determi-
nistic demand. The purpose of this study is to develop a
pricing strategy in the context of RM and also to deter-
mine the Nash equilibrium.

The previous studies use the assumption that no
costs incurred due to wrong pricing decisions. Chen et al.
(2010) improve the situation by adding price adjustment
cost in the model of price adjustment cost, especially for
managerial and physical cost.

This paper proposes a model based on the model
which has been developed by Dai et al. (2004). However,
some improvements are proposed. In this paper, duopoly
game is considered and the models are developed under
either the stochastic or deterministic demand condition.
This paper considers not only pricing strategy but also
capacity-allocation strategy including overbooking and
booking limit. Moreover, pricing strategy, in this study,
includes price adjustment cost, particularly soft customer
cost. It is different from other forms of price adjustment
cost.

Wolman (2000) classified three types of price ad-
justment cost which are managerial cost, physical cost,
and customer cost. Managerial cost is all costs related to

the process of price decision while physical cost is all
costs to inform the price changes, such as printing price
label. Both managerial and physical costs are successfully
developed by Chen et al. (2010). There are two types of
customer cost: hard and soft customer cost. Hard custom-
er cost is similar to managerial cost but it is particularly to
communicate directly with customer about the price
changes. Nonetheless, soft customer cost contains intang-
ible cost representing business risk when the company
changes the price dynamically. Small changes of price
may affect the customers’ decision in which the business
competition exists. This theory is clearly published by
Sweezy, Hall, and Hitch in 1990s called “kinked demand
curve” theory of oligopoly. When the company lowers the
price, it is not guaranteed that company will gain more
customers because competitors may follow its strategy.
Thus, optimal pricing model with soft customer cost can
evaluate the price changes that still maintain the custom-
ers while optimizing the revenue under competition.

The price term used in this study refers to Donalghy
(as cited in Gothesson and Riman, 2004) in which the
price is divided into two categories namely business and
leisure travelers. Leisure travelers are consumers who can
afford to pay the discount price, while business travelers
are the customers who order directly (walk-ins) with full
price. Meanwhile, because of the model simplification
and demand aggregation, demand changes for each class
(more than two classes) cannot be performed. This condi-
tion becomes the model limitation in this study.

2. DEVELOPMENT OF QUANTITY-BASED
RM MODEL

Quantity-based RM model, also called capacity model,
can be seen as monopoly decision because it is influenced
by customer arrival instead of the competitors. The
purpose of this model is to allocate the capacity and to
optimize the revenue. Thus, the model is applied for any
demand uncertainty and any conditions, both stochastic
and deterministic. In the case of no fixed capacity
management, the model includes capacity and backlog.
However, for the hotel industry with a fixed capacity, it
only considers the proportion of capacity allocation and
cancellation called by booking limit and overbooking
models.

2.1 Booking Limit Model

The purpose of the model is to allocate capacity for
leisure travelers and business travelers. The assumption
that leisure travelers come first followed by the business
traveller is used. The number of rooms which is allocated
for leisure travellers is called booking limit (5). When the
limit is reached, then the remaining rooms (protection
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level) will be offered to the next customer called business
travelers who have willing to pay full price. If the hotel
sets more booking limit, then the revenue could not reach
optimal point because there is possibility that the number
of business travelers is more than the prediction. In con-
trast, if booking limit is too low, there is possibility of
unsold room that may reduce capacity utility. Therefore, it
is necessary to develop booking limit and protection level
model. Booking limit and protection level are influenced
by the ratio of discount ( pp, ) and full fare ( ps ) namely
price ratio (r).

Assumed the arrival of demand follows Poisson dis-
tribution. Thus, cumulative distribution function (CDF) of
Poisson distribution as formulated in Eq. (1) can be used
to determine the optimal booking limits and protection
levels. Based on Little wood’s rule (Talluri and Van Ryzin,
2004), the optimal protection level (") is obtained for
each discount ratio by Eq. (2) and the booking limit is
obtained by Eq. (3). Then, the results generate capacity
models using regression analysis as shown in Eq. (4). It
shows that booking limit relates positively with price ratio.
When price ratio becomes lower, hotel should protect
more rooms and vice versa.

-1k
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Where
F : cumulative exponential distribution
function with A as parameter
C : capacity
m;,n;  intercept for the regression model of

booking limit of hotel i

2.2 Overbooking Model

Unlike the booking limit that is developed to
optimize the room utilization by allocating the capacity,
overbooking (O) is a concept to anticipate cancellation
and no shows by receiving orders over the capacity. In
this paper, overbooking is modeled as deterministic or
non-dynamic model, so the cancellation and no show are
same.

There are three concepts for modeling overbooking:
probability, economics, and quality levels. Because the
determination of cost and quality levels needs further
research, probability approach is used. The calculation of

the optimal overbooking shown in Eq. (5), where ¢ is the
mean of customer show rate according to the probability
distribution and C is the hotel capacity.

0(q) =

< 5)
q

3. DEVELOPMENT OF PRICING-BASED
RM MODEL

Pricing-based RM model is the basic demand model
which models demand as a function of price (Talluri and
Van Ryzin, 2004) as clearly explained that price is the
sole factor considered in the RM model. According to
Talluri and Van Ryzin (2004), base model for pricing-
based RM depicted in Eq. (6). Assumed that there are two
firms called firm 1 and firm 2 which sell identical product,
offer price at p and p,. It is also assumed that all
customers buy only from the firms offering the lowest
price. It means that perfect competition is suggested in
this model.

d(p) if p<p,
d .

d(p p)=19PV it = p, ©)
0 if p,>p,

Meanwhile, in this paper, perfect competition is not
suggested as the form of competition but two-person
constant-sum games is preferred. This form explains that
the interests of the players are not diametrically opposed.
Such games show how the player can win or lose more
than other player. The more one player wins, the less the
other can win or the more he must lose (Rapoport, 1971).

Furthermore, due to capacity differences of the two
players/hotels, comparison of the demand room becomes
irrelevant. Therefore, the occupancy rate is used as parameter
of demand model (D). Total demand is obtained from
multiplying the occupancy rate model (d) and its capacity
(C) as shown in Eq. (7).

D(PDn PDj) = Cid(pDi’ ij) (7

In this section, mathematical model based on game
theoretic approach is developed for two conditions,
duopoly deterministic and duopoly stochastic.

