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STABILIZATION OF SWITCHED SYSTEMS WITH

UNCONTROLLABLE SUBSYSTEMS†

YANLI ZHU AND YUANGONG SUN∗

Abstract. In this paper, we study the stabilization problem of switched
systems with both controllable and uncontrollable subsystems. By using an
average dwell time approach, we first establish a sufficient condition such

that the switched system is exponentially stabilizable under appropriate
switching signals. We also extend this result to the switched system with
nonlinear impulse effects and disturbances. Numerical examples are given
to illustrate the theoretical results.
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1. Introduction

For a switched system, we mean a hybrid dynamical system that is composed
of a family of continuous-time (discrete-time) subsystems and a rule orchestrat-
ing the switching between the subsystems. In recent years, the switched system
has attracted considerable efforts, see [1]-[11]. This is because switched systems
have strong engineering backgrounds such as computer disk system [12], robot-
ics [13], power systems [14], air traffic management [15], and because that the
methods of intelligent control design are based on the idea of switching between
different controllers [4] and [16].

For systems that switch among a finite set of controllable linear systems, the
stabilization problem of switched systems with arbitrary switching frequency has
been studied in [17] and [18] by developing an improved estimation on transition
matrices. Very recently, the results in [17] and [18] were further extended to
switched systems with nonlinear impulses and perturbations [19].

Received July 6, 2012. Accepted May 1, 2013. ∗Corresponding author.
†This work was supported by the National Natural Science Foundation of China under grant no.

61174217 and the Natural Science Foundations of Shandong Province under grant nos. ZR2010AL002

and JQ201119.

c⃝ 2013 Korean SIGCAM and KSCAM.

895



896 Y. Zhu, Y. Sun

In this paper, motivated by the above work, we study continuous-time switched
systems with both controllable and uncontrollable subsystems. Switching signals
are proposed which ensure that the entire switched system is exponentially sta-
bilizable. By using an average dwell time approach and the multiple Lyapunov
functional method, we first show that the switched system is also stabilizable
under arbitrary switching signal with any given average dwell time even when
there exist both controllable and uncontrollable subsystems. Then, we extend
this result to the switched system with nonlinear impulse effects and distur-
bances.

This paper is organized as follows. In Section 2, the stabilization of switched
linear systems with both controllable and uncontrollable subsystems is investi-
gated. We study the stabilization of switched systems with nonlinear impulse
effects and disturbances in Section 3. In Section 4, we work out two examples
to illustrate the theoretical results. A conclusion is given in Section 5.

2. Stabilization of switched systems with uncontrollable subsystems

We consider the following switched linear system of the form

ẋ(t) = Aσ(t)x(t) +Bσ(t)u(t), x(t0) = x0, (1)

where x(t) ∈ Rn is the state, u(t) ∈ Rm is the control input, x0 is the initial
state. σ(t) : [t0,∞) → Λ = {1, 2, · · ·N} is a piecewise constant function, called
a switching signal. When σ(t) = i for i ∈ Λ, it means that the ith subsystem
ẋ(t) = Aix(t) +Biu(t) is activated. The switching moments 0 ≤ t0 < t1 < t2 <
· · · of σ(t) are defined recursively by tk+1 = inf{t > tk : σ(t) ̸= σ(tk)} for k =
0, 1, 2, · · · . Throughout this paper, we denote σ(t) = ik ∈ Λ for tk ≤ t < tk+1.

Unlike some literatures [17], [18] and [20], we here do not assume that all the
pairs (Ai, Bi) for i ∈ Λ are controllable. Without loss of generality, we assume
that

(H1): (A1, B1),· · · ,(Ap, Bp) are uncontrollable, and (Ap+1, Bp+1), · · · , (AN ,
BN ) are controllable, where 1 ≤ p < N .

For any given switching signal σ(t), the switched system (1) is said to be
exponentially stabilizable if there exist positive numbers L and λ such that
every solution of the system satisfies

∥x(t)∥ ≤ Le−λ(t−t0)∥x0∥, t ≥ t0.

