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ON THE SCHULTZ POLYNOMIAL AND HOSOYA

POLYNOMIAL OF CIRCUMCORONENE SERIES OF

BENZENOID

MOHAMMAD REZA FARAHANI

Abstract. Let G = (V,E) be a simple connected graph. The sets of ver-
tices and edges of G are denoted by V = V (G) and E = E(G), respectively.
In such a simple molecular graph, vertices represent atoms and edges rep-

resent bonds. The distance between the vertices u and v in V (G) of graph
G is the number of edges in a shortest path connecting them, we denote
by d(u, v).

In graph theory, we have many invariant polynomials for a graph G.

In this paper, we focus on the Schultz polynomial, Modified Schultz poly-
nomial, Hosoya polynomial and their topological indices of a molecular
graph circumcoronene series of benzenoid Hk and specially third member
from this family. H3 is a basic member from the circumcoronene series of

benzenoid and its conclusions are base calculations for the Schultz polyno-
mial and Hosoya polynomial of the circumcoronene series of benzenoid Hk

(k ≥ 3).
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1. Introduction

Let G = (V,E) be a simple connected graph. The sets of vertices and edges
of G are denoted by V = V (G) and E = E(G), respectively. In such a simple
molecular graph, vertices represent atoms and edges represent bonds.

The distance between the vertices u and v in V (G), of graph G is the number
of edges in a shortest path connecting them, we denote by d(u, v). An edge uv
of graph G is joined between two vertices u and v (d(u, v) = 1). Since G is
connected, d(u, v) exists for all vertices u, v ∈ V (G). In this paper, the number

Received July 31, 2012. Revised December 20 2012. Accepted January 23, 2013.

c⃝ 2013 Korean SIGCAM and KSCAM.

595



596 M.R. Farahani

of adjacent vertices with v in V (G)is degree of vertex v and denote by δv, that
is an important terminology in graph theory.

In chemical, physics and nano sciences, we have many different family of
molecular graph. One of the appealing family is the molecule benzene and the
circumcoronene series of benzenoid, Hk, k ≥ 1, (see Figure 3 and references
[44]). The molecule benzene is more practical in the chemical, physics and nano
sciences. In Figure 1, the first three graphs from the circumcoronene series of
benzenoid, Hk, are shown Also is very useful to create the aromatic compounds.
See reference [7, 8, 13, 16, 44].

1.eps

Figure 1. The first three graphs H1, H2 and H3 from the
circumcoronene series of benzenoid, such thatH1, H2 are graphs
C6 and the Capra of planar benzenoid Ca(C6), respectively.

In this paper, we focus on the third member of this family, namely graph
H3 in Figure 1, which coronene and benzene denoted by H2 and H1 = C6,
respectively.

Also, in graph theory, we have many invariant polynomials for a graph, that
they have usually integer coefficients. A polynomial of a graph is related with
construction of graph, which is invariant under graph automorphisms. It is easy
to see that every polynomial defines a topological index.

In this paper, we compute the Schultz polynomial, Modified Schultz polyno-
mial and Hosoya polynomial of molecular graph circumcoronene H3 and obtain
their topological indices. The Schultz polynomial was introduced by H.P. Schultz
in 1989 for the molecular topological index [46] and Modified Schultz index was
defined by S. Klavzar and I. Gutman in 1997 [42]. The Hosoya polynomial was
introduced by H. Hosoya, in 1988 [31].

The molecular topological index studied in many papers [12, 17, 20, 42, 47]
and computed [1, 6, 9, 10, 14, 15, 21-28, 32-39, 42, 46]. In a series of papers,
the Schultz indices of some nanotubes computed [20, 32-39, 41, 43, 45, 50]. The
Hosoya polynomial and Wiener index of some molecular graph computed [3,
4, 5, 11, 15, 18, 29-31, 40, 48, 49, 51, 52]. We denoted the Schultz polyno-
mial by Sc(G, x), the Modified Schultz polynomial by Sc∗(G, x) and the Hosoya



Schultz and Hosoya Polynomials of Benzenoid Hk 597

polynomial by H(G, x). The Schultz polynomial of graph G is defined as:

Sc(G, x) =
1

2

∑
u,v∈V (G)

(δu + δv)x
d(u,v) (1)

And its topological index is:

Sc(G) =
1

2

∑
u,v∈V (G)

(δu + δv)d(u, v) =
∂ (Sc(G, x))

∂x
|x=1 (2)

The Modified Schultz polynomial of G is defined as:

Sc∗(G, x) =
1

2

∑
u,v∈V (G)

(δu × δv)x
d(u,v) (3)

And its topological index is:

Sc∗(G) =
1

2

∑
u,v∈V (G)

(δu × δv)d(u, v) =
∂ (Sc∗(G, x))

∂x
|x=1 (4)

Definition 1.1 ([15]). Let d(u, v) = i is distance between vertices u and v of
G. Then, Di = {(u, v)|u, v ∈ V (G), d(u, v) = i} is the set of some dual (u, v) of
vertex set V (G).

