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GENERALIZED DISCRETE HALANAY INEQUALITIES
AND THE ASYMPTOTIC BEHAVIOR OF
NONLINEAR DISCRETE SYSTEMS

Licuang XU

ABSTRACT. In this paper, some new generalized discrete Halanay inequal-
ities are established. On the basis of these new established inequalities,
we obtain the attracting set and the global asymptotic stability of the
nonlinear discrete systems. Our results established here extend the main
results in [R. P. Agarwal, Y. H. Kim, and S. K. Sen, New discrete Halanay
inequalities: stability of difference equations, Commun. Appl. Anal. 12
(2008), no. 1, 83-90] and [S. Udpin and P. Niamsup, New discrete type
inequalities and global stability of monlinear difference equations, Appl.
Math. Lett. 22 (2009), no. 6, 856-859].

1. Introduction
In 1966, Halanay proved the following famous result.
Halanay Inequality (Halanay [9, pp. 378-380]). If
f'(t) < —af(t)+ 8 sup f(s) fort >to

[t_T7t]
and o > 3 > 0, then there exist v > 0 and K > 0 such that
f(t) < Ke 7% fort > t.

Since then, Halanay inequality has widely been applied to the stability anal-
ysis of delay differential systems (see e.g. [3, 5, 7, 8, 9, 11, 12]). At the same
time, various generalized Halanay inequalities have been presented and used by
many authors (see e.g. [6, 10, 13, 14, 15, 17, 18, 19, 20, 21, 22, 23, 24, 25]). In
particular, in [1, 16], the authors consider the following discrete Halanay-type
inequalities in order to study some discretized versions of functional differential
equations.
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Theorem A (Udpin and Niamsup, [16, Theorem 2.1]). Let ¢; € R{, h; € Z¥,
i=1,...,r, where 0 = hog < hy < -+ < hp and >;_,¢; < p < 1, and let
{2} jez-nr be a sequence of real numbers satisfying the inequality

(1.1) Az, < —px, + Zqizn,hi, ne7zl.
i=0

Then there exists Ao € (0,1) such that

(1.2) r, < max{0,20,2_1,...,2_pn, A}, n € Z°.

Moreover, A\g may be chosen as the smallest root of the polynomial
(1.3) P(A) =N+ — (1 =p+go)A" — @A™ = — g Mt — g,
which lies in the interval (0,1).

Theorem B (Udpin and Niamsup, [16, Theorem 2.2]). Let p, oy, 3; € RT,
hi € Z*, i = 1,...,r, where 0 = hg < hy < --- < hy, >i_ga; = 1 and
II7_oB; <p < 1. Let {xn}pez-n be a sequence of real numbers such that x," ,
are defined for all i =1,...,r; n € Z° which satisfies the inequality

i

(1.4) Azy < —prn + (I Bi) (7,0 ,), n € 7°.
Then there exists Ao € (0,1) such that
(1.5) 2, <max{0,20,2_1,...,2_pn, Ny, n € Z°.

Moreover, Ay can be chosen as the smallest root of the function
(1.6) FA) = X = (IT_Bi) (A~ =m0 M%) 4 (p — 1)
which lies in the interval (0,1).

Theorem C (Agarwal, Kim, and Sen, [1, Theorem 2.2]). Let a;, ¢; € R, h; €
7%, i=0,....,r—1; a,, ¢ ERT, h, € Zt, where 0 =hg < h1 < -+ < h,.. Let
o, Bi € RT3 jo =1 and [(1=8)I_Bi+0 > qai] < >i_gai <1, where
0 <6 <1 isa constant. Also, let {xy},ez-n be a sequence of nonnegative real
numbers satisfying the inequality

(1.7) Az, < Z(éqixn_hi —a;zn) + (1= 0) (I Bi)(z",,)s n € 70,
i=0

Then there exists a constant Ao € (0,1) such that

(1.8) T, <max{0, 20, T py,..., 2 pn, N, n € ZP.

