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Development of Daily Rainfall Simulation Model Based on
Homogeneous Hidden Markov Chain

ABSTRACT

A climate change-driven increased hydrological variability has been widely acknowledged over the past decades. In this regards,
rainfall simulation techniques are being applied in many countries to consider the increased variability. This study proposed a
Homogeneous Hidden Markov Chain(HMM) designed to recognize rather complex patterns of rainfall with discrete hidden states and
underlying distribution characteristics via mixture probability density function. The proposed approach was applied to Seoul and
Jeonju station to verify model’s performance. Statistical moments(e.g. mean, variance, skewness and kurtosis) derived by daily and
seasonal rainfall were compared with observation. It was found that the proposed HMM showed better performance in terms of
reproducing underlying distribution characteristics. Especially, the HMM was much better than the existing Markov Chain model in
reproducing extremes. In this regard, the proposed HMM could be used to evaluate a long-term runoff and design flood as inputs.
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FETERE A D FAARS sk Qo 71EF R
S75E ARRE R ks et 8 ¢ Qo) S A
ToplA] Arie] 7HE T/l 240 2 FEEIL 9low Ut
2o s Mofsh= o= diF o R ae ARtk
Zk= EAlEAge] SAAR S5 atelete] A7IRE Bejgte.
22X, 7RI BAE 7L sl A1 Y E 5
dE kst WrkE Sigtelth v ElvEE 23S oy
el Sg EAks 7t off7] wiEel] SARS Y
= EYste] A5E gEskal olF Fte] s W
T = HRle] dwkd o g AEEL vk 53], T =Aske}
sk Q1% s AR ARGl FEElEA ATR2dstE 719
sh= 715 9sF veRaL 9o ole} tlEo] duyis} ek
5o tirtR 7PdHE de] vRERAL Stk ol2fdk s elsted
FAAE g Al wE A EE S8le] i AkRE g5t
3L o]& o83l RV wEds ket sk St
A K= gl

ZFTR7IHE mgre] AR WA B wipiaRe] Y
Wgel weh HEEE = Qlok A, wiziERe] AREE W]
e} offo] wt FA8 REY veEY K¥EoR Rk
2T Aejeld 24 B3 A7) BAZ 540] nEjil=
AT 7HE SA0 R ARl 918k v TEe] 1y
Eo] ARg-FITk vhH H)E5E B3L 598 (dynamic) FEE
7 ARl whEt Aol g 918 niiRiEe] wsksiAl A
793}t AFE $IlA ARS-El= Downscaling 7['Ho] dlzEz<]
HIS2A Arre)zgolet & 4= ok F 7|5wRist] we
A9 3 7HE 913 Downscaling 7[5] 2 gl #}-8-0]
TUH o 2 g ghikshA o] FoJA|aL QT (AEFES 5, 2009).
A, i) SR wet iy et Bl
Ao g s = vk IRl Makov Chain 22 Foj&h&
PHL Falo] Aot S 5o Al (rainfall occurrence)
HHS 23t § J5eKrainfall amount)S 54 SEEEE
7B s Be] WA WS ARSSIQITE W Hjv)
] W Holghs Wk o e} ks Refshkt] Slo]
A 578 SEEEP] 7H glo] Aks AR EE5/3S =
“Hkernel density function)E 53] =&8h= Wk 24 <=2
BAZ 545 BY dAHo g Roldk & lE Ao Qlth

WIS Hofsi=tl] Yol rAIge] @7 RE 712)memory)
2 383} 2-State 12} Markov Chain®=&o] 7} dukzo g
AREETE oJ7|A, HolghEe Al WS BARE] Sl3iA
ol gy Zreke F & 7R ¥ (gamma distribution), AJ4HEE
(exponential distribution) 5ol 2Ja)4 o]Ht) Katz(1996)+=
7]Z Richardson 232] EA|2 EAJS 7iekslsla nj7m<=e]
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HE3E
(1992)=
AR Aol FREEE E8ste] 7|1} gkl wWE A
2] HEAS WRISlTE o714, 715ste)
HEAAS T3] S8 2717 baseline climate)s 410 %
FAE &S € Tl (monthly) 2 7ol vkgshe 24 719