3.1 Duopoly Deterministic Occupancy Rate Model

Based on theory of duopoly competition and the
assumption that customer behaves myopically, hotel occupancy
rates are influenced by competitor and discount price itself.
Talluri and Van Ryzin (2004) stated the assumption used
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for static Bertrand model of price competition used as in
the perfect competition, consumer only buy product from
the company offering the lowest price. Based on that
statement, we may conclude that in the pricing model,
there is a rule that the higher the discount hotel rates A,
the lower the demand of hotel B and vice versa. In conclusion,
the demand of hotel A correlates with discount price of

hotel A negatively and discount price of hotel B positively.

This relationship is mathematically explained by Eq. (8).
d(PDi» PD,'):“I' = B:ppi +7;Pp; ®)

For the data which has seasonality factor, it has to
add binary factor (x,) representing peak season or
nonpeak season as shown in Eq. (9). It is valued by 1 if
peak season occurs and 0 if peak season does not occur.

d(PDis PD/) =a; = Bppi +7;Pp; +0x, )
While

d : occupancy rate (ratio of demand and
capacity)

@, By, : intercept/coefficient of occupancy rate
model of hotel i towards hotel
competitor (hotel ;)

0 . coefficient of peak season factor

If the hotels have peak season which can be detected
by plotting graphic or using statistical tool, such as
autocorrelation, then Eq. (9) is applied to develop occupancy
rate model. In contrast, if the hotels do not have peak season
pattern, Eq. (8) is then applied.

3.2 Duopoly Stochastic Occupancy Rate Model

Since the condition that price affects demand,
stochastic demand model becomes a function of price.
Nevertheless, stochastic model is different from deterministic
model because of its random property. Thus, cumulative

Occupancy Rate Model of Hotel B
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density function of price (CDF) is used to model
occupancy rate or demand. Talluri and Van Ryzin (2004)
developed demand model as function of price stated in Eq.
(10).

di,STO:N(l_F(pDi)) (10)

Where N is market size and F(pp,;) is CDF of discount
price.

However, the model (Eq. (10)) can be applied only
for monopoly condition. Based on the same principle as
Talluri and Van Ryzin (2004), in this study, duopoly
stochastic model is developed as a function of CDF of
discount price from both competitor and hotel itself.

All residual demand of hotel A goes to hotel B and
vice versa (Talluri and Van Ryzin, 2004). Also, it is
assumed that there is no customer out of the system. Thus,
a constant-sum game assumption is applied. The demand
function has described as the inverse of CDF of price
depicted in Eq. (11).

N[I_F+(pDi)+F(ij)]
2

iPpi < Ppy

(1D

d;,sro =

ifpp; 2 Ppj

N[I_F(pDi)+F+(ij)]
2

Based on Figure 1, for example, if hotel B decides
Rp125,000 as its discount fare, the customers who have
the purchasing power over Rp125,000 interpreted as
1-F(pps) become the expected demand of hotel B.
Assumed that the duopoly competition follows the
principle of constant-sum games in which customer are
not allowed to leave the system, then F(pp,) is
considered as potential market for hotel A. This situation
is described by Eq. (12). F*(p,;) is CDF of price of
hotel i if p,, <p, and F~(pp) is CDF of price of
hotel 7 if pj, > p,; , We set N as the sum of occupancy
rate for both hotels.

Occupancy Rate Model of Hotel A
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Figure 1. The concepts of duopoly stochastic model. CDF: cumulative distribution function.
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4. EXPECTED DISCOUNTED REVENUE
MODEL

The expected discounted revenue model becomes
the basis for optimum pricing model and other analysis. It
is developed based on quantity-based RM and pricing-
based RM model. Eq. (12) shows the general model
based on three conditions. If overbooking is applied and
D; > C; occurs, the excessive demand should be
distributed to another hotel with cost notated as cost;.

Poiby+ pri (0 - bi) —costy (0,=C) Ppiby
+pF,.(O,.—b,)—cost[j(0,—C,) if D;>2C,
Ppibi + Pri (Di - bi)pDibi + Dri (Di - bi) if D;<C,
PpiD:ppiDifD; 2 b;

maxn(pD):

subject to D>0 (12)

By substituting Eq. (12) with booking limit model (4)
and occupancy rate model for deterministic (8) or (9) and
stochastic (11), the problem can be stated as follows.

Ppi(m;+n5)+ pr(O; —m; —n;r;)
—cost; (0, - C;) if D;2C;
max 7(pp) =4 ppi(m; +nr;) + pp(Cid; —my — ;)
if D<C,
PpiCid; if D;<b,

subject to D;>0 (13)

Furthermore, there are two steps of validation. Firstly,
validation for pricing-based RM model to check whether
it has no significant gap with actual demand. Secondly,
validation for quantity-based RM model uses revenue
parameter to check if that model represents actual
quantity-system. If both demand and revenue prediction
has no significant differences from the actual one, it may
be concluded that quantity-based RM can illustrate how
hotel allocates its capacity in the actual system. Ultimately,
revenue model can be used for further analysis.

5. OPTIMAL PRICING MODEL

Three models have been developed:quantity-based
RM model, pricing-based RM model, and revenue model.
Once validated, further analysis including optimal pricing
and Nash equilibrium can be explored. Case study can be
used to validate the proposed models. If there is significant
difference between model and actual, the model should be
revised accordingly.

Optimal pricing model considers price adjustment

cost, particularly soft customer cost. It indicates the cost
of losing customer that can reduce demand rate because
of price fluctuation. Based on the theory of kinked demand
curve, the lower price does not always gain more customers.
On the other hand, raising prices always causes loss of
customers. Therefore, the analysis is necessary to determine
the optimal price while maintaining the consumer. Eq. (14)
is the minimization function of soft customer cost for
deterministic condition.

Py (P - P+
Min fy :ﬂi(Pit)z_ AR = P!
O,(x —x/"") (14)

subject to & — BB +y,7P] +0x; <1

For the stochastic models the minimization model
can be seen in Eq. (15).

Min ]2‘[0 = Jpsto = —
2 |48 P - P)

subject to:
1- ai,sm + /;i,smpit + a/‘.vto + ﬁj‘stont <1 (15)

By using Lagrange multiplier, the best response function
can be obtained as shown in Eq. (16) for deterministic
model and Eq. (17) for stochastic model.

