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ANALYSIS OF THE SEQUENCES WITH OPTIMAL
CROSS-CORRELATION PROPERTY'

MIN-JEONG KWON AND SUNG-JIN CHO*

ABSTRACT. The design of large family size with the optimal cross-correlation
property is important in spread spectrum and code division multiple ac-
cess communication systems. In this paper we present the sequences with
the decimation d = 2 - 2™ — 1, calculate the cross-correlation spectrum for
0 <t < 2™ —2 and count the number of the value 2 — 1 occurring for
0 < 7 < 2™—2. The sequences have the optimal cross-correlation property.
The work on this paper can make it easier to count the number of the whole
value occurring for 0 < 7 < 2™ — 2.
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1. Introduction

Since the 1950s linear recurring sequences in finite fields have become crucial
to switching circuits and coding theory. Selmer briefed on the history of the
subject concentrating on the development after 1918 [14]. Correlation functions
of the sequences are important in electrical engineering. Especially if the two
sequences are identical, we speak of the auto-correlation function. For maximal
period sequences in GF'(2), the auto-correlation function was already calculated
by Golomb [1] and an extension to arbitrary GF(q) was given by Zierler [17].
The cross-correlation function for two maximal period sequences in GF(2) was
considered in Golomb [1]. The further work on correlation functions was done
by many researchers [2, 3, 5, 6, 10]. In recent years, it is the primary concern
to design of large family size with the good cross-correlation properties and the
further work for the distribution of each value of the cross-correlation function is
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proceeded [4]. The sequences with good correlation properties have many appli-
cations in signal processing(spread spectrum and code division multiple access
communication systems) [12, 15]. The GMW sequences and Kasami sequences
are asymptotically optimal with respect to the Welch bounds [8, 13, 16]. In this
paper we present the sequences with the decimation d = 2 - 2™ — 1, calculate
the cross-correlation spectrum for 0 < t < 2" — 2 and count the number of the
value 2" — 1 occurring for 0 < 7 < 2™ — 2. The sequences have the optimal
cross-correlation property.

2. Preliminaries

In this section some definitions, facts and results are presented. Trace func-
tion can be computed in any field, finite or not. But in finite fields, they are
more helpful tools to construct and analyze the pseudo random sequences and
the results are more useful.

Definition 2.1. Assume that m divides n, then GF(2™) is a subfield of GF(2").
The trace function 77}, : GF(2") — GF(2™) is defined by

~ m-i m 2m
Trr(x) = E 2 =4 2 4t
i=0

gm(Z—1)

The basic properties of the trace function are:

(i) Tl is linear over GF(2™),

(ii) Try is balanced, that is, every element in GF'(2") occurs exactly 27~
times,

(iit) Tr™ (22™) = Tr? (z), and

(iv) T, is transitive, that is, Tr? (z) = Trk {Tr?(x)}, whenever m divides k
and k divides n.

Definition 2.2. The cross-correlation function C(7) between the sequences u(t)
and v(¢) is defined for 7 =0,1,2,--- by

O(r) = (=1 i@ (1)

t

In the sum (1), a cyclic shift by 7 of u(¢) and v(t) are compared bit by bit,
and then the value of the cross-correlation function is the sum of the agreements
and disagreements between the sequences. That is, C(7) is the measure of the
similarity between the sequences. The explanation about the importance of this
measure is in detail in [9].

Definition 2.3. Decimation is an operation on sequences and it works as fol-
lowing : if u(¢) is the sequence of elements sg, s1, s2, -+ of the sequence family,
then the decimated sequence u(dt) has the terms sg, 4, S24,---. Thus wu(dt) is
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obtained by taking every dth term of u(t), starting from so.

Since any maximal period sequences in GF(2) can be obtained from a single
sequence of this type by a suitable decimation, the decimation of maximal period
sequences is important [1]. So the cross-correlation spectrum depends only on
decimation and the choice of the maximal sequence is irrelevant [12].

Lemma 2.4 ([11]). For m,n such that n = 2m, every primitive element o of

GF(2") can be presented as
=07,
gm

where 8,7 satisfy 62" —1 =1,~2" 11 =1, respectively.