Lemma 2.1 ([18]). Let A ∈ Rn×n and B ∈ Rn×m be constant matrices such
that the pair (A,B) is controllable. Then for any λ > 1, there exists a matrix
K ∈ Rm×n such that

∥e(A+BK)t∥ ≤ Mλn−1e−λ(t−t0), t ≥ t0,

where M > 0 is a constant, which is independent of λ and can be estimated in
terms of A, B and n.

For any t ≥ t0, assume that tk ≤ t < tk+1 for some k ∈ {0, 1, 2, · · · }. When
σ(t) = ik ∈ {p + 1, p + 2, · · · , N}, by Lemma 2.1, we see that for any λ > 1,
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there exists a gain matrix Kik such that the state of the closed-loop system
ẋ = (Aik +BikKik)x satisfies

∥x(t)∥ = ∥e(Aik
+Bik

Kik
)(t−tk)x(tk)∥ ≤ Mλn−1e−λ(t−tk)∥x(tk)∥, (2)

where M = max
p<ik≤N

Mik , and Mik > 0 is determined by {Aik , Bik}p<ik≤N and

n.
In order to estimate the norm of the state for those uncontrollable subsystems,

we consider the following optimization problem.
Maximize λik > 0 subject to

XikA
T
ik
+AikXik + Y T

ik
BT

ik
+BikYik < λikXik , 1 ≤ ik ≤ p, (3)

where Xik is a positive-definite matrix, and Yik is a free weighting matrix for
ik = 1, 2 · · · , p. The above optimization problem can be solved by using the LMI
Toolbox of Matlab in [21].

Let Pik = X−1
ik

and Kik = YikPik . Multiplying Pik on both sides of (3), we
have that (3) is equivalent to

(Aik +BikKik)
TPik + Pik(Aik +BikKik) < λikPik , 1 ≤ ik ≤ p. (4)

Define the following piecewise Lyapunov function

Vik(x(t)) = xT (t)Pikx(t), tk ≤ t < tk+1. (5)

It is easy to see that

λmin(Pik)∥x∥2 ≤ Vik(x) ≤ λmax(Pik)∥x∥2, (6)

where λmin(Pik) and λmax(Pik) denote the smallest and the largest eigenvalue
of the positive definite symmetric matrix Pik .

Lemma 2.2. For any t ≥ t0, assume that tk ≤ t < tk+1 for some k ∈
{0, 1, 2, · · · }. If σ(t) = ik ∈ {1, 2, · · · , p}, there exists a gain matrix Kik and a
constant λik > 0 such that the state of the closed-loop system ẋ = (Aik+BikKik)x
satisfies

∥x(t)∥ ≤

√
λmax(Pik)

λmin(Pik)
e

λik
2 (t−tk)∥x(tk)∥, tk ≤ t < tk+1.

Proof. Let the piecewise Lyapunov function be defined by (5). Along the solution
of system (1) on [tk, t], we have

V̇ik(x(t)) = xT (t)[(Aik +BikKik)
TPik + Pik(Aik +BikKik)]x(t). (7)

By (4) and (7) we obtain

V̇ik(x(t))− λikVik(x(t))

= xT (t)[(Aik +BikKik)
TPik + Pik(Aik +BikKik)− λikPik ]x(t)

< 0.

(8)



898 Y. Zhu, Y. Sun

Multiplying e−λik
(t−tk) on both sides of (8) and integrating it from tk to t, we

get

Vik(x(t)) ≤ eλik
(t−tk)Vik(x(tk), tk ≤ t < tk+1. (9)

By (6) and (9), we have

λmin(Pik)∥x(t)∥2 ≤ eλik
(t−tk)λmax(Pik)∥x(tk)∥2, tk ≤ t < tk+1.

Thus

∥x(t)∥ ≤

√
λmax(Pik)

λmin(Pik)
e

λik
2 (t−tk)∥x(tk)∥, tk ≤ t < tk+1, 1 ≤ ik ≤ p.