Moreover, \g can be chosen as the root in the interval (0,1) of the equation

(19 A+ ai—1) = (1= ) (IM_pB:) (A~ Zi=o ™) — 5> " giA~" =0,
=0 i=0
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Obviously, these discrete Halanay-type inequalities are important tools for
investigating the stability of discrete systems. However, the equilibrium point
sometimes does not exist in many real systems, especially in nonlinear dynam-
ical systems. Therefore, an interesting subject is to discuss the attracting set
of nonlinear discrete systems. However, the foregoing discrete Halanay-type
inequalities are ineffective for studying the attracting sets of nonlinear discrete
systems. With motivation from the above discussions, our main aim in the
present paper is to improve the foregoing inequalities such that it is effective
for studying the attracting sets of nonlinear discrete systems. We also illustrate
the application of these inequalities.

2. Generalized discrete Halanay inequalities

Throughout this paper, unless otherwise specified, we use the following no-
tations. Let R denote the set of all real numbers, R™ the set of positive real
numbers, Rar the set of nonnegative real numbers, Z the set of integers, Z™ the
set of positive integers, and Z~" = {z € Z : z > —r}. For a sequence of real
number {z,}, the difference operator A on z,, is defined as Az,, = 41 — Xy

In this section, we introduce some new generalized discrete Halanay inequal-
ities which will be used to study the attracting set and the global asymptotic
stability of the nonlinear discrete systems. We need the following lemma in the
discussions of our main results.

Lemma 2.1 (Arithmetic-mean—geometric-mean inequality [4]). For z; > 0,
n
a; >0and ) a; =1,

n n
H it < Z ;T
i=1 i=1
the sign of equality holds if and only if x; = z; for all i,j € N.

Theorem 2.2. Let a;, ¢;, T € Ry, h; € Z°, i = 0,...,7 — 1; a,, ¢ € RY,
hy € ZF, where 0 = hg < hy < --- < hy. Let a;, B € RY, 3°7 (o =1 and
(1= _oBi+ 6> 1 o qi] < >oigai <1, where 0 <6 <1 is a constant. Also
let {xn}nez-n- be a sequence of real numbers satisfying the inequality

(2.1)

Az, < Z(&Jﬂn—m —aizy) + (1 — 6)(1’[{:0&)(2 QiTn_n;) + T, neZP.
i=0 1=0
Then there exists Ao € (0,1) such that
(2.2) Ty < max{0, 20, T _pys .- Tp NG + A, n € Z°,

where A = (301_ga; — 6> oqi — (1 — 0)II_yB;)~'Y. Moreover, Ao can be
chosen as the root in the interval (0,1) of the equation

(23) A+ _ai—1) = (1 =)o) Y _ad™) =35> gA™ =0.
1=0 1=0 1=0
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Proof. Let vy, be a solution of the difference equation

(2.4)
Ayn = Z((S‘ﬁynfhi - aiyn) + (1 - 5)(H::Oﬂz)(z O‘iynfhi) + T, n e AR

1=0 =0

Since (1-37_ja;) >0,¢; € Ry, B; € RT, it is easy to prove that if z,, satisfies
(2.1) and z,, < yp, for n = —h,.,...,0, then x,, <y, for all n € Z°. For a given
K > 0and X € (0,1), the sequence {y,} defined by y, = K\, + A is a solution
of (2.4) if and only if X is a root of the polynomial (2.3). In fact,

yn = KA 4+ A is a solution of (2.4)
= KNP = KA = [0g: (KA 4+ A) — a;(KA™ + A)]
=0

+ (1= 8) (I i) (Y i A" " + A)) + T

1=0
= KX - KAM(> ai—1)— (1 - 5)(H§:05i)(z i KX
1=0 ]
=Y Sqi(ENT) 4 Zal—aqu _,B)A =T =0
=0
— KX — K)\”(Z a; — 1) = KA"(1 = 6)(I_3;) (D> aiA™")
i=0 =0
— KXY " g; (A7) =0
1=0
= At ( Zaﬁ1 (1= 6)(IT;_oB:) ZQ1A PY—6Y ad M =0
1=0 =0

<= ) is a root of the polynomial (2.3).