Proof. Since ged(2™ 4 1,2™ — 1) = 1, there are integers s and k with s(2™ —
1) + k(2™ + 1) = 1. Then we can present the primitive element o of GF(2")
as o = al = oF@" D@7 1) — (kC"+1) sQC" =D | If we denote the o™+

2" =1 by §, v respectively, then 62" ~1 = 1,427+ = 1. O

From now on, let T denote 22" for each x € GF(2")* for the convenience of
the notation. With this notation, we can proceed our work considerably.

Lemma 2.5. Let S = {z | 2T = 1,2 € GF(2")}. Then

SNGF(2™) = {1}
Proof. Since every element of S is the (2™ 4 1)-th root of unity in GF(2") and
ged(2m +1,2™ — 1) = 1, SN GF(2™) = {1}. O
Lemma 2.6 ([7]). Let w € S\ {1} be fized. Then

uw + 1
u—+w

S\ {w} ={

| u e GF(2™)}.

3. The spectrum and the number of the occurrences
of the cross-correlation function

For even number m, n = 2m, r with ged(r,2™ —1) =1 and d = 2-2™ — 1, let
Sy ={sh(t)|a e GF(2™),0 <t <2" -2}
be the sequence family, where
so(t) = Tr([Try,(a- o' +a®)])").
The sequence family S, has the optimal cross-correlation property.

Lemma 3.1. For even number m, n =2m and d =2-2™ — 1, then

(i) d = 1(mod 2™ — 1)
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(ii) d = —3(mod 2™ + 1).

Lemma 3.2. For 0 < t < 2™ and r with ged(r,2™ — 1) = 1, if we let
N(t,7,r) =| {t | H{t,7,7) = 0,0 <t < 2™} | where H(t,7,r) = [Tr" (ac!t™ +
QTN 4 [Tr? (bat + ad)]”, then

N(t,7,r) = N(t,7,1).

Proof. To obtain the value N(¢,7,r), it is sufficient to calculate the number of
t satisfying H(t,7,7) = 0. H(t,7,7) = 0 means that [Tr" (aa!*™ 4 odt+7))]" =
[Tr? (bat + ad)]". Since ged(r,2™ — 1) = 1, whenever ¢ satisfies the equa-
tion [Tr? (aatt™ + o)™ = [Tr? (bat + a™)]", the t also satisfies the equa-
tion Tr7 (ac*t™ + a®+7)) = Tr? (bat 4 a®), i.e. the t satisfies the equation
H(t,7,1)=0. So {t | H(t,7,r) =0,0<t<2™} ={¢t | H{t,7,1) = 0,0 <t <
2™} and thus N(t,7,7) = N(t,7,1). O

Theorem 3.3. For the sequence family S,, the cross-correlation function Cq () of
the sequences s, s, is four-valued.

Proof. The cross-correlation function of the sequences s, s; in the sequence

family S, is C (1) = 5262(,1)s£(t+r)+82(t). To obtain the value of the cross-
correlation function, s, (t + 7) + s;(t) is needed.
sa(t+7) +sp(t) =Tr{"([Tr},(aat*T + a7
+Tr{ ([T, (ba' + a™)]")
= Trp ([T a0t + T [T b+ )]

For convenience, let Q = 2™+1. Then we can represent the time ¢ with @ such
ast = Qt; +ty. Let a9 = 3. Then 8 € GF(2™). Since d = 1(mod 2™ —1), 8¢ =

& SC(L)at+T T+ odt+T) = gQtittatT 4 (d(Qti+ta+T)
— gftratatT 4 fdt qdlta+)
_ 5151 (aater‘r 4 ad(t2+7))
and
bat + adt = pa@uttz 4 od(Qti+t2)
= Bt (batz + adt2).
Then

Tri([Tr, (aadt™ + @@ )T+ [Trr, (ba + a)]7)
= Tr(BY{[Try (aa>T7 4 o4 4 [Tr7 (ba'> + a¥2)]7})
T {FTH 7))
and
H(ty,7,7r) = [Tr" (ac't7T + ad(tr'”))]" + [Tr? (ba'? + adtQ)]T.