This completes the proof of Lemma 2.2. �

Now, we apply Lemma 2.1 and lemma 2.2 to the stabilization problem of the
switched system. We first introduce the concept of average dwell time. For any
switching signal σ(t) and any t ≥ τ , let Nσ(τ, t) denote the number of switchings
of σ(t) over the interval [τ, t) [22]. Let Sa[τa, N0] denote the set of all switching
signals satisfying

Nσ(τ, t) ≤ N0 +
t− τ

τa
,

where the constant τa is called the average dwell time and N0 denotes the chatter
bound. If we ignore the first N0 switchings, then the average time interval
between consecutive switchings is at least τa. Without loss of generality, we
assume that N0 = 0.

We denote j1 the number of activated uncontrollable subsystems over [t0, t),
and denote j2 the number of activated controllable subsystems over [t0, t). Thus,
we have that j1 + j2 = Nσ(t0, t). For any switching signal σ(t), we denote
T1(t0, t) the total activation time of uncontrollable subsystems on [t0, t), and
denote T2(t0, t) the total activation time of controllable subsystems on [t0, t). It
is easy to see that T1(t0, t) + T2(t0, t) = t− t0.

Define
λ+ = max

1≤q≤p
λq.

Determine the switching signal σ(t) so that

T2(t0, t)

T1(t0, t)
≥ γ (10)

holds for some γ > 0 and any t > t0 ≥ 0. By (10) and the fact that T1(t0, t) +
T2(t0, t) = t− t0, we have that

T1(t0, t) ≤
1

1 + γ
(t− t0), T2(t0, t) ≥

γ

1 + γ
(t− t0). (11)

Theorem 2.3. Assume that (H1) and (4) hold. For any given τ∗a > 0 and
γ > 0, there exist a set of feedback matrices {Ki}i∈Λ such that the resulting
closed-loop system of (1) is exponentially stabilizable for any switching signal
satisfying (10) and τa > τ∗a .
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Proof. Set

L = max
1≤i≤p

{√
λmax(Pi)

λmin(Pi)
,M

}
. (12)

It is easy to see that L > 1. For any τ∗a > 0 and γ > 0, choose λ > 1 sufficiently
large such that

c1 :=
2γλ− λ+

2(1 + γ)
− lnL+ (n− 1)lnλ

τ∗a
> 0. (13)

For any t ≥ t0, assume that tk ≤ t < tk+1 and σ(t) = ik. If ik ∈ {p + 1, p +
2, · · · , N}, by Lemma 2.1, there exists a feedback matrixKik such that (2) holds.
By (12), we have that

∥x(t)∥ ≤ Lλn−1e−λ(t−tk)∥x(tk)∥. (14)

If ik ∈ {1, 2, · · · , p}, by Lemma 2.2, there exists a feedback matrix Kik such that

∥x(t)∥ ≤
√

λmax(Pik
)

λmin(Pik
) e

λik
2 (t−tk)∥x(tk)∥

≤ Le
λ+
2 (t−tk)∥x(tk)∥.

(15)

Similarly, there exist a series of feedback matrices {Kij−1} for j ∈ {1, 2, · · · , k}
such that

∥x(tj)∥ ≤

{
Lλn−1e−λ(tj−tj−1)∥x(tj−1)∥, σ(tj−1) ∈ {p+ 1, · · · , N};
Le

λ+
2 (tj−tj−1)∥x(tj−1)∥, σ(tj−1) ∈ {1, 2, · · · , p}.

(16)

Therefore, under the feedback law u(t) = Kijx(t) for j = 0, 1, · · · , k, we get
from (14)-(16) by induction that

∥x(t)∥ ≤ (Lλn−1)j2e−λT2(t0,t)Lj1e
λ+
2 T1(t0,t)∥x0∥

≤ (Lλn−1)j1+j2e
λ+
2 T1(t0,t)−λT2(t0,t)∥x0∥

= eNσ(t0,t)[lnL+(n−1) lnλ]+
λ+
2 T1(t0,t)−λT2(t0,t)∥x0∥.