In this paper, we denoted the size of Di by d(G, i) (= |Di|). The Hosoya
polynomial of G is defined as:

H(G, x) =
∑

u,v∈V (G)

xd(u,v) =

d(G)∑
i=0

d(G, i)xi (5)

with d(G, 0) = n and d(G, 1) = e, such that n is the number of vertices in the
graph G, e the number of edges and d(G) the topological diameter (i.e. the
longest topological distance in G). See reference [11]. One of very important
topological index in graph theory is Wiener index, that obtain from Hosoya
polynomial and is equal to:

W (G) =
1

2

∑
u∈V (G)

∑
v∈V (G)

d(u, v) =
∂ (H(G, x))

∂x
|x=1 =

d(G)∑
i=0

i.d(G, i)

We were computed the Schultz polynomial and Modified Schultz polynomial of
coronene H2 = Ca(C6), (the second member of benzenoid family or circum-
coronene series) in the following theorem.

Theorem 1.2 ([15]). Let H2 = Ca(C6) be the Capra of planar benzenoid (or
coronene). Then:
• The Schultz polynomial of H2 is equal to:

Sc(H2, x) = 156x + 252x2 + 294x3 + 276x4 + 222x5 + 132x6 + 48x7
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So the Schultz index of H2 is Sc(H2) = 4884.
• The Modified Schultz polynomial of H2 is equal to:

Sc∗(H2, x) = 204x + 330x2 + 381x3 + 348x4 + 267x5 + 144x6 + 48x7

So the Modified Schultz index of H2 is Sc∗(H2) = 5934.
• The Hosoya polynomial of H2 is equal to:

H(H2, x) = 24 + 30x + 48x2 + 57x3 + 54x4 + 45x5 + 30x6 + 12x7

Also, the Wiener index of H2 is W (H2) = 1002 ([19, 44, 49]).

Now, in following theorems, we compute the Schultz polynomial, Modified
Schultz polynomial and Hosoya polynomial of third member from the circum-
coronene series of benzenoid.

Theorem 1.3. Let H3 be the circumcoronene of benzenoid series. Then:
• The Schultz polynomial of H3 is equal to:

Sc(H3, x) = 396x + 696x2 + 912x3 + 1026x4 + 1062x5

+1008x6 + 894x7 + 714x8 + 516x9 + 300x10 + 108x11

So the Schultz index of H3 is Sc(H3) = 40788.
• The Modified Schultz polynomial of H3 is equal to:

Sc∗(H3, x) = 546x + 966x2 + 1263x3 + 1410x4 + 1449x5

+1356x6 + 1182x7 + 918x8 + 336x9 + 336x10 + 108x11

So the Modified Schultz index of H3 is Sc∗(H3) = 53502.

Theorem 1.4. Let H3 be the circumcoronene. Then, the Hosoya polynomial of
H3 is equal to:

H(H3, x) = 54 + 72x + 126x2 + 165x3 + 186x4 + 195x5

+186x6 + 168x7 + 138x8 + 102x9 + 66x10 + 27x11

Also, the Wiener index of H3 is W (H3) = 7809.

The molecular graph H3 is a basic member from the circumcoronene series
of benzenoid. Its conclusions is main calculations for the Schultz polynomial,
Modified Schultz polynomial, Hosoya polynomial of the circumcoronene series
of benzenoid H3. So in continue, we present some result for the Schultz poly-
nomial, Modified Schultz polynomial and Hosoya polynomial of general case of
circumcoronene series of benzenoid, Hk, ∀k ∈ N and determine several sentence
of favorite polynomial of this family. The Theorem 1.2, Theorem 1.3, Theorem
1.4, and Theorem 1.5 are the main results in this paper.