& Atk S, i EA) 71Rs Ve R v
WAE 7)1 920S Had AR sk wiEle] IS

ole} 2 Wi moJdAE Bt ETARA 5 AR
ek wEAe Bk Sl Qukow PRge)
WA 98 AA52 &8 =, 2-State 12} Markov
Chain o] Fujslol F= olg sl glek 7| S¥A2
oA o el 9 FEAkRe] eIy B Heks
Q3 A¥(linear) == t)53] A X(regression equation)o]
o] EIT(EE, 1997). Markov Chain ©]&¢f] oJ3h Zrakn
oIS olg3le] s S F olE A -RrEdol ol&st
712 Sck OB 5 (1995)& BRI T4 B4 olgs
o] 429 Y7 A g5 2Ysl=1 Markov Chain 23S
18ISk WA S0 Q F9F me] WAL B D
FALDY] 2P H RIERAN G o, BAF 5(2005)
& 7J& 2-State 1%} Markov Chain 28-S o}g3je] ¥ U734
o A2 NWC-PC 23] Qs Bgate] 1 foie
2ol wie des APt wegh dEdk 5(2011)2
ol KemelParcto $EZ 0}§3 Qg2 me] 7P Aust
o] 3ol Zg3hm} k. 3 FEI H(2013)2 B
Kernel-Pareto H3EE 083+ tA|A 73R 7H3} Bayesian
HEC-1 ®&s& dAste] tigds fel 283 vt ek

7} Markov Chain& AME-H Q4% Bel7 e B2 35
Alde] sels 13} sh=d] QoA Al Ar5Ads d=s
o] Slek g Befaied] ol Fae) 8 Tk
7 9 s B4 Ay Plel(weather state) S £3) HARSE
ST FRFH o] SRl el & gl B PR
Zlo|ct o]&gh & arefete] ArVdelE el “d=rrie] 71Ee]
7Wgte] o]Fojz]a Jti(Hughes and Guttorp, 1994; Bellone
et al., 2000; Kwon et al., 2009). £ <FdxjE= A7 FefE
skl ZF AP 2 3R E (mixture distribution) FEjC]
FEREE AT 5 AE VP4 RS sk

2 A7ollM 7Pl 2 dEl(hidden state)o] HEIES 714
= Ao= Jgfslglon 29 MlA o] HolgEe AR
w2} wistal] e Ao FPEaIT: %, ARl He HolskE
2 Mixture=322] WESAS 1eskA] ¢i= 524 Hidden Markov

!



2 melshe oz Sefteiel o] Aol et Py

Edo] B3k Ao AT PHOE Bgo] 7FssIth HMM

wHe 196040 SAHelE 915 olgwly] Atieh 2]
=]

A= HMM 232 = 96 A o] s Rdgs)|
e & o]g= Ak Hughes and Guttorp, 1994). Bengioet
al.(1995)= 23] HolghEe] 2] HsiEnl oz} Sexls
7F g 2 g AR AR Wl AS 5183
¢l1&3 HMM 28-S A2kt Bellone et al.(2000) 7¢=2
< 25l 9] HMMERS: o]-831590m Zriks Hofst
7] 913 FEREEH 0 24 Gamma BES ARESIITE B o3
A= oA AE8IIEe] Gamma £, Exponential 228 FA]¢)|
IHY 7 JES THEEE L85t RS TS

AEA 02 kAl Markov Chain 230 H]sA] B=A22]
BARA E4S B0 Bsh T3Vt dels plofet
U FElst AR rEE Jhdsle o] B AT FZ o]
t} =, 71 Markov Chain 28 7|9ke] =pro7[HS tiae
T = T3 HMM = ROl Zidslara) sps 71V
7 Aksle] MRS AFUSL0] s e R B9
S el £ =7 7L v 2k 1A=
=] w7 B B2 tisiA Eekon, 27gelxdeE 719
X34 2-State Markov Chain 283 HMM 239 tiske] 7|&
shdck 3o HMM B8 28 Ae Qokste] UeRfgiom
vpREte 2 A& 9 EE 47 FE33rk

)

2. Markov Chain 7|t Q2442 CI0[7|H

2.1 A Markov Chain Model

vz o g 210 AAIE AkEREe] Al gyt wigle] A
E TR} FAL eEte] A BARke 2 FAIskK o
FE8he & Markov IPgolgial slal SPZR1 Aefa<tellx
o] Markov ¥F4-& Markov Chaing} 3tk