(17)

Noting that

Nσ(t0, t) ≤
t− t0
τ∗a

. (18)

By (10), (11), (17) and (18), we get

∥x(t)∥ ≤ e
lnL+(n−1) lnλ

τ∗
a

(t−t0)+
λ+

2(1+γ)
(t−t0)− γλ

1+γ (t− t0)∥x0∥

= e
−
(

2γλ−λ+
2(1+γ)

− lnL+(n−1) lnλ
τ∗
a

)
(t−t0)∥x0∥

= e−c1(t−t0)∥x0∥,

where c1 > 0 is defined by (13). This completes the proof of Theorem 2.3. �
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3. Stabilization of Switched Systems with Nonlinear Impulse Effects
and Disturbances

In this section, we consider the following switched system with nonlinear
impulse effects and disturbances ẋ(t) = Aσ(t)x(t) +Bσ(t)u(t) + fσ(t)(x(t)), t ̸= tk,

x(t+k ) = gk(x(tk)), x(t0) = x0,
(19)

where x(t), u(t), σ(t) and tk (k = 0, 1, · · · ) are the same as above, x(t±k ) =

limv→0+ x(tk ± v), x(t−k ) = x(tk), gk : Rn → Rn is the incremental change of
the state variable at the time tk, and fi : R

n → Rn is the piecewise continuous
disturbance for i ∈ Λ, Ai and Bi (i ∈ Λ) are constant matrices of appropriate
dimensions.

Throughout this section, we need the following assumption
(H2): ∥fi(x)∥ ≤ ε∥x∥, and ∥gk(x)∥ ≤ δ∥x∥ for i ∈ Λ and k = 1, 2, · · · , where

ε and δ are positive constants.
We also need the following inequality of Gronwall type ([23], Corollary 3, p.3).

Lemma 3.1. Let y and h be real continuous functions defined on [a, b] with
b > a ≥ 0, h(t) ≥ 0 for t ∈ [a, b], c ≥ 0 is a constant. Then,

y(t) ≤ c+

∫ t

a

h(s)y(s)ds, t ∈ [a, b]

implies that

y(t) ≤ ce
∫ t
a
h(s)ds, t ∈ [a, b].

Lemma 3.2. Assume that (H2) holds and tk ≤ t < tk+1 for some k ∈ {0, 1, 2, · · · }.
If σ(t) = ik ∈ {p+ 1, p+ 2, · · ·N}, there exists a gain matrix Kik for any λ > 1
such that the state of the subsystem

ẋ(t) = (Aik +BikKik)x(t) + fik(x(t)), t ∈ (tk, tk+1),

x(t+k ) = gk(x(tk))
(20)

satisfies

∥x(t)∥ ≤ δMλn−1e(εMλn−2−1)λ(t−tk)∥x(tk)∥.

Proof. By Lemma 2.1, there exist a gain matrix Kik and a constant M > 0 such
that

∥e(Aik
+Bik

Kik
)t∥ ≤ Mλn−1e−λt, tk ≤ t < tk+1. (21)

For the system (20), we have

x(t) = e(Aik
+Bik

Kik
)(t−tk)x(t+k )

+

∫ t

tk

e(Aik
+Bik

Kik
)(t−s)fik(x(s))ds, t ∈ (tk, tk+1).

(22)
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From (21) and (22), we get

∥x(t)∥ ≤ Mλn−1e−λ(t−tk)∥x(t+k )∥

+εMλn−1

∫ t

tk

e−λ(t−s)∥x(s)∥ds.

Set z(t) = eλ(t−tk)x(t). We have

∥z(t)∥ ≤ Mλn−1∥x(t+k )∥+ εMλn−1

∫ t

tk

∥z(s)∥ds, t ∈ (tk, tk+1). (23)

By (23) and Lemma 3.1, we have

∥z(t)∥ ≤ Mλn−1eεMλn−1(t−tk)∥x(t+k )∥, t ∈ (tk, tk+1).

Therefore,

∥x(t)∥ ≤ Mλn−1e(εMλn−2−1)λ(t−tk)∥x(t+k )∥
≤ δMλn−1e(εMλn−2−1)λ(t−tk)∥x(tk)∥.

This completes the proof of Lemma 3.2. �

For uncontrollable subsystems, from (H2) we obtain

fT
ik
(x(t))fik(x(t)) ≤ ε2xT (t)x(t), 1 ≤ ik ≤ p. (24)

On the other hand, for any given feedback matrices {Kik}1≤ik≤p, there always
exist a set of positive scalars {µik}1≤ik≤p such that

(Aik +BikKik)
T + (Aik +BikKik) + (ε2 + 1)In < µikIn. (25)

Note that the above inequality can be easily solved by using the LMI Toolbox
[21].