Theorem 1.5. Let Hk (∀k ≥ 2) be the circumcoronene series of benzenoid,
such that |V (Hk)| = 6k2 and |E(Hk)| = 9k2 − 3k. Then the first, second and
third sentence of Hosoya Polynomial, Schultz Polynomial and Modified Schultz
Polynomial of G are listed as follow:
I. The first sentence of Hosoya Polynomial is (9k2 − 3k)x1.
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II. The first sentence of Schultz Polynomial is (54k2 − 30k)x1.
III. The first sentence of Modified Schultz Polynomial is (81k2 − 63k + 6)x1.
IV.The second sentence of Hosoya Polynomial is 6k(3k − 2)x2.
V. The second sentence of Schultz Polynomial is (108k2 − 96k + 12)x2.
VI. The second sentence of Modified Schultz Polynomial is (162k2−174k+30)x2.
VII. The third sentence of Hosoya Polynomial is (27k2 − 27k + 3)x3.
VIII. The third sentence of Schultz Polynomial is (162k2 − 192k + 30)x3.
IX. The third sentence of Modified Schultz Polynomial is (243k2− 333k+75)x3.

It is obvious that, the farthest distance between two vertices of Hk (k ≥ 2)
is equal to 4k − 1. The notation of this terminology is d(G) in graph theory.
In other words, the diameter d(Hk) of circumcoronene series of benzenoid is
4k − 1, (by simple induction on d(Hk+1) = d(Hk) + 4 and its first terms are
d(H1 = C6) = 3, d(H2) = 7, d(H3) = 11,... see [17]).

Theorem 1.6. Let Hk (∀k ≥ 2) be the circumcoronene series of benzenoid, with
diameter d(Hk) = 4k − 1. Then:
I. The latest sentence of Hosoya Polynomial is (3k2)x4k−1.
II. The latest sentence of Schultz Polynomial is (2 + 2)(3k2)x4k−1.
III. The latest sentence of Modified Schultz Polynomial is (2× 2)(3k2)x4k−1.
IV. The 4k − 2th sentence (6k2 + 6k − 6)x4k−2 of Hosoya Polynomial.
V. The 4k − 2th sentence (30k2 + 18k − 24)x4k−2 of Schultz Polynomial.
VI. The 4k − 2th sentence (36k2+12k−24)x4k−2 of Modified Schultz Polynomial.

2. Main results

Before prove of Theorem 1.2, Theorem 1.3, Theorem 1.4, and Theorem 1.5 for
molecular graph circumcoronene series of benzenoid Hk, we need the following
denotation of H3. Suppose Z6 = {0, 1, ..., 5} is the cycle finite group of order 6.

Denotation 2.1. Let V (G) is the vertex set of G = H3 with cardinality 54 and
E(G) is the edge set of G with cardinality 36×3+18×2

2 = 72.
Therefore, we name each vertex of G by automorphism f (f is bijection), such
that:

f : V (G) −→ {vi, ui, xi, yi, zi, ti, ai, bi, ci|i ∈ Z6}
and also,

f : E(G) −→ {vivi+1, viui, uixi, uiyi, xiyi+1, xizi, yiti, ziai, zici, tibi, tici, aibi+1|i ∈ Z6}.
According to the Figure 2, we have the vertices vi, ui, xi, yi, zi, ti as degree 3
and vertices ai, bi, ci as degree 2, for all i ∈ Z6.

Definition 2.2. Let d(u, v) = i is distance between vertices u and v of G. Then,
Di(d1, d2) = {(u, v)|u, v ∈ V (G), d(u, v) = i, d1 = δu&d2 = δv} is the set of dual
(u, v) of vertex set V (G).

So, we have two sentences |Di(d1, d2)|×xd1+d2 and |Di(d1, d2)|×xd1.d2 of the
Schultz polynomial and the Modified Schultz polynomial respectively, such that



600 M.R. Farahani

∀u, v ∈ Di(d1, d2), d1 + d2 = δu + δu and d1.d2 = δu × δu.
Obviously, if G = Hk, we have

Di = {(u, v)|u, v ∈ V (H3), d(u, v) = i} = Di(3, 3) ∪Di(3, 2) ∪Di(2, 2)

Figure 2. The circumcoronene H3, that named by bijection f .