7=t I(am-p e (2
a;—1 16)
28

Proof. The proof can be seen in Appendix 1.

. =1 - —Q g+
o = 1), + ﬂ/,sta (ZP;: _ });71 ) + i,sto J.sto (17)
2 zﬂi‘.vto zﬂi,xm

Proof. The proof can be found in Appendix 2.

6. NASH EQUILIBRIUM

In finite games, there are some equilibrium points
(Turocy and Von Stengel, 2011). Those points are the best
solution for both players related with competitors’ response.
Thus, equilibrium price occurs when both hotels do their
best responses. So, equilibrium price can be determined
when we set P =P =P’ . We analyze Nash equilibrium
for deterministic and stochastic models. Eq. (18) explains
deterministic equilibrium point and Eq. (19) explains
stochastic equilibrium point.

. Bt*l
E,det = 2

7,'(0(] *1)+ﬂj(ai 71) + (}/19/ +/B/91)(2xzt _xzf?l) (18)
z(ﬂﬁ/_}’i}’j) z(ﬂ,ﬂj_%'?/,‘)




Masruroh and Mulyani: Industrial Engineering & Management Systems

Vol 12, No 3, September 2013, pp.207-223, © 2013 KIIE

212

Proof. The proof can be found in Appendix 3.

-1
* ZE ﬂj,sto Pt—] + _ai,sm + aj,sm

P, ="+ / 19
3ﬁi,sto ! 3ﬂi,sto ( )

i,sto
3

Proof. The proof can be found in Appendix 4.

7. CASE STUDY

The proposed models are applied in the case of
competition between two hotels located in the same
region. Both hotels have similar customers segmentation.
Actually, hotel A has two pricing classes but hotel B has
more than two classes so the price of hotel B used in this
analysis use average price of hotel B. That condition
influences how to decide optimal booking limit so it
needs to be justified as shown in Table 5 in Section 7.5.

7.1 Booking Limit

Booking limit model provides how to allocate
capacity for two types of customers based on customer
arrival rate indicated by the demand in 2011. Also, in this
case, optimal booking limit should be generated into
linier regression because the model will be combined with
other models to describe revenue model which consists of
pricing and quantity-based RM models including overbooking
and booking limit.

There are several steps to develop this model. Firstly,
using assumption that customer arrival follows Poisson
distribution, where A as parameter of Poisson distribution
is calculated and then F-value stated in Eq. (1), optimal
protection level () stated in Eq. (2), and optimal booking
limit (b) stated in Eq. (3) are determined for each price
ratio. The ratio used is based in the data that lies in the
range of 45%-99% for hotel A and 65%—99% for hotel B.
Secondly, regression method is applied to determine the
intercept and coefficient which are shown in Eq. (4). Price
ratio and optimal booking limit (b) which has been
calculated are used as input for regression analysis. Egs.
(20) and (21) shows booking limit model for both hotels.

b(Ppy, Pry)=33.416+ 16.948@, R* =0.946 (20)
FA

b(Ppg, PFB)=11.290+11.972%, R*=0.939 1)

FB

Nevertheless, in the real system, there are some
hotels which have more than two classes. This condition
does not fit with the assumption used in this model in
which the model is used only for two classes. For the case
of more than two classes, adjustment for optimal booking
limit is a need.

7.2 Overbooking

The demand cancellation is used to calculate the
acceptable order to anticipate cancellation or no-show
customers. Based on Eq. (5), ¢ is a mean of the fitted
distribution. Tables 1 and 2 show the result of Stat::Fit
software with Anderson Darling and Kolmogorov Smirnov
as parameters. The fitted distribution are normal for hotel
A and triangular for hotel B. Based on Eq. (5), the optimal
overbooking hotel A is 83 and is 35 for the hotel B. It may
be concluded that hotel A is permitted to accept customers
up to 83 to anticipate probability of cancellation or no
shows.

7.3 Duopoly Deterministic Occupancy Rate Model

Pricing-based RM model is developed using some
data which are occupancy rate, peak season factor, and
discount price. The occupancy rate can be obtained by
dividing demand with hotel’s capacity while peak season
can be determined by plotting monthly demand as shown
in Figures 2 and 3.

Based on Figures 2 and 3, both hotels have peak
season. Hotel A has peak seasons in January, May, June,
and December. Hotel B has peak seasons in January, June,
September, and December. Hence, Eq. (8) is used to develop
occupancy rate models for both hotels.

Occupancy rate models for hotel A and B are
developed using regression method with price and peak
season factor as independent variables and occupancy
rate as dependent variable. Eqs. (22) and (23) below are
the results.

d,=1.618-1.472x107 p,, +5.580x107" p,, +0.124x, (22)
dy=1.921-7.576x10" p, —5.585x10° p,, +0.126x, (23)

Table 1. Theoretical distribution fitting for customer show

of hotel A
Distribution Rank
Lognormal (-468; 6.15; 3.27E-004) 100
Normal (0.805; 0.153) 76.9
Triangular (0.331; 1.04; 0.93) 40.8
Uniform (0.4; 1) 0.529

Table 2. Theoretical distribution fitting for customer show

of hotel B
Distribution Rank
Triangular (0.571; 1; 1) 95
Lognormal (-291; 5.68; 3.6E-004) 82.5
Normal (0.865; 0.106) 75.3
Uniform (0.63; 1) 6.57
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Figure 2. Occupancy rate of hotel A in 2009 to 2011.
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Figure 3. Occupancy rate of hotel B in 2010 and 2011.

7.4 Duopoly Stochastic Occupancy Rate Model

The condition, p,,>p,; , had never occurred
during 2011. So, the first condition of duopoly stochastic
occupancy rate model (Eq. (11)) is not considered
because the case used in this research has lack of data.
Nonetheless, if other cases have the second condition
depicted in Eq. (11), modeling process should follow the
same steps as the first condition.

There is no fitted theoretical distribution for price of
hotel A. Hence, for simplification purposes, we use em-
pirical distribution for both prices with price as indepen-
dent variable and cumulative percentage of frequency as
dependent variable. Eqgs. (24) and (25) are cumulative
density function for hotel A and B.