U] 749 A gRlEs BAE 10069 H=olx e 2A|
= 10019 Fm7iA] vkt dol2 EAskaL itk v dAj
SEUEke] tiFRe] frdd dE FEAlEE v AlgH o]
I AEAET} EAlEtY RS B8R okl U
Aot} B =7ollM FFE P ASAES = AEA
dol| Hste] MEAe] Al FESHAR] A& S A PdA
(autocorrelation)o] FA] R AAE AFE2A )9} 22 5
Markov Chaing #-835PH 1 5438 2 BARR= 202 UeA]

SItk(Nord, 1975). Markov Chain®] 7| 7lde 2 A<
71918 53l vle) dejg ISR Z(Hamn 5, 1976)0 24 TR
3} e 2% e e 5 ok

p(Ru+l | R’n,’Rn*P.“’Rl) (])

AW e R, = WAl 35 AdE, R, 1R, R 37
& e vEpE wele] A el A9 el =59
(independence)o|™ T2 71 L3 gh TR A= el 2JsiA
9 J3ES wk=r} o]u] Markov Chain®] 2L thea} 22

1% Shg Uepd 5 9lek ofefeh %3S 13} Markov Chaino]
2} gtk
p(‘X;L‘Fl | ‘X;L) (2)

of5at 2ol $7I7RE o] ek Aolis 2k A1 3 (serial
correlation)o] EAt 5= glovt FEdo] glrfal HJoj= et
Hrt mep Ake mefsl] Sfste] dgshs AR 3ke] 594
& 7Vl ol A FEREE AT A WREEe] TR
851 Qlrk 2-State ©] 13} Markov Chain=&el|A] 2} ezt
ol EAfsh= dAbde] AL AE(S)eh APl AT
A5 DA e LRl HolshE(F, )2 thet

e Hox ¥4 B 5tk

Oy 3)

2
235,
j=1

o7IM, FEe] i P, = 3 iolM AH R Hols=
SES LR A S ol AL S, 1 80, 851, 850F 7
Ko g Fo] Hug Holghge] 7} 9] 92 ¥hxo| 10] Hrk
21 (3)0.2 == Fo|ZEtransition probability)e] Z+ 94
(element)t= RF 0BT} AUk gHow, 7} g§o) 4o gto] 1Y
uje] 3-8 FE3YH(probability matrix)o|g} <] ). Zkzke]
SEE2 ahte] Markov IS Ao, o o5
ks Hok wEba] Holeks P, o] 24w Markov Chainé]
Z27] s Fe ARAs 2o 4 vk 2-State 13}
Markov Chain 2389l 9|3t 7= #19& Table 13} 22
Hol&& 3 Y(transition probability matrix) & YERE = Tk

Table 164 0<a< 1, 0<b< 124, al F74<m2] Theo] 74
o] IS ShEolal b= g5 TRl o] A gkEo]
H 0|5 Ho|FE 2loF JepH ol 23 ok
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Table 1. Transition Probability Matrix for State 2-1 Markov Chain

t(day)
1 (day) Dry Wet
Dry l-a a
Wet b 1-b
1—a a
P *‘ b 1-Y @

Markov Chain X289 9|3t ZFasl o= 7] &3
Holghg 3Ho] P s Hrk Markov Chain 2o 27]
e TR FE 27 gEs FEI1 A oRE
AAgit). miRvke 2 3 Frits ey 89 SEEES
o] v7iHE o}831e] Monte Carlo R.0]5 Axfale] Z=ro

sdshs drds 24Tk

2.2 Hidden Markov Chain Model
221 7|12 @y 1M

2 25 SIS 7IEC R AS 8RR 29
Hjo] 3H522] A (stochastic processyS ¥=o] 71s3leS 1Y
AA B2 S8 PFE Foto] Rdshs o] SEEH
Fgolrt. 94 ARYe] AME ZH= ArRAEE AR TS 9%
HEZ JeRlWE v} 2k

.= (R1 RT) %)

,,,,,

sl Az to]] slgshs 294 Hi(hidden state)S LFERAE=
(sequence)= Th3F 2tk

e
b
™
oS
M

.= (51,...,ST) (6)

HMM 232 5 712 205 5§ 7PES o83t R,
s} 8. 2] AEFE(joint probability) BE & Aejslal T+ 714]
25 59 7Pge ot 2k

A, ol 2dEieh ke o] AiFe g o] Foil Y
oM P57 WEE the B e 20RH0 R el
7Pggitt &, vt o] vekd 4 Slrk