Proof. Let G = H3 be the third member of Circumcoronene Series of Benzenoid.
Since, there exist the number of 54 distinct vertices. Thus, we have the

(
54
2

)
=

1431 distinct shortest path between vertices u and v of G.
Also, ∀u, v ∈ V (G), ∃d(u, v) ∈ {1, 2, ..., 11} and we will have eleven partitions

for proof, by according to the Figure 2.
I- If d(u, v) = 1, then D1 = E(G). So, we have three subsets of it.
I− 1. D1(3, 3) = {(vi, vi+1), (vi, ui), (ui, xi), (ui, yi), (xi, yi+1), (xi, zi), (yi, ti)|i ∈
Z6}, therefore |D1(3, 3)| = 7×6 = 42. Also, δv+δu = 6 and δv×δu = 9, because
∀u, v ∈ D1(3, 3), δv = δu = 3. So, we have tow sentences 252x1, 378x1 of the
Schultz polynomial and Modified Schultz polynomial, respectively.
I− 2. D1(3, 2) = {(zi, ai), (zi, ci), (ti, bi), (ti, ci+1)|i ∈ Z6}, therefore |D1(3, 2)| =
4× 6 = 24. Also, δv + δu = 5 and δv × δu = 6. Since ∀u, v ∈ D1(3, 2), δu = 2 &
δv = 3. So, we have tow sentences 120x1, 144x1 of the Schultz polynomial and
Modified Schultz polynomial, respectively.
I− 3. Since (ai, bi+1) ∈ D1(2, 2), δai = δbi+1 = 2. Hence, we have 24x1.
So generally, first term of the Schultz polynomial is 396x1 and first term of the
Modified Schultz polynomial is 546x1.
Now, we list all existent sets Dd(d1, d2), ∀i ∈ Z6, d = 2, ..., 11 and d1, d2 = 2 or
3, as follow:

II-D2(3, 3) = {(vi, vi+2), (vi, ui+1), (vi, ui−1), (vi, xi), (vi, yi), (ui, xi−1), (ui, yi+1),
(ui, zi), (ui, ti), (xi, yi), (xi, ti+1), (yi, zi−1), (zi, ti)}
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D2(3, 2) = {(xi, ai), (xi, ci), (yi, bi), (yi, ci), (zi, bi+1), (ti, ai−1)}
D2(2, 2) = {(ai, ci), (bi, ci)}

III-D3(3, 3) = {(vi, vi+3), (vi, ui+2), (vi, ui−2), (vi, xi−1), (vi, yi−1), (vi, xi+1),

(vi, yi+1), (vi, zi), (vi, ti), (ui, ui+1), (ui, ti+1), (ui, zi−1), (yi, zi), (yi, yi+1),
(xi, xi+1), (xi, ti), (zi, ti+1)}
D3(3, 2) = {(ui, ai), (ui, bi), (ui, ci), (xi, bi+1), (xi, ci+1), (yi, ai−1), (yi, ci−1),
(zi, bi), (ti, ai)}
D3(2, 2) = {(ai, ci+1), (bi, ci−1)}

IV-D4(3, 3) = {(vi, ui+3), (vi, xi+2), (vi, xi−2), (vi, yi+2), (vi, yi−2), (vi, ti+1),
(vi, zi+1), (vi, ti−1), (vi, zi−1), (ui, ui+2), (ui, xi+1), (ui, yi−1), (xi, yi+2),
(xi, zi−1), (xi, zi+1), (yi, ti−1), (yi, ti+1)}
D4(3, 2) = {(vi, ai), (vi, bi), (vi, ci), (ui, bi+1), (ui, ci+1), (ui, ai−1), (ui, ci−1),
(xi, bi), (yi, ai), (ti, bi+1), (ti, ci−1), (zi, ai−1), (zi, ci+1)}
D4(2, 2) = {(ai, bi)d(ai, bi)}

V-D5(3, 3) = {(vi, yi+3), (vi, xi+3), (vi, ti+2), (vi, ti−2), (vi, zi+2), (vi, zi−2),
(ui, ui+3), (ui, xi+2), (ui, xi−2), (ui, yi+2), (ui, yi−2), (ui, zi+1), (ui, ti−1),

(xi, yi−1), (xi, ti+2), (ti, ti+1), (zi, zi+1), (yi, zi−2)}
D5(3, 2) = {(vi, ai+1), (vi, bi+1), (vi, ci+1), (vi, ai−1), (vi, bi−1), (vi, ci−1),
(xi, ai+1), (xi, ai−1), (xi, ci−1), (yi, bi+1), (yi, bi−1), (yi, ci+1)}
D5(2, 2) = {(ai, ai+1), (bi, bi+1), (ci, ci+1)}