F,=-3.688+4.629x10°P,, R*=0.857 (24)

F,=-1.806+1.762x107P,, R* =0.970 (25)

7.5 Model Evaluation

It is acknowledged that there are differences between
the proposed model and the existing system for both
quantity-based RM and pricing-based RM model. However,
in order to apply the proposed model, how significant the
differences between the existing system and the proposed
model should be analyzed. If there are significant
differences, then the proposed model is not feasible to be
applied to the system.

Because the data is not normally distributed, Mann-
Whitney test is used. Using a = 0.95, Table 3 shows that
there is no significant difference between model and the
real system for stochastic occupancy rate model of hotel
A and hotel B. However, based on Table 3, the duopoly
deterministic of occupancy rate model and the real data
are statistically different.

Although demand (occupancy rate) models have
been validated, in order to validate the quantity-based RM,
statistical study on revenue model is performed. The reason
why it should be done is stated on Section 4. Based on the
case study, it can be concluded that all revenue models
except deterministic demand for hotel B are not significantly
different from the existing system as shown in Table 4.
The result of the Mann-Whitney test also suggests that
stochastic models result more accurate models.

Particularly for hotel B, booking limit should be
adjusted because hotel B has multilevel prices. Thus the
applied booking limit should be suggested using
following scenarios depicted in Table 5. From Table 5, it
can be seen that 60% is chosen as its p-value is
approximately same as p-value of occupancy rate model.
It means hotel B uses 60% of optimal booking limit as
actual booking limit. However, there is no suggestion for
hotel A because it has two classes in which this condition
confirms with the assumption in the model.

Table 3. Result of Mann-Whitney test for occupancy rate

model
Vl\\//[h?nmrzy Wilcoxon Z Sig. Decision

Hotel A

Deterministic 5.939E3 1.272E4 -1.545 0.122 Do not reject
Stochastic ~ 6.541E3 1.333E4 -0.366 0.714 Do not reject
Hotel B

Deterministic 5.040E3 1.183E4 -3.303 0.001 Reject
Stochastic ~ 6.692E3 1.348E4 -0.071 0.943 Do not reject

Table 4. Result of Mann-Whitney test for expected dis-
counted revenue model

Mann-

: Decision
Whitney

Wilcoxon Z Sig.

Hotel A
Deterministic 5.900E3 1.269E4
6.658E3 1.544E4

-1.622 0.105
-0.358 0.720

Do not reject
Stochastic Do not reject
Hotel B

Deterministic 4.938E3 1.1725E4 -3.501 0.000

6.802E3 1.382E4 -0.082 0.935

Reject

Stochastic Do not reject
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Figure 5. Actual and optimal prices for hotel B.

Table 5. Adjustment of booking limit for hotel B

No. Optimal booking limit (%) p-value
1 0.1 0.272
2 0.2 0.424
3 0.3 0.626
4 04 0.779
5 0.5 0.751
6 0.6 0.935
7 0.7 0.842
8 0.8 0.740
9 0.9 0.651
10 1.0 0.580

7.6 Performance of Optimal Pricing Model

Models have represented actual system which is
evaluated using statistical tool so further analysis can be
conducted. Using Eqgs. (16) and (17), optimal prices in
deterministic and stochastic condition can be determined
for both hotels depicted in Table 6.

Table 6. Optimal prices for both hotels

P;STO 2B ikr g,*sm <P ikr RTSTU
Hotel A
Deterministic 0 period 71 periods Decline
Stochastic 43 periods 28 periods Increase
Hotel B
Deterministic 0 period 71 periods Decline
Stochastic 43 periods 28 periods Decline

Cumulative Expected Discounted Revenue of Hotel A
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Figure 6. Cumulative revenue of hotel A.
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Figure 7. Cumulative revenue of hotel B.

Figures 4 and 5 and Table 6 show that deterministic
models suggest both hotels to lower their actual prices.
On the other hand, the result shows that the deterministic
optimal pricing model will push the prices to reach 100%
occupancy. However, there are 23 points that are impossible
because the expected demand exceeds market sizes. If the
hotel lowers the prices according to deterministic optimal
prices, the hotel will not increase the expected discounted
revenue because the occupancy rate will not reach the
deterministic model predictions and are always worth less
than their market sizes. Based on this result, we use
stochastic process for further analysis.

The purpose of optimal pricing modeling is to
examine how price changes can increase the expected
discounted revenue but still enable to keep the market
share. Losing customers is indicated by market share
changes. Based on Table 4, actual price of hotel A is not
significantly different from its optimal in the stochastic
condition. It can be concluded that hotel A has reach its
optimal condition. Hotel B should be lower its prices
because its actual prices have not been optimal prices
condition. By price changes, hotel B can keep its
customers. This conclusion is based on paired t-test of
actual and optimal market share shown in Table 7.

In addition, we also have to consider the expected
discounted revenue as primary goal of business, whether
the optimal pricing model can increase revenue. Figure 6
shows expected discounted revenue for hotel A. Because
hotel A has been in the optimal condition, there is no
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significant difference of actual and optimal discounted
revenue. On the other hand, if hotel B reduces its price to
reach the optimal point, hotel B can raise its revenue as
can be seen in Figure 7.

7.7 Nash Equilibrium

We consider that the two models apply optimal
pricing model. Equilibrium price occurs when both hotels
do their best responses. So, equilibrium price can be
determined when P’ =p =p" is set. The explanation of
Nash equilibrium has been explained in the Section 5. In
this case, Eqs. (18) and (19) are used to calculate the
equilibrium point for both hotels.

Table 7. The differences of actual and optimal condition

Zort Sig. Decision

Hotel A

Price -1.173 0.241 Do not reject Hy

Market share -0.424 0.673 Do not reject Hy
Hotel B

Price 2.776 0.007  RejectHy

Market share 0.244 0.808 Do not reject Hy
Hy is null hypothesis.