From ged(r,2™—1) = 1and 8 € GF(2™)*, {817 | 0 < t; < 2Mm -2} = GF(2™)*.
Thus
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Caplr) = Lpog (-1t

m

t
= > ?)2 Ztm 0(—1)Tr?l{5t”H(t2mT)}
1= 2=

m

ZneGF(zm)* ngzo(—1)Tr§n{71H(t2,‘r,T)}

= ZneGF(Qm) thzo(—l)Tﬂn{77H(t2,7-,7")} —(2m+1).
Let N(te,7,7) =| {ta | H(t2,7,7) = 0,0 < t3 < 2™} |. Then using the fact

S ()T ) 0 L,H(ta,7,r) #0
neGF(2m) 2™ H(ta,7,7) =0

we obtain o
Cad(7) = Y pcar@m Sopmo(— 1T nHE2m} — (9m 4 1)
= N(tg,7,7)2™m = (2™ + 1)
{N(tg,r,r) — 1}2™ — 1.
By Lemma 3.2, N(ta,7,7) = N(t2,7,1). So the number of the ty satisfying
the equation H(t9,7,1) = 0 instead of H(te,7,7) = 0 is required. Then

Tr? (aat2t7 + @dt2F7) 4 patz 4 qdt2)
= Tr{(a% + 1)a® + (aa™ +b)at?}
Trr {A(T)ad + B(1)at?}
A(T)a™ + B(t)at? + A(1)a®" %2 + B(1)a?"t
0
where A(7) = a” +1 and B(7) = aa™ +b. By Lemma 2.4, the primitive element
a of GF(2") can be expressed as §v satisfying 62" = §,72" = v~ ! respectively.
And it is obvious that 6% = §,7% = y=3 from Lemma 3.1. Moreover ¢ is the
element of GF'(2™) and + is in S. If we replace a with ¢, then

A(T)a™ + B(1)at? + A(t)a®" %2 + B(1)a?"t
— A(T)(Sdtz,ydtg + B(T)é'tz,ytz + A(T)(Sdetz,medtz + (T)52mt2,y2mt2
= A(r)d"y 72 + B(7)d'29"2 + A(r)d"27" + B(7)d'2y "

= 0.
Since 6% # 0,

A(T)y%2 + B(r)y* + B(r)y* + A(7) = 0. (2)

If we substitute x with v*2, then {y*2 | 0 <ty < 2™} = {x |z € S}. So the
equation (2) is equivalent to

A(r)2* + B(1)2® + B(r)z + A(T) = 0. (3)

Since the degree of the equation (3) is three, the number of the solutions to
the equation (3) is possible from 0 to 3. That is 0 < N(tg,7,7) < 3, and
Cop(r) € {—2m —1,-1,2™ — 1,2 - 2™ — 1}. Therefore the cross-correlation
function C, (7) is four-valued. O
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Now we concentrate on the cross-correlation function of s (t) = Tr ([Tr? (o™
™) and sp(t) = Tri([Tr? (bat + adt)]™) with b # 0 in S, for the special case.
Then the cross-correlation function is Co (1) = {N(t2,7,7) — 1}2™ — 1, where
N(to,7,7) =|{ta | H(te,7,7) = 0,0 < t5 < 2™} |. For obtaining N (t3,T,7), it is
sufficient to solve the equation

(4)

A(1)z® + ba® 4 bz + A(1) =0,
x€eS

where A(7) = a?"+1. Then the problem for the spectrum of the cross-correlation
function is changed into the problem for the number of the solutions to the
equation (4). From Lemma 2.5, SN GF(2™) = {1}.

First, assume that z = 1 is the solution to the equation (4), i.e. A() = A(7).

(a) If A(T) =0, then x =1 is the only solution to the equation (4) in S and
thus Cp(0) = —2™ — 1.

(b) If A(7) # 0, then we can simplify the equation (4) to the monic polynomial
x® + Rz 4+ R +1 =0 for some 0 < k; < 2™ — 2. Then

B4+l = (2+1) (22 + (B +1)z+1) =0 (5)

(i) If k&y = O then the equation (5) has z = 1 as the only solution with
multiplicity 3.