Lemma 3.3. Assume that (H2) and (25) hold, and tk ≤ t < tk+1 for some
k ∈ {0, 1, 2, · · · }. If σ(t) = ik ∈ {1, 2, · · · p}, there exists a gain matrix Kik and
constant µik > 0 such that the state of the subsystem (20) satisfies

∥x(t)∥ ≤ δe
µik
2 (t−tk)∥x(tk)∥.

Proof. Choose a common Lyapunov function V (x(t)) = xT (t)x(t) for all uncon-
trollable subsystems of the switched system (19). Along the solution of system
(20) on (tk, tk+1), we have

V̇ (x(t)) = xT (t)[(Aik +BikKik)
T +(Aik +BikKik)]x(t)+2xT (t)fik(x(t)). (26)

Note that

2xT (t)fik(x(t)) ≤ xT (t)x(t) + fT
ik
(x(t))fik(x(t)). (27)

By (24), (26) and (27), we obtain

V̇ (x(t)) ≤ xT (t)[(Aik +BikKik)
T + (Aik +BikKik) + (ε2 + 1)]x(t).

We obtain from (25) that

V̇ (x(t)) < µikV (x(t)), t ∈ (tk, tk+1). (28)
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Multiplying e−µik
(t−tk) on both sides of (28) and integrating it from tk to t, we

get

V (x(t)) ≤ eµik
(t−tk)V (x(t+k )), tk < t < tk+1.

Therefore,

∥x(t)∥2 ≤ eµik
(t−tk)∥x(t+k )∥

2.

It implies that

∥x(t)∥ ≤ e
µik
2 (t−tk)∥x(t+k )∥

≤ δe
µik
2 (t−tk)∥x(tk)∥.

This completes the proof of Lemma 3.3. �

In the following, define

µ+ = max
1≤q≤p

µq. (29)

Theorem 3.4. Assume that (H1), (H2) and (25) hold. For any given γ > 0,
τ∗a > 0 and δ > 0, there exist a set of gain matrices {Ki}i∈Λ and a sufficiently
small constant ε > 0, such that the close-loop system of (19) is globally expo-
nentially stabilizable for any switching signal satisfying (10) and τa > τ∗a .

Proof. For any given τ∗a > 0 and γ > 0, choose λ > 1 such that

c2 :=
γλ− µ+

2(1 + γ)
− ln(δMλn−1)

τ∗a
> 0. (30)

For any t ≥ t0, assume that tk ≤ t < tk+1 and σ(t) = ik. If ik ∈ {p + 1, p +
2, · · · , N}, by Lemma 3.2, there exists a feedback matrix Kik such that

∥x(t)∥ ≤ δMλn−1e(εMλn−2−1)λ(t−tk)∥x(tk)∥. (31)

If ik ∈ {1, 2, · · · , p}, by Lemma 3.3, there exists a feedback matrix Kik such that

∥x(t)∥ ≤ δe
µik
2 (t−tk)∥x(tk)∥ ≤ δe

µ+

2 (t−tk)∥x(tk)∥. (32)

Similar to the analysis in Theorem 2.3, there exist a series of feedback matrices
{Kij−1} for j ∈ {1, 2, · · · , k} such that

∥x(tj)∥ ≤


δMλn−1e(εMλn−2−1)λ(tj−tj−1)∥x(tj−1)∥,

σ(tj−1) ∈ {p+ 1, p+ 2, · · · , N};
δe

µ+

2 (tj−tj−1)∥x(tj−1)∥,
σ(tj−1) ∈ {1, 2, · · · , p}.

(33)

Therefore, under the feedback law u(t) = Kijx(t) for j = 0, 1, · · · , k, we get
from (10), (31)-(33) by induction that

∥x(t)∥ ≤ δj1e
µ+

2 T1(t0,t)(δMλn−1)j2e(εMλn−2−1)λT2(t0,t)∥x0∥

≤ eNσ(t0,t) ln (δMλn−1)+
µ++2(εMλn−2−1)γλ

2(1+γ)
(t−t0)∥x0∥.