Table 8. Deterministic equilibrium point

Non-peak
Peak season on-pe
season
Hotel A
¢—1 ¢—1
Peak season 4125 669.3 4 116,861.34
Pt—l /1
Non-peak season AT +30,073.28 f; +21,265.32
Hotel B
t—1 Pf*l
Peak season ‘; +9,476.95 377 661.15
t—1 szl
Non-peak season f; +14,546 32 +4,407.90

Table 9. The application of deterministic equilibrium point

Peak season Non-peak
season
Hotel A
Peak season 75,669.30 66,861.34
Non-peak season 80,073.28 71,265.32
Hotel B
Peak season 88,217.95 78,088.85
Non-peak season 93,296.00 83,157.90

Table 10. The application of stochastic equilibrium point

Stochastic equilibrium point

Hotel A
Hotel B

100,202.71
156,967.46

Firstly, regarding to Eq. (18), equilibrium point
depends on peak season and the price of both hotels in the
previous time (t — 1). Accordingly, assumed that hotel A
and B are in the same peak season, Table 8 shows the
deterministic equilibrium point for both hotels. If in the
end of this period (t — 1), price of hotel A is 100,000 and
price of hotel B is 157,500, then Tables 9 and 10 shows
the equilibrium point for both hotels for deterministic and
stochastic condition.

8. CONCLUSION

In this article we developed the mathematical models
for hotel revenue management under competition. The
models consider not only pricing strategy but also capacity
allocation strategy including overbooking and booking
limit. Furthermore, the pricing strategy includes soft cus-
tomer cost, i.e. cost incurred due to customer unsatis-
faction. The concepts of revenue management and game
theory are applied. It is assumed that the competition is
under duopoly environment. Demand models are developed
as function of price and considered both deterministic and
stochastic conditions. The case studies show that applying
the optimal price enables to increase the expected re-
venueas well as to maintain the market share due to the
price changes. Additionally, in general stochastic demand
model outperforms the deterministic demand model.
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Appendix 1. Proof of Eq. (16)

Suo =| B (P =B ) (P =P )0, (57 =t ) |
Soa = B (B <[ B e (BP0 (5 -

mint = 5 (B) ~(BE 7, (P - B )46 (xf - xf)) B 4 (0= BB+ i Bl 6 1)

e =apr (R (PP (=)= =0

a* ()
dL, =B +7,A=0

dP/’ 2)
L =gp +64=0

i 3)
d—L=a_ﬂiPit +7iP} +6x, —=1=0
From Egs. (2) and (3), we obtain Eq. (5):

B =2 (5)

By replacing Egs. (4) and (5), we obtain Eq. (6)
! t
1o ai+7in +6,x; -1
B;
By replacing Egs. (6) and (1), we obtain equation below:

a +yv.P +0x -1
2@13’—(/ﬁef“+7i(P}—P}“)+6e(xf—xf‘l))—ﬂ,»[’ T J=o

2ﬂiPt —ﬂ,'EH —%Pf +7iP;_1 +‘9ix; _‘gix;_l —Q; _7/1‘P} _aix; +1=0

2P - BR T =2y, Pl +y, P =20 +0x] —a; +1=0

1

2B,F = ﬁiEH +7; (2P; _P;_I)"“gi (2)‘; _x;_l)+ai -1

t—1

*

= Lo(ort - pf o o)
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Appendix 2. Proof of Eq. (17)
fSto = Adi,sto (Et)
fSto - (dlt stlo dzt sto)( l[)
f _ NC|:(1_ai,sta +ﬂi,S101)l +O.’/ vm J» vtoPt 1) (1 al sto +ﬂi,st01)t 1 sto ﬂj sto™ j ):| (Pt)
Sto — 2 i
fSto |:ﬂzsto lsto_ﬁlst()Et 1+ jélO(P _PZ):|(P)
. NC 2
mlnfSto :Tx[ﬂi,sta (Plt) _ﬁi,stuplt +ﬂj sto( _Pt) il:l+l|:_ai,sto+ﬂi,stopl +aj 5[0+ﬂ_] sto j:|
dL _ _
F = 2ﬁi,stoPit _ﬂi,stof;t ! + Jsto (P/t : _Pjt)_;tﬂi,sto =0 (1)
dL
=Ll + B 500 = )
¢ J.stoti ,sto
ap;
dL . ;
E =-q; + IHi,stoI:; + aj,sto + ﬁj,stopj =0 (3)
By replacing Egs. (2) and (3), we get A", and P° can be formulated as follows:
Pi*sm _ Pit_l + ﬂj,sta (2Pt _P{_l) i sto + 0!/ sto
| 2 2lHi,sto ’ ’ 2ﬁi,sto
Appendix 3. Proof of Eq. (18)
Optimal pricing model for hotel i:
. Py ) -1
Py = +L(2P?—P?‘1)+i(2x;—x;‘1)+“’ )
' 2 20 25 25
Optimal pricing model for hotel j:
. p! 6, a; -1
Pl = (213;-P"1)+—(2x —x 1)+ J @)
I 2 Zﬂ 2p; g 2P,

Equilibrium point will occur when we substitute Eqs. (1) and (2) so both hotels get their equilibrium point

simultaneously.

* Pt_l . P?_l : g. o.—1 H 1
Pl =+ 12 ]_+7/—](2EI—PI-’_1)+—J(2x‘,—xj’1)+f— P+ (2x - )+al_
’ 2 2p 225 28, - : 2B, : 25 20
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., p! . p! ‘ 0, a1 0. 1
Pl =—— 4 tifo L +—}/] (2Pi’ —F;H)+—J (2xti —xj-_l)-i- ; —P;_l +—’(2xf —xf_l)+—a’
’ 2 25 2 Zﬂj 2,3_/- ’ : 2,3_/- : 25

[l—ﬂJp:det 21[1 17 ]Pi” + i (Zx{ —x’fl)+i(2x? —x?’1)+ 10 _1)+ % 1

BB, 2 BB BN T g T 288, 25

o B nle ) pya D 70,26 -+ 50, (26 )
P = + +
2 288, -r;) 288, -r7;)

Appendix 4. Proof of Eq. (19)

Optimal pricing model for hotel i:

35 Pl‘—l i sio —Ol”,,+aAm
Pl =~ By (27— i) e Tt (1)
2 2lﬁi,sto 2ﬁi,sto
Optimal pricing model for hotel J:
-1
;,sto :i-i'&(ZBt -13’-1)+M o
2 2Biw 28,

Do the same step as before, assumed that competitor’s price is fixed, we can obtain equilibrium point below:

1 -1 _ -
P* _ B " ﬁj,sm Pj ﬂi,sto t a_j,sto + ai,sm 4 ai,sm + aj,sto
i,sto — i
2 Zﬁi,sm 2 2ﬁj,sm 2ﬂj,sto Zﬂi,sm
t—1 —
P* _ 2Pl i ﬂj,sta —1 ai,sto + aj,sto

i,sto J
3 3ﬂi,st0 3ﬁi,st0
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Appendix 5. Revenue prediction

Hotel A
N Data Deterministic model Stochastic model
o Occupancy rate Revenue Occupancy rate Revenue Occupancy rate Revenue
1 0.34 2,300,000 0.33 2,200,000 0.47 3,100,000
2 0.09 600,000 0.33 2,200,000 0.13 900,000
3 0.61 3,757,500 0.52 3,100,417 0.37 2,214,583
4 0.42 2,522,500 0.51 3,111,500 0.37 2,222,500
5 0.28 1,762,500 0.50 3,066,071 0.36 2,164,286
6 0.42 2,475,000 0.52 3,182,143 0.69 4,154,464
7 0.06 400,000 0.33 2,200,000 0.10 700,000
8 0.25 1,500,000 0.56 3,293,333 0.31 1,820,000
9 0.94 5,522,000 0.54 3,155,428 1.04 5,987,150
10 0.94 5,522,000 0.53 3,155,428 0.76 4,494,889
11 0.06 400,000 0.32 2,200,000 0.13 800,000
12 0.81 4,887,500 0.48 2,986,306 0.44 2,715,278
13 0.45 2,720,000 0.38 2,340,000 0.45 2,700,000
14 0.30 1,777,500 0.40 2,399,625 0.27 1,599,750
15 031 1,877,500 0.39 2,399,625 0.29 1,777,500
16 0.18 1,000,000 0.51 2,863,636 033 1,800,000
17 0.24 1,425,000 0.43 2,509,615 0.16 951,923
18 0.31 2,100,000 0.20 1,400,000 0.05 400,000
19 0.09 600,000 0.20 1,400,000 0.17 1,200,000
20 0.12 800,000 0.20 1,400,000 0.06 400,000
21 0.21 1,400,000 0.20 1,400,000 0.37 2,500,000
22 031 2,100,000 0.20 1,400,000 0.04 300,000
23 0.12 800,000 0.20 1,400,000 0.39 2,600,000
24 0.45 2,727,500 0.37 2,337,593 0.44 2,607,315
25 0.61 3,650,000 0.40 2,396,250 0.42 2,485,000
26 0.27 1,800,000 0.20 1,400,000 0.16 1,100,000
27 0.78 4,635,000 0.39 2,317,500 0.65 3,832,789
28 0.19 1,125,000 0.43 2,509,615 0.41 2,336,538
29 0.19 1,175,000 0.43 2,509,615 0.43 2,509,615
30 0.19 1,175,000 0.43 2,509,615 0.34 1,990,385
31 0.19 1,212,500 0.34 2,117,045 0.19 1,196,591
32 0.51 3,282,500 0.35 2,198,571 0.75 4,588,750
33 0.16 1,100,000 0.20 1,400,000 045 3,000,000
34 0.79 4,770,000 0.37 2,250,000 0.49 2,970,000
35 0.31 1,870,000 0.51 3,116,667 0.31 1,870,000
36 0.96 5,100,000 0.67 3,665,625 091 5,145,313
37 0.19 1,000,000 0.72 3,815,385 0.99 5,515,385
38 1.00 5,600,000 0.66 3,600,000 0.85 4,740,000
39 0.34 2,002,000 0.55 3,220,609 031 1,827,913
40 0.34 2,002,000 0.55 3,220,609 0.37 2,176,087
41 0.57 3,245,000 0.58 3,330,395 0.46 2,647,237
42 0.6 3,465,000 0.56 3,265,000 0.74 4,310,131
43 0.66 3,947,500 0.51 3,042,209 0.47 2,773,779
44 0.24 1,462,500 0.47 2,925,000 0.18 1,096,875
45 0.60 3,240,000 0.66 3,623,077 1.00 5,764,615
46 0.60 3,260,000 0.66 3,623,684 0.88 4,965,263
47 0.34 1,860,000 0.65 3,558,261 0.86 4,781,739
48 0.55 3,160,500 0.57 3,331,338 0.48 2,733,405
49 0.60 3,318,000 0.61 3,483,900 0.49 2,737,350
50 0.42 2,486,000 0.51 3,107,500 0.29 1,775,714
51 0.78 4,680,000 0.49 2,970,000 0.74 4,485,134
52 0.78 4,680,000 0.50 3,060,000 0.59 3,510,000
53 0.67 4,037,500 0.50 3,042,614 0.72 4,295,455
54 0.79 4,436,500 0.60 3,432,010 1.16 5,488,723
55 0.37 2,250,000 0.50 3,060,000 0.41 2,430,000
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N Data Deterministic model Stochastic model
o Occupancy rate Revenue Occupancy rate Revenue Occupancy rate Revenue
56 0.75 4,000,000 0.67 3,600,000 0.80 4,440,000
57 0.72 4,337,500 0.38 2,326,705 0.66 3,937,500
58 0.82 5,037,500 0.38 2,326,705 0.65 3,937,500
59 0.93 5,557,500 0.38 2,330,565 0.85 5,192,218
60 0.57 3,385,000 0.40 2,397,162 0.57 3,373,784
61 0.22 1,425,000 0.31 2,062,500 0.23 1,406,250
62 0.33 1,935,000 0.40 2,462,727 041 2,374,773
63 0.19 1,300,000 0.20 1,400,000 0.19 1,200,000
64 0.36 2,237,500 0.40 2,386,607 0.41 2,386,607
65 0.30 1,857,500 041 2,467,500 0.31 1,850,625
66 0.16 962,500 0.54 2,973,214 0.30 1,607,143
67 0.07 500,000 0.20 1,400,000 0.14 900,000
68 0.19 1,125,000 0.43 2,509,615 0.18 1,038,462
69 0.43 2,585,000 0.40 2,473,333 0.34 1,943,333
70 0.19 1,300,000 0.32 2,200,000 0.12 800,000
71 0.12 800,000 0.20 1,400,000 0.08 500,000
72 0.18 1,100,000 0.21 1,400,000 0.16 1,100,000
73 0.12 700,000 0.20 1,400,000 0.05 300,000
74 0.34 2,300,000 0.20 1,400,000 0.03 200,000
75 0.39 2,600,000 0.20 1,400,000 0.38 2,500,000
76 0.97 5,802,500 0.47 2,714,783 147 4,132,174
77 0.21 1,400,000 0.21 1,400,000 043 2,900,000
78 0.48 2,900,000 0.55 2,960,000 0.79 4,340,000
79 0.36 2,217,500 0.40 2,392,031 041 2,480,625
80 0.24 1,600,000 0.20 1,400,000 0.14 1,000,000
81 0.09 600,000 0.20 1,400,000 0.14 900,000
82 0.46 2,850,000 0.38 2,340,000 0.72 4,320,000
83 0.19 1,300,000 0.20 1,400,000 0.06 400,000
84 0.3 2,000,000 0.20 1,400,000 0.18 1,200,000
85 0.21 1,400,000 0.21 1,400,000 0.14 1,000,000
86 0.06 400,000 0.20 1,400,000 0.05 400,000
87 0.99 6,000,000 0.38 2,340,000 0.86 5,310,000
88 0.25 1,495,000 0.42 2,528,438 042 2,441,250
89 0.16 945,000 0.45 2,577,273 0.57 3,264,545
90 0.16 840,000 0.61 3,130,909 0.39 1,985,455
91 0.15 1,000,000 0.20 1,400,000 0.01 -
92 0.93 5,600,000 0.37 2,250,000 0.42 2,520,000
93 0.07 500,000 0.20 1,400,000 0.06 400,000
94 0.09 600,000 0.20 1,400,000 0.04 300,000
95 0.07 500,000 0.20 1,400,000 0.07 500,000
96 0.21 1,290,000 0.37 2,250,000 0.11 630,000
97 0.06 400,000 0.20 1,400,000 0.07 500,000
98 0.82 4,982,500 0.38 2,329,364 0.59 3,583,636
99 0.24 1,320,000 0.58 3,060,000 0.52 2,746,154
100 0.07 500,000 0.20 1,400,000 0.05 300,000
101 0.46 2,775,000 0.40 2,386,607 0.33 1,944,643
102 0.06 400,000 0.20 1,400,000 0.06 400,000
103 0.06 400,000 0.21 1,400,000 0.10 700,000
104 0.07 500,000 0.32 2,200,000 0.03 200,000
105 0.37 2,250,000 0.49 3,060,000 0.50 2,970,000
106 0.76 4,810,000 0.50 3,060,000 0.76 4,610,000
107 0.55 3,362,500 0.48 2,990,625 0.54 3,262,500
108 0.54 3,262,500 0.48 2,990,625 0.54 3,262,500
109 0.19 1,125,000 0.55 3,288,461 0.16 951,923
110 0.66 3,982,500 0.49 2,986,875 0.58 3,529,943
111 0.34 2,047,500 0.51 3,115,761 0.46 2,759,674
112 0.67 3,705,000 0.63 3,458,000 0.99 5,852,000
113 0.45 2,700,000 0.50 3,060,000 0.89 5,510,000
114 0.84 5,017,500 0.51 3,046,339 1.34 5,315,646
115 0.75 4,520,000 0.50 3,060,000 0.63 3,780,000