VI-D6(3, 3) = {(vi, ti+3), (vi, zi+3), (ui, yi+3), (ui, xi+3), (ui, ti+2), (ui, ti−2),
(ui, zi+2), (ui, zi−2), (xi, xi+2), (xi, yi−2), (xi, ti−1), (yi, yi+2), (yi, zi+1), (zi, ti+2)}
D6(3, 2) = {(vi, ai+2), (vi, bi+2), (vi, ci+2), (vi, ai−2), (vi, bi−2), (vi, ci−2),
(ui, ai−1), (ui, bi+1), (xi, bi+2), (xi, ci+2), (yi, ai−2), (yi, ci−2), (zi, ci−1),
(zi, ai+1), (ti, bi−1), (ti, ci+1)}
D6(2, 2) = {(ai, bi+2)}

VII-D7(3, 3) = {(ui, ti+3), (ui, zi+3), (xi, xi+3), (xi, yi+3), (xi, zi+2), (xi, zi−2),

(xi, ti−2), (yi, yi+3), (yi, ti+2), (yi, ti−2), (yi, zi+2), (zi, ti−1)}
D7(3, 2) = {(vi, ai+3), (vi, bi+3), (vi, ci+3), (ui, ai+2), (ui, bi+2), (ui, ci+2),
(ui, ai−2), (ui, bi−2), (ui, ci−2), (xi, bi−1), (yi, ai+1), (zi, bi+2), (zi, ci+2),
(ti, ai−2), (ti, ci−2)}
D7(2, 2) = {(ai, ci−1), (bi, ci+1)}

VIII-D8(3, 3) = {(xi, ti+3), (xi, zi+3), (yi, ti+3), (yi, zi+3), (zi, zi+2), (zi, ti−2),
(ti, ti+2)}
D8(3, 2) = {(ui, ai+3), (ui, bi+3), (ui, ci+3), (xi, ai+2), (xi, ai−1), (xi, bi−1),
(xi, ci−1), (yi, ai+2), (yi, bi+2), (yi, bi−1), (yi, ci+2), (zi, bi−1), (ti, ai+1}
D8(2, 2) = {(ai, ci+2), (bi, ci−2), (ci, ci+2)}

IX-D9(3, 3) = {(zi, zi+3), (zi, ti+3), (ti, ti+3)}
D9(3, 2) = {(xi, ai+3), (xi, bi+3), (xi, ci+3), (yi, ai+3), (yi, bi+3), (yi, ci+3),
(zi, ai+2), (zi, ai−2), (zi, bi−2), (zi, ci−2), (ti, ai+2), (ti, bi+2), (ti, bi−2), (ti, ci+2)}
D9(2, 2) = {(ai, bi−1)}

X-D10(3, 2) = {(zi, ai+3), (zi, bi+3), (zi, ci+3), (ti, ai+3), (ti, bi+3), (ti, ci+3)}
D10(2, 2) = {(ai, ai+2), (ai, bi−2), (ai, ci−2), (bi, bi+2), (bi, ci+2)}
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XI-D11 = {(ai, ai+3), (ai, bi+3), (ai, ci+3), (bi, bi+3), (bi, ci+3), (ci, ci+3)}

Therefore, by use of Part I, Part II and above sets, we digest all computa-
tion in following table.
Now, we equation all distance of any u, v ∈ V (G). Also, we obtain the favorite

Table 1. The existent sets Dd(d1, d2), for every d = 2, ..., 11
and d1, d2 = 2 or 3, where i = dv + du&j = dv × du

d(u, v) i&j |Dd(δv, δu)| Coefficients of xi and xj

2 6&9 136=78 468 & 702
5&6 66=36 180 & 216
4&4 26=12 48 & 48

3 6&9 3+166=99 594 & 891
5&6 96=54 270 & 324
4&4 26=12 48 & 48

4 6&9 176=102 612 & 918
5&6 136=78 390 & 468
4&4 6 24 & 24

5 6&9 3+176=105 630 & 945
5&6 126=72 360 & 432
4&4 36=18 72 & 72

6 6&9 146=84 504 & 756
5&6 166=96 480 & 576
4&4 6 24 & 24

7 6&9 6+106=66 396 & 594
5&6 156=90 450 & 540
4&4 26=12 48 & 48

8 6&9 76=42 252 & 378
5&6 136=78 390 & 468
4&4 36=18 72 & 72

9 6&9 6+6=12 72 & 108
5&6 146=84 420 & 504
4&4 6 24 & 24

10 5&6 66=36 180 & 216
4&4 56=30 120 & 120

11 4&4 36+9=27 108 & 108

polynomial and their indices. Thus, the Schultz polynomial of H3 is equal to:

Sc(H3, x) = 396x + 696x2 + 912x3 + 1026x4 + 1062x5

+1008x6 + 894x7 + 714x8 + 516x9 + 300x10 + 108x11

And Schultz index of H3 is Sc(H3) = 40788.
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The Modified Schultz polynomial of H3 is equal to:

Sc∗(H3, x) = 546x + 966x2 + 1263x3 + 1410x4 + 1449x5

+1356x6 + 1182x7 + 918x8 + 336x9 + 336x10 + 108x11

Also the Modified Schultz index of H3 is Sc∗(H3) = 53502. Here, we complete
the proof of Theorem 1.2. �

Proof. Let G = H3 be the third member of circumcoronene series of ben-
zenoid. According to Definition 2.2, since Di = Di(3, 3)

∪
Di(3, 2)

∪
Di(2, 2)

(∀i ∈ {1, 2, ..., 11}) and d(G, i) = |Di| = |Di(3, 3)|+ |Di(3, 2)|+ |Di(2, 2)|. Also,

H(G, x) =
∑d(G)

i=0 d(G, i)xi.
Now by reference to the proof of Theorem 1.3, the Hosoya polynomial of H3

is:

H(H3, x) =

d(H3)∑
i=0

d(H3, i)x
i = 54 + 72x + 126x2 + 165x3

+186x4 + 195x5 + 186x6 + 168x7 + 138x8 + 102x9 + 66x10 + 27x11.

Hence The Wiener index of benzenoid H3 is equal to:

W (H3) =

d(H3)∑
i=0

i.d(H3, i) = 7809.

It is obvious that, H(H3, 1) = 1431 + 54 = (n2 ) + n.
Here, the proof of Theorem 1.3 was completed. �

Before proof of Theorem 1.4, we introduce the general notation for vertices
of circumcoronene series of benzenoid Hk, in following denotation.

Denotation 2.3. Let V (G) is the vertex set of G = Hk with cardinality
6k2. So, we name all vertices of degree 2 by γi (for i = 1, ..., 6k) and say
family Γ, such that their adjacent vertices named by βi (for i = 1, ..., 6k −
1 and i ̸= k, 2k, 3k, 4k, 5k) and say family B. In other words, D1(3, 2) =
{(γi, βi), (γi−1, βi)|i = 1, ..., 6k − 6} and D1(2, 2) = {(γjk+1, γ(j+1)k)|j ∈ Z6}.
Also ∀i, we name all adjacent vertices with βi, by αi (say family A). αi adja-
cent vertices named by xi (for i = 1, ..., 6k − 1 and i ̸= k, 2k, 3k, 4k, 5k) and say
family X. We name another vertices by yi i = 1, ..., 6k2 − 24k+24, respectively
and say family Y. See Figure 3.

Proof. (i). Let E(Hk) (∀k ≥ 2) is the edge set of circumcoronene series of
benzenoid, since |E(Hk)| = 9k2 − 3k, it is obvious that the first sentence of
H(Hk) is (9k2 − 3k)x1. Also, by according to Denotation 2.2 |D1(2, 2)| =
|{(γjk+1, γ(j+1)k)|j ∈ Z6}| = 6, |D1(3, 2)| = |{(γi, βi), (γi−1, βi)|i = 1, ..., 6k −
6}| = 12(k−1), then |D1(3, 3)| = |E(Hk)|−|D1(2, 2)|−|D1(3, 2)| = 9k2−15k+6.
So the coefficient of first sentence of Schultz Polynomial is 4 × 6 + 5 × 12(k −
1) + 6 × (9k2 − 15k + 6) = 54k2 − 30k. By similar argument the coefficient of
first sentence of Modified Schultz Polynomial of Hk will be 243k2 − 333k + 75.
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Figure 3. The new notation for vertices of circumcoronene
series of benzenoid Hk.