(34)
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Since

Nσ(t0,t) ≤
t− t0
τ∗a

, (35)

we get from (34) and (35) that

∥x(t)∥ ≤ e
−
(

2(1−εMλn−2)γλ−µ+

2(1+γ)
− ln(δMλn−1)

τ∗
a

)
(t−t0)∥x0∥, t ∈ (tk, tk+1). (36)

Let ε ≤ 1/(2Mλn−2). By (30) and (36), we have that

∥x(t)∥ ≤ e
−( γλ−µ+

2(1+γ)
− ln(δMλn−1)

τ∗
a

)(t−t0)∥x0∥

= e−c2(t−t0)∥x0∥, t ∈ (tk, tk+1),

where c2 > 0 is defined by (30). This completes the proof of Theorem 3.4. �

4. Numerical Examples

In order to illustrate the theoretical results, we present two numerical exam-
ples as follows.

Example 4.1. Consider the switched system (1) with

A1 =

[
0 1
−1 0

]
, B1 =

[
1
0

]
,

A2 =

[
0 −6
1 5

]
, B2 =

[
2
1

]
,

A3 =

[
1 0
0 1

]
, B3 =

[
1
0

]
.

It is not difficult to verify that (A1, B1), (A2, B2) are controllable, and (A3, B3)
is uncontrollable.

By Lemma 2.1, we get M = 211. Choosing λ = 30, we have that K1 =[
90 −1799

]
and K2 =

[
−80.2 255.4

]
. Let K3 =

[
−2 1

]
. Under the

linear feedback law u(t) = Kσx(t), system (1) reduces to the following closed-
loop system

ẋ(t) = (Aσ +BσKσ)x(t). (37)

Let γ = 1 and τ∗a = 2. By (4), we can choose λ3 = 5 and a positive definite

symmetric matrix P3 =

[
3 1
1 1

]
. By (12), we have L = M = 211. For

λ+ = λ3 = 5, we get

2γλ− λ+

2(1 + γ)
− lnL+ (n− 1)lnλ

τ∗a
= 9.3735 > 0.

By Theorem 2.3, the switched system (37) is exponentially stable for any switch-

ing signal satisfying T2(0,t)
T1(0,t)

≥ 1 and τa > 2.
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Example 4.2. Consider the switched system (19) with the nonlinear distur-
bance

f(x) = ε
[
sin(x1) sin(x2) sin(x3)

]T
, ε > 0,

and

A1 =

 −1 −4 −2
0 6 −1
1 7 −1

 , B1 =

 2
0
1

 ,

A2 =

 −7 0 0
0 −2 0
0 0 1

 , B2 =

 2
1
1

 ,

A3 =

 1 1 1
0 1 0
1 1 1

 , B3 =

 1
0
1

 .

It is not difficult to verify that (A1, B1), (A2, B2) are controllable, and (A3, B3)
is uncontrollable.

By Lemma 3.2, we get M = 226290. By choosing λ = 10, we have

K1 =
[
45.600 −1567.8 −27.300

]
,

K2 =
[
11.2125 −268.80 298.375

]
.

Let ε = 2 × 10−7 < 1
2Mλn−2 , γ = 2, δ = 1 and τ∗a = 16. For given K3 =[

−2 −5 −1
]
, by (25), we can choose µ3 = 5. For µ+ = µ3 = 5, we get

c2 =
γλ− µ+

2(1 + γ)
− ln(δMλn−1)

τ∗a
= 1.4416 > 0.

By Theorem 3.4, the close-loop system of (19) is exponentially stable for any

switching signal satisfying T2(0,t)
T1(0,t)

≥ 2 and τa > 16.

5. Conclusion

This paper studies the stabilization problem of the switched system with both
controllable and uncontrollable subsystems. By estimating solutions for control-
lable subsystems and uncontrollable subsystems, respectively, and by using an
average dwell time approach, we first establish a sufficient condition such that
the switched system is exponentially stabilizable under appropriate switching
signals. Then, we extend this result to the switched system with nonlinear im-
pulse effects and disturbances. Finally, two numerical examples are worked out
to illustrate the theoretical results.
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