116 0.64 3,892,500 0.49 2,987,268 0.56 3,439,884
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Hotel B
N Data Deterministic model Stochastic model
© Occupancy rate Revenue Occupancy rate Revenue Occupancy rate Revenue
1 0.80 4,120,500 0.50 2,373,000 0.67 3,413,000
2 0.17 795,000 0.44 2,205,000 0.13 630,000
3 0.13 506,500 0.67 2,906,125 0.37 1,392,875
4 0.27 1,043,750 0.65 2,798,594 0.32 1,304,688
5 0.23 1,076,250 0.53 2,467,500 0.15 615,000
6 0.73 3,019,500 0.62 2,709,000 0.46 1,921,500
7 0.20 863,500 0.50 2,329,333 0.16 719,583
8 0.13 703,500 0.53 2,556,750 0.07 315,000
9 0.77 3,126,000 0.63 2,869,370 0.67 2,869,370
10 0.83 2,883,000 0.74 3,074,160 1.01 4,176,660
11 0.83 2,883,000 0.65 2,601,660 0.76 3,074,160
12 0.97 2,388,000 0.80 3,085,035 1.34 4,030,035
13 0.20 904,000 0.42 1,958,667 0.20 904,000
14 0.13 570,000 0.47 1,995,000 0.16 712,500
15 0.40 1,400,000 0.60 2,304,167 0.42 1,516,667
16 0.43 1,525,000 0.66 2,680,000 0.28 906,667
17 0.13 450,000 0.63 2,610,000 0.21 675,000
18 0.17 558,500 0.54 2,127,900 0.43 1,497,900
19 1.00 3,520,000 0.51 1,997,833 0.92 3,730,333
20 0.13 505,500 0.47 1,800,375 0.19 758,250
21 0.90 3,700,000 041 1,781,482 0.74 3,178,519
22 1.00 3,057,500 0.59 2,168,000 1.27 4,058,000
23 1.00 1,005,000 0.41 1,798,333 0.73 3,373,333
24 0.57 2,120,000 0.56 2,333,750 0.58 2,333,750
25 0.10 411,500 0.49 2,077,833 0.29 1,234,500
26 0.17 731,500 0.40 1,680,000 0.28 1,120,000
27 0.90 3,090,500 0.60 2,476,056 1.03 4,208,556
28 0.90 2,862,500 0.67 2,532,222 0.68 2,689,722
29 0.87 2,862,500 0.65 2,581,154 0.63 2,423,654
30 0.8 2,477,000 0.68 2,656,000 0.65 2,341,000
31 0.13 580,000 0.43 1,885,000 0.13 580,000
32 1.00 4,007,500 0.49 2,051,583 0.76 3,311,583
33 1.00 4,287,500 0.38 1,715,000 0.71 3,103,333
34 1.00 3,120,000 0.65 2,508,000 1.30 4,083,000
35 0.13 600,000 0.55 2,572,500 0.13 600,000
36 0.20 810,000 0.70 3,015,000 0.25 945,000
37 1.00 4,200,000 0.69 3,062,500 0.20 840,000
38 0.73 2,150,000 0.88 3,535,227 0.88 3,377,727
39 0.13 560,000 0.62 2,747,500 0.16 700,000
40 0.30 1,318,000 0.66 3,871,000 0.27 1,048,000
41 0.10 418,000 0.63 2,895,667 0.21 836,000
42 0.80 2,980,000 0.72 3,076,087 0.66 2,746,087
43 0.10 425,000 0.59 2,613,333 0.29 1,275,000
44 0.13 530,000 0.62 2,667,500 0.19 795,000
45 0.73 2,929,000 0.70 3,148,273 0.33 1,331,364
46 0.70 2,620,000 0.74 3,196,905 0.42 1,621,905
47 0.67 2,900,000 0.64 2,975,000 0.15 725,000
48 0.60 2,020,000 0.79 3,402,353 0.67 2,702,353
49 0.43 1,406,000 0.81 3,345,346 0.54 1,927,846
50 0.47 1,501,000 0.77 3,176,571 0.60 2,231,571
51 0.10 445,000 0.56 2,549,167 0.36 1,631,667
52 0.37 1,610,000 0.64 3,074,167 0.56 2,509,167
53 0.77 3,275,000 0.66 2,793,500 0.72 3,114,500
54 0.80 3,362,500 0.65 2,962,283 0.43 1,807,283
55 0.37 1,522,500 0.62 2,754,750 0.33 1,357,500
56 0.27 1,117,500 0.69 3,088,929 0.22 816,429
57 0.80 3,092,500 0.57 2,458,500 0.86 3,798,500