P(T1|7‘1:t*1fsl:t) = P(TtLSt)' (7

EA, AAIGY vl2 o]He] 2ot Ade] okl
HE Ao= 13} HMMolgk &0 2ukdo 2 Markov Chaino]
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Fig. 1. Bayesian Network Representation of a Homogeneous
HMM Satisfying Conditional Independence Assumptions
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P(St‘81:t71)7{P(5[|51:L,1) <k ®)

sle] Eq. (§)1] F7HA 0 A o] glow aukiow
kele] ey ShEEe et drk

Plsls,_y)  t=2,

p(sy) t= ©)

P(St‘sl:t—l) = {

T HMM 205 &5 Pls/ls, ;)& F73R=d] QoA
Fig. 13} & 3 78S 70 2 o] Fofzint oA e
Sl 2272RE Plsls, ;) 7F AR whhx] st
8473 7P 718 FaL vk SE4 HMMd| disix] 1T =
(my,.. 7 2] EEHEIR} SlaL I'= (yp,- ) B HOIRNES
Zr= g H(transition probability matrix) 2 A 2]s}A}

A7 Y& 2Y3H S 2AFE FoRE A Y
ARG (1) = Plr)S, =i)& A7) e 2w
<% (emission) SHEUERe] MRS RE A

P(TI:T,SI:T: Sl:TlH’EY)

T
- [71—517:]:‘[273113/]

T
Hﬂ,mm)} (10)

t=1

2.2.2 24 Al 2 (hidden state distribution)
bz o g A=y 7w A5 E o]8ste] 2 dEle] e
TS 3R Zlo] waHel whelt) T wahd wh

Fre o8] 2YdHe] SHERES Tkl dtk

il

P(SI:IlTI:P‘Tl:T)
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7
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o, (i) =

P(*gt:i’rl:th'l:t) (123)

Bi(@) = p(ry 1. A8 = 670211 1) (12b)
P(S, =ilz,) P(r|S, =1)

O‘t+1(i):

ay (i)

.
Pry 18,44 :j7rt)2P(*5’t+1 =48, =i,z ), (4)

Bri)=1
B,(

i)=

X

EP(SHL =jls, :i7xt+l)P(rt+1|St+1 :j7rt)ﬁt+l(j)
j=1

ek Azl UjgF S TRew o] ke
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W BoE ffelA Fejuete] g A A9
SrEETE Yukdo g AF8Ea 9JE Gamma == Exponential
X} ol HH FTE ALl Al disiMvt SEREE
A8 Delta 57 =€tk £ <ellxe Delta-exponential
¥, Delta-gamma ¥} 5 7A|S &£35}] Delta-exponential-
gamma 55 283te] ks ReJsigint o] FA
L83 24 Arake] tiid SERE 548 18 7 e
o] Qlth. Delta-exponential #3729} Delta-gamma¥i-re] &
LRE 5] 918 et vha ot 2k o7,
M, i, e 27} 549 Vi 20 Hs, SRR Vs
el pe SRR TEEAIE st B3 A, o, S5
Exponential #3X 9} Gamma #32] w7/fi4E vepdtt

S EIH T
EREE

e

M M
Prls,=i) = IL P15, =) = 1 as, (13)
m=1 m=
Pimo 7'7?: 0,
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t
ot
o
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oX,

oot

A2k Hels
M M
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m=1 m=1
1714
Pimo rntl: 07
Yime m\Qime ~ 1 m
@ i /Bgmﬁ (rt )( eXp(_ﬁicht ) 7‘m> 0
(’leimc F(a/mr) t
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19740328} 20124 744) AeEe} HF U2 5 e
Vo] Wi ARE TR BEE A8
e 2 NLUSLE Upke s Ael AT Blee
e AFRELE T ANk HMM 23e] 34
< Jrksh7] YA Gamma SEU T3 7Hke] 2-State |
Markov Chain 233} H|uste] EA3513T)

o] HEol dM 2 FE 24k fIste] HMM
B3] A3 AEE Brleher] Ag s s Eilog-
likelihood function)Z ARg-3le] A2 tf&E 2 E] 4= KE 714
ek eUAH & K B7E 22774 wsfer
$128 2SI 7 el Kob B0 weh S e
7L G 23 oPdolrE sl dake ERIE
5 SIGIE SHIk exE) 8 78] 71 A9 m) HAY
(overfitting) H= EA1710] Jo B R 97} sk oA
27je] eupde) 8 A B ATNE o Aol
s HMM 288 283l9iek: 5, 418 2 554 9
ol tiEfA 68HE 9LJIAS, June-July-August-September)2]