Define a function by F by

(2.5) Zal—l IT_ 3:) Zal)\ h —52%)\ hi

Since

T

lim F(A\) = (> ai—1)— (1= 8)(IT_eB:) (> ai Jim, A)
3 1=0

A—0t
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and F(1) =31 _qai—(1=0)({_yB8:;) =6 >_i_o ¢ > 0, it follows from continuity
of F that there exists a real number Ay € (0,1) such that F(X\g) = 0. Thus
for any K € R{, the sequence KA} + A is a solution of (2.4). Let K, =
max{0,x0,Z_1,...,Z_p,}. Then, {yn} = KoAj + A is a solution of (2.4) and
obviously we have x, <y, for n = —h,,...,0. Therefore, by using the first
part of the proof, we conclude that x,, <y, = KoA\j + A, n € Z°. O

Remark 2.3. When we take § = 1 and let p = 22:0 a;. By Theorem 2.2 we
have the following result.

Theorem 2.4. Let ¢;, Y € RY, h; € Z*, i = 1,...,r, where 0 = hg <

hi < <hpand Y, g <p <1, and let {x,},cz-n be a sequence of real
numbers satisfying the inequality

(2.6) Azn < —prn+ Y  Giwn-n, + T, n€Z’.
i=0

Then there exists Ao € (0,1) such that

(2.7) T, < max{0, 20,2 _p,,. ., T_p NG+ A, neZP

where A = (p— E::O ¢;)"IY. Moreover, Ao may be chosen as the smallest root
of the polynomial

(2.8) P(A) =M+t — (1 —p+qo)N'" — @AM — o — g ATt g,
which lies in the interval (0,1).

Remark 2.5. Suppose that T = 0 in Theorem 2.4. Then we get Theorem A
(Udpin and Niamsup, [16, Theorem 2.1]).

Remark 2.6. By Lemma 2.1 and Theorem 2.2, we can obtain the following
theorem.

Theorem 2.7. Let a;, ¢i, T € R, h; € Z°, i = 0,...,7 — 1; a,, ¢ € RT,
h, € ZT, where 0 = hg < hy < -+- < h,. Let oy, B; € RT, Z::oai =1 and
(1= OIT_oBi + 6> i oai] < >igai <1, where 0 < 6 < 1 is a constant.
Also let {xp}nez-nr be a sequence of nonnegative real numbers satisfying the
inequality

(2.9)  Azy <> (6qiTn—n, — aswn) + (1= ) (M_oB:) (x5, ) + T, n € Z°.

i=0
Then there exists Ao € (0,1) such that
(2.10) 2, < max{0, 20, T_p,,. -, T_pn NG+ A, n€Z°,

where A = (31 _qai — 6> _qqi — (1 — 0)II_oB;)~'T. Moreover, Ao can be
chosen as the root in the interval (0,1) of the equation

(211) A+ ai—1) = (1= HIT_eB) ) ™) =6 A" =0.
1=0 1=0 1=0
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Proof. By (2.9) and Lemma 2.1, we get (2.1). Then, all the conditions of
Theorem 2.2 are satisfied. By Theorem 2.2, we can obtain Theorem 2.7. (I

Remark 2.8. Suppose that T = 0 in Theorem 2.7. Then we get the main result
of Theorem C (Agarwal, Kim and Sen, [1]).

Remark 2.9. When we take § = 0. By Theorem 2.7 we have the following
result.

Theorem 2.10. Leta;, Y €R{, h; €Z°,i=0,...,7—1; a, €RT, h, € Z¥,
where 0 = hg < hy < -++ < hy. Let o, B; € RT, Y0 Ja; =1 and ITi_y3; <
Soiioai < 1. Also let {xn}nez-nr be a sequence of nonnegative real numbers
satisfying the inequality

(2.12) Az, <= aiwn + ([T_oBi) (0, ) + T, neZ’.
i=0

Then there exists Ao € (0,1) such that

(2.13) Ty < max{0, 20, T_p_1,...,7_p YNy + A, n€Z°,

where A = (3_,a; — II_y3;) "' Y. Moreover, Ay can be chosen as the root in
the interval (0,1) of the equation

(2.14) A+ (O ai—1) = (I_B) (O aid ™) =0.
1=0 i=0

Remark 2.11. Suppose that T = 0 in Theorem 2.10, then we get the main
result of Theorem B (Udpin and Niamsup, [16, Theorem 2.2]).