(ii) If k; # O then the number of the solutions to the equation z% + (8% +
1)z + 1 = 0 determines that of the equation (5). If Tr‘f(ﬁ) = 0, then the
equation (5) has z =1 as the only solution in S. And if Tr‘f(ﬁ) =1, then
Tri( ﬁ) = 0 by the transitivity of the trace function. So the equation (5)
is factorized over GF(2™) and it has two more roots in S apart from 1. Thus
there are three roots of the equation (5) and thus Cp (1) € {-1,2-2™ — 1}.

Second, we will investigate the case A(T) # A(T).

(a) If any element of S does not satisfy the equation (5), then there is no
solution and thus Cpp(7) = —2™ — 1.

(b) If there is an element of S satisfying the equation (5), say w, then A(7)w?+
bw? 4+ bw + A(7) = 0. If there is another solution to the equation (5), it is the
element of S\ {w} = {¥¥tl | 4 € GF(2™)} by Lemma 2.6. If we substitute

u-+w

+1 :
we for z in (5), then

(A(T)w? + bw? + bw + A(7))u® + (A(T)w + bw® + b+ A(T)w)u?
(A(T)w? +bw3 + b+ A(T)w?)u = A(T) +bw+bw? + A(t)w®  (6)
Since w is the solution to the equation (5), the coefficient of u* in the equation
(6) is vanished. Then the degree of the equation (6) is down to 2 as follows
(A(T)w + bw? + b+ A(T)w)u? + (A(T)w? + bw? + b + A(T)w?)u
= A(1) + bw + bw? + A(T)w? (7)
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So there is 0, 1 or 2 solutions to the equation (7) apart from w and moreover
Cop(r) € {-1,2™ —1,2-2™ —1}. Thus Cy(7) is four-valued.

Theorem 3.4.The number of the value Co (1) = 2™ — 1 occurring for 0 < 7 <
2" — 2 45 2™,

Proof. Cop(7) = 2™ — 1 occurs when the equation (4) has two different roots.

From the result of the equation (7), it is obvious that one of them is the root

with multiplicity 2. By forming the derivative it can be seen when the equation

has repeated roots. Whenever A(7) = 0 there is no repeated roots, A(7) should
2 b

not be 0. By differentiating the equation (4), we obtain x* = TR Substitute

22 in the equation (4), then
A(T)A(T) = b*. (8)

Since A(1) € GF(2")* and b € GF(2™)*, we can replace A(7),b with oF2
(0 < kg <27 —2), a9 (0 < k3 < 2™ — 2), respectively. Then (8) is

a@k2 — QQka’
Qko = 2Qks(mod 2™ — 1),
ko = 2ks(mod 2™ — 1).

That is ko = (2™ — 1) - 1 + 2ks with 0 < < 2™. So there are 2™ + 1 repeated
roots of the equation (4).

But when A(7) = b, there is only one solution z = 1 with multiplicity 3 to
the equation (4). Therefore | = k3 is excluded from 0 <! < 2™ and thus there
are 2" repeated roots with multiplicity 2. O

Example 3.5. Let n = 8 m = 4 and » = 7. Then the value of the cross-
correlation function Cp 2(7) between the sequences si = Tri([Tr§(a3'")])
and s, = Tri([Tri(f%a’ + o®)]7) in the sequence family Sy = {sf | a €
GF(2%),0 <t < 2" —2} is an element of {—17,—1,15,31} and the value 15 oc-
curs 16 times when 7 is 22,24, 60, 77,86,97,101,129, 143,171,175, 186, 195, 212,
248, 250.

4. Conclusion

We calculated the spectrum of the cross-correlation functions Cq ;(7) for 0 <
t < 2™ — 2 and counted the number of the occurrences of Cyp(r) = 2™ — 1
for 0 < 7 < 2™ — 2 between two maximal linear sequences. The sequence with
four-valued cross-correlation is optimal by Welch bounds and the further work
on the number of the value occurring for 0 < 7 < 2™ — 2 is needed.
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