58 0.57 2,797,000 0.55 2,542,875 0.74 3,589,750
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N Data Deterministic model Stochastic model
o Occupancy rate Revenue Occupancy rate Revenue Occupancy rate Revenue
59 0.20 1,030,000 0.38 1,890,000 0.28 1,260,000
60 0.17 1,185,000 0.39 1,890,000 0.17 787,500
61 0.13 690,000 0.35 1,732,500 0.12 630,000
62 1.00 3,415,000 0.71 2,961,460 0.92 4,002,388
63 0.40 2,070,000 0.42 1,755,000 0.40 1,620,000
64 0.37 1,657,500 0.52 2,217,900 0.32 1,323,000
65 0.23 1,400,000 0.51 2,524,000 022 945,000
66 0.23 1,230,000 0.57 2,651,250 0.09 405,000
67 0.83 2,925,000 0.51 1,993,500 0.76 3,096,000
68 0.17 601,000 0.59 2,350,100 0.18 601,000
69 0.13 546,000 0.50 2,089,500 022 955,500
70 0.20 800,000 0.56 2,363,333 0.27 1,066,667
71 0.27 1,190,000 0.49 1,911,667 0.31 1,095,000
72 0.13 775,000 0.31 1,575,000 0.15 787,500
73 0.40 2,165,000 0.55 2,377,000 0.47 1,793,500
74 0.77 5,245,000 0.60 2,870,909 1.08 5,830,000
75 0.60 3,220,000 0.38 1,710,000 0.61 2,783,333
76 0.73 4,392,500 0.42 2,047,500 0.23 1,102,500
77 0.63 3,902,500 0.31 1,575,000 0.41 1,890,000
78 0.33 1,946,250 0.45 2,242,125 0.02 157,500
79 0.17 1,026,250 0.39 1,890,000 0.12 630,000
80 0.13 573,500 0.38 1,720,500 0.23 1,003,625
81 0.43 1,682,000 0.45 1,839,500 0.38 1,423,231
82 0.67 2,894,000 0.45 2,025,300 041 1,736,400
83 0.13 486,500 0.49 1,896,125 0.26 973,000
84 0.27 1,076,500 0.42 1,749,313 0.39 1,614,750
85 0.13 586,500 0.36 1,612,875 0.20 879,750
86 0.10 410,000 0.41 1,776,667 0.11 410,000
87 0.53 2,192,000 0.49 2,075,500 0.66 2,863,000
38 0.43 1,752,000 0.52 2,224,500 0.26 1,078,154
89 0.70 2,893,000 0.51 2,243,667 0.29 1,239,857
90 0.37 1,420,000 0.62 2,623,182 0.14 516,364
91 0.10 306,000 0.59 2,169,000 0.24 714,000
92 0.40 1,477,000 0.63 2,368,000 091 3,588,000
93 0.23 849,750 0.49 1,893,107 0.24 849,750
94 0.10 375,000 0.47 1,940,000 0.15 500,000
95 0.17 660,000 0.44 1,873,500 0.17 660,000
96 0.13 440,000 0.62 2,422,500 0.23 770,000
97 0.17 663,500 0.43 1,882,600 0.16 663,500
98 0.33 1,541,000 0.52 2,189,143 0.56 2,353,357
99 0.33 1,515,000 0.50 2,430,000 0.05 150,000
100 0.10 395,000 0.44 1,869,167 0.12 526,667
101 0.10 405,000 0.51 2,227,500 0.23 945,000
102 0.10 435,000 0.37 1,740,000 0.10 435,000
103 0.17 747,000 0.35 1,633,500 0.13 594,000
104 0.23 855,000 0.67 2,643,000 0.27 888,000
105 1.00 3,420,000 0.73 2,943,000 0.87 3,573,000
106 0.53 2,285,000 0.60 2,745,000 0.53 2,375,000
107 1.00 3,420,000 0.72 2,943,000 1.01 4,203,000
108 1.00 3,420,000 0.72 2,943,000 1.00 4,203,000
109 0.13 600,000 0.72 3,240,000 0.16 600,000
110 0.57 2,390,000 0.65 3,523,000 0.65 3,288,000
111 0.57 2,390,000 0.66 3,523,000 0.45 1,878,000
112 0.87 3,277,500 0.72 3,056,250 0.55 2,111,250
113 1.00 4,280,000 0.58 2,627,333 0.56 2,469,833
114 1.00 4,640,000 0.53 2,480,333 0.50 2,322,833
115 0.10 670,000 0.51 2,783,333 0.22 945,000

116 0.13 975,000 0.51 2,865,000 0.21 945,000





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