3. Asymptotic behavior of discrete systems

The inequalities obtained in Section 2 can be widely applied to research
the asymptotic behavior of delay discrete dynamic systems. To illustrate the
validity, consider the following discrete dynamic systems.

(3.1) Axy = —pxp + f(N,Tn, Tnehyy -y Tneh,),

where n, h; € Z*,i=1,...,7 € ZT, p > 0. For any initial string {z_,, z_,41,
...,Zo}, (3.1) has a unique solution which can be explicitly calculated [1, 16].
However, it is difficult to obtain the attracting set and the global asymptotic
stability using that form of solution. The following results give the attracting
set and the global asymptotic stability of (3.1) by using the inequalities derived
in Section 2.

Definition 3.1. The set S C R is called a global attracting set of (3.1), if for
any initial string {z_,,z_,11,...,20}, the solution {x, } satisfies

dist(xy,, S) — 0 asn — oo,

where dist(¢, S) = infyeg p(¢, ¥) for ¢ € R, p(-,-) is any distance in R.
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Theorem 3.2. Assume that there exist q;, T € Rar’ hi € 7%, g» € R, where
Z:ZO qi < p <1 such that

+7T

r
(32) |f(7’L, Tny Tn—hys--- 7xn7hT)| S Z Qi|1'n7hi
i=0

for all (N, T, To—pyy-- s Tn_n,) € Z° x R™L. Then, there exists \g € (0,1)
such that every solution {x,} of (3.1) satisfies

T

. < . n _ N1 0
B3 ol < e (0D + 0= 2a) T ne ),

where \g is chosen as in Theorem 2.4. As a consequence,

S = {¢ eR||¢| < (p— quT}
i=0
is a positive attracting set of (3.1).

Proof. As in [2], it is straightforward to show that every solution {x,} of (3.1)
can be written in the form
n—1

34) zp,=z20(1—p)"+ Z(l —p)”ﬂ'*lf(i, Xy Ti—hyy ey Tieh,), NE 79.
i=0

By using (3.2), we obtain

n—1 T
(35) ol < lzol(1—p)" + D> (1 =p)" " O gjlain |+ 1), n € Z°.
i=0 j=0
For each n = —h,.,...,0, let v, = |z,| and for each n € Z1, we let
n—1 T
(3.6) vn = |zo|(L=p)" + D> _ (1 =p)" O gjlain, | + 7).
i=0 j=0

Then, we have |z, | < v,, n € Z~" and hence,

r T
(3.7 Av, = —pv, + Zqﬂxn,hi + 7T < —pv, + Zqivn,hi +7, neZz’
i=0 i=0

Therefore, by Theorem 2.4, we obtain
: <o, < DA+ A= DA+ A z°
(3.8)  fon| < vn < (_max {uib)Ag +A=(_max {lzi[})Ag + A, n €2,

where A = (p — Y.i_, ) 'Y, and Ao is chosen as in Theorem 2.4. This
completes the proof of the theorem. O

Remark 3.3. Suppose that T = 0 in Theorem 3.2. Then we get the following
corollary.
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Corollary 3.4 (Udpin and Niamsup [16, Theorem 3.1]). Assume that there
exist ¢; € RE, h; € Zt, g € RY, where Y_i_,q; < p <1 such that

r
(39) |f(7l, TnyTn—hys---> zn*hr)| < Z Qi|xn7hi
1=0

for all (N, T, To—pyy-- s Tn_n,) € Z° x R™L. Then, there exists \g € (0,1)
such that every solution {x,} of (3.1) satisfies

. n < ’ n 0
(3.10) o] < (_max {lzi[})Ag, n € Z7,
where Ao 1s chosen as in Theorem 2.4.
Theorem 3.5. Assume that 0 < p < 1. Let ¢;, T € Rz{, hi € Z°, i =
0,....,7r—1;q. € R, h, € ZT, where 0 = hg < hy < --- < h,.. Letay, 3; € RT,
Yo =1 and [(1 —)II_B; +0> i _oqi] <p <1, where 0 <6 <1isa
constant. If