B TEs e R A7E XsiGith =] AHdEAY
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Log-likelihood

4 5
Hidden State
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TIAS

Log-likelihood

_ I 1 I I
103002 3 4 5 6 7

Hidden State

Fig. 2. Log-likelihood Estimations for Amounts Models Using
Mixture of two Exponential Distributions for Each Station
Rainfall on Wet Days
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AP Q] Hlslel Zbge] MANIEE 10%4 =8 Lt

1 gl Aoz nop HEsse] FejE A T
TS 5 gk vl WA e gESA)sh e A9 Aol
78] 0%e] FVEARE AR ] MAIEE 8% LERiaL
S-S SoIgh 4 Slrk of= Ae] B4 WK AL
PR Ve e & S Slok 5, e iR e
B S, 82, S30] AJlaL Pom, TF SIL ke Hlw R whIs)A]
W SR ek WA bS] 54 Hora gtk

2 ) 1 Fas Bajo] Qs AwA el SHAE
Hjer B2x1sk Ak molehen] glone, B A7E 54
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Fig. 3. The Estimated State Sequence Via Vieterbi Algorithm for
JJAS Season at Seoul Station
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Table 2. A Comparison of Seasonally Averaged Rainfall Statistics
for Seoul Weather Station for JJAS Season

Statistics Observation HMM Gamma
Rainfall Amount(mm) 1031.58 1014.92 | 979.87
Wet to Wet 0.57 0.57 0.54
Dry to Dry 0.72 0.70 0.69
Wet Days 48 49.55 49.06
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dSgke] BAdAske Zle I 4 Stk ARl disiiA
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Fig. 6. A Comparison of Mean and Standard Deviation of Seasonal
Rainfall(JJAS) Between Observation and Simulation. Each
Panel Shows Mean, Standard Deviation and Skewness. The
Box Plot is Derived by 200 Ensemble Series and the Symbol
V' Indicates Observation While A Represents Results
Derived From the Existing Markov Chain Model
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Fig. 7. Basic Statistics of Daily Rainfall Between Observation and
Simulation. Each Panel Shows Mean, Standard Deviation,
Skewness and Kurtosis for Seoul Station. The Box Plot is
Derived by 200 Ensemble Series and the Symbol v
Indicates Observation While & Represents Results Derived
From the Existing Markov Chain Model
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Table 3. Seasonally-averaged Statistical Moments of Daily Rainfall Between Observation and Simulation

Statistics Observation HMM Gamma
Mean 7.84 8.32 7.00
Standard Deviation 20.22 22.45 18.56
Skewness 428 4.17 3.53
Kurtosis 24.04 24.16 16.57

Table 4. Statistical Moments of Daily Rainfall Between Observation and Simulation for Each Month

o June July August September
Statistics
Obs. HMM | Gam. Obs. HMM | Gam. Obs. HMM | Gam. Obs. HMM Gam.
Mean 39 4.76 52 11.35 12.51 7.99 9.15 11.19 8.42 3.31 5.14 5.68
Standard Deviation 11.05 12.41 12.77 23.28 26.26 15.17 19.91 24.33 20.47 10.69 15.08 15.45
Skewness 3.27 3.29 2.78 2.73 2.77 2.17 2.55 2.79 2.72 3.39 3.55 2.94
Kurtosis 12.98 14.02 9.11 103 10.92 7.93 8.57 10.94 10.14 14.34 15.63 10.58

Table 5. Daily Rainfall Statistics of Seoul Station for Each Month

June July August September

Statistics
Obs. HMM Gam. Obs. HMM Gam. Obs. HMM Gam. Obs. HMM Gam.

Rainfall Amount(mm) | 142.3 142.7 1599 | 393.6 | 387.6 | 237.8 | 3429 | 3468 | 2735 152.6 154.1 177.6

Wet to Wet 045 | 044 | 036 | 064 | 066 | 05 | 063 | 06 | 061 | 042 | 041 | 047
Dry to Dry 072 | 073 | 065 | 063 | 062 | 059 | 067 | 065 | 063 | 076 | 077 | 0.79
Wet Days 10 | 1008 | 11.04 | 16 | 1616 | 1412 | 14 | 1447 | 151 | 90 | 872 | 876
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