(3.11)

T
[F (M T Ty T, )| Y 0G|,
i=0
for all (N, @, Ty—pyy-- - Tn_n,) € Z° x R"T1 then there exists \g € (0,1) such
that, for every solution {x,} of equation (3.1),

) < . n 0
(3.12) Jon| < (_max {lzi[})Ag + A, n € 27,

O(Z+T

+ (1= 0) (o B[ n—n,

where A = (p—6>1_oqi — (1= 8)II_B;) 'Y, and o is chosen as in Theorem
2.7. As a consequence, S = {qﬁ eR ‘ lp] < A} is a positive attracting set of
(3.1).

Proof. As in [2], it is straightforward to show that every solution z,, of (3.1)
can be written in the form

n—1

(3.13) xp =ax0(l—p)" + Z(l - p)"_i_lf(i, Xy Ti—hyy -y Tieh,), N E 7.
i=0

By using (3.11), we obtain

(3.14)

|n| < faol(1—p)"

n—1 T
+ ) A =p)" O dgjl@ion, |+ (1=08) (o)) |win, |* +T), neZ’.
i=0 j=0
For each n = —h,.,...,0, let v, = |z,| and for each n € Z*, we let

(3.15)

on = |ao|(1 = p)"
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n—1 T
+ Y (=) O Saslwion, |+ (1= O)(AT—oB))|win,|* + ).
i=0 3=0
Then, we have |z,,| < v,, n € Z~" and hence,
Avy = —pvn + 3 0iltn—n,| + (1= O)(ITofi)|znon | + T

1=0
(3.16) < —pon + Y 6qivn_n, + (1= )(T_B:) (w2, )+ T, n e Z°.
=0
Therefore, by Theorem 2.7, we obtain
) < < . n — . n 0
(317)  on| < on < (max foih)Ag + A = (_max {lzi|HAg + A, n € Z7,

where A = (p—8>.1_,qi— (1—0)II_yB;) 'Y, and Ao is chosen as in Theorem
2.7. This completes the proof of the theorem. (I

Remark 3.6. When we take 6 = 0. By Theorem 3.5 we have the following
result.

Theorem 3.7. Assume that 0 <p<1. Let Y € RS, h; € Z°,i=0,...,r—1;
h, € ZT, where 0 = hg < hy < -+- < h,. Let oy, B; € RT, Z::oai =1 and
I_oBi<p<1.1If
(318)  1f(Tms s oo Tnn)] < (o) p | + T
for all (n,@p,Tp_p_1,...,Tn_n,) € Z° x R™ L then there exists \g € (0,1)
such that, for every solution {xy,} of equation (3.1),

. n < [ o 0
(3.19) Jon| < (_max Hzi[HAg + A, n € Z7,

where A = (p — I_oB3;)" Y, and o is chosen as in Theorem 2.10. As a
consequence, S = {qﬁ € R“qﬂ < A} is a positive attracting set of (3.1).

Remark 3.8. When we take T = 0. By Theorem 3.5 we have the following
result.

Theorem 3.9 ([1, Theorem 3.2]). Assume that 0 < p < 1. Let ¢; € R{,
hi €729 i=0,....r—1;a., ¢ €RT, h, € ZT, where 0 = hg < hy < -+ < h,..
Let a;, B € RY, S0 ;=1 and [(1 — 0)II_oB; + 6> i @] <p < 1, where
0<6 <1 isa constant. If

(3.20)
|f(n7 Tny Tn—hys--- 7$n*hr)| < Z 5Qi|xn*hi + (1 - 5>(H::Oﬂl)|xn*h1 o
i=0
for all (n,@p,Tp_p_1,...,Tn_n,) € Z° x R™ 1 then there exists \g € (0,1)
such that, for every solution {x,} of equation (3.1),
(3.21) Jon] < (_max {lzi[})Ag, n € z°,
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Ao is chosen as in Theorem 2.7. As a consequence, the trivial solution of the
equation (3.1) is globally asymptotically stable.
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