(ii). We see that there exist six paths with length 2 for all C6 (the cycle of
order 6) and also 6(k − 1) paths with length 2 between vertices γjk+i, γjk+i+1

(for i = 1, ..., k−1 and j = 0, 1, 2, 3, 4, 5), by according to the Figure 4. Now, we
denote the number of C6 in the molecular graphG = Hk by ζk. It is obvious that,

ζk = ζk−1+6(k−1). Thus ζk = ζ1+6
∑k

2(i−1) = ζ1+6
∑k−1

1 i = 3k(k−1)+1.
So, the second sentence of Hosoya Polynomial is [6(3k(k−1)+1)+6(k−1)]x2 =
[6k(3k − 2)]x2.

Also,|D2(3, 2)| = |{(γi, αi+1), (γi, αi−1)|i ∈ Z6k}| = 6×2k = 12k, |D2(2, 2)| =
6(k − 1) and |D2(3, 3)| = 6(3k(k − 1) + 1)− 12k = 18k2 − 30k + 6 by according
to the Figure 4.
Therefore, the second sentence of Schultz Polynomial and Modified Schultz Poly-
nomial ofHk will be [4×6(k−1)+5×12k+6×(18k2−30k+6)]x2 = (108k2−96k+
12)x2 and [4×6(k−1)+6×12k+9×(18k2−30k+6)]x2 = (162k2−174k+30)x2,
respectively.

(iii). By according to the Figure 5, Figure 6 and use of Denotation 2.2 for
circumcoronene series of benzenoid Hk (∀k ≥ 2), we categorize the path with
length 3, in based their first point, their end point and listed in the following
table.

Also by according to the Definition 2.2, we have Di(d1, d2) = {(u, v)|u, v ∈
V (G), d(u, v) = i, d1 = δu&d2 = δv}. So, we write D3(3, 3) = {(u, v)|u, v ∈
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Figure 4. Example: The path with length 2 of circumcoronene H3.

Table 2. Categorization the path with length 3, in based their
first and end point, and the number of them.

The first point The families of end points The number of these path

γik+1 and γ(i+1)k

(i = 0, 1, ..., 5) Γ, B, A, X 4× 12 = 48
γik+2 and γ(i+1)k−1

(i = 0, 1, ..., 5) Γ, B, A, A, X 5× 12 = 60
γik+j (i = 0, 1, ..., 5
& j = 3, ..., k − 2) B, B, A, A, X 5× 6(k − 2) = 30k − 120
βik+1 and β(i+1)k−1

(i = 0, 1, ..., 5) Γ, B, A, X, Y 5× 12 = 60
βik+j (i = 0, 1, ..., 5
& j = 2, ..., k − 2) Γ, Γ, A, A, Y , Y 6× 6(k − 3) = 36k − 108
αik+1 and α(i+1)k−1

(i = 0, 1, ..., 5) Γ, Γ, B, A, X, Y , Y 7× 12 = 84
αik+j (i = 0, 1, ..., 5
& j = 2, ..., k − 2) B, B, A, A, Y , Y , Y 7× 6(k − 3) = 42k − 126
xi ∈ X Γ, Γ, Γ, B, A, A, X, Y , Y 9× 6(k − 2) = 54k − 108
yi ∈ Y All in X or Y 9× 6(k − 2)2

= 54k2 − 216k + 216

Y,X,A,B&d(u, v) = 3}, D3(3, 2) = {(u, v)|u ∈ Y,X,A,B&v ∈ Γ, d(u, v) = 3}
and D3(2, 2) = {(u, v)|u, v ∈ Γ, d(u, v) = 3} for G = Hk, by use of the Deno-

tation 2.1. Thus, |D3(3, 3)|, |D3(3, 2)| and |D3(2, 2)| are equal to 54k2−114k+54
2 ,

60k−72
2 and 24

2 , respectively (see Table 1).
Now, we can calculate the third sentence of Hosoya Polynomial, Schultz poly-

nomial and Modified Schultz polynomial of G = Hk. Therefore, we have three
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sentences

[27k2 − 57k + 27 + 30k − 36 + 12)]x3 = (27k2 − 27k + 3)x3,

[6(27k2 − 57k + 27) + 5(30k − 36) + 4(12)]x3 = (162k2 − 192k + 30)x3

and

[9(27k2 − 57k + 27) + 6(30k − 36) + 4(12)]x3 = (243k2 − 333k + 75)x3

of Hosoya Polynomial, Schultz polynomial and Modified Schultz polynomial,
respectively. Now we complete the proof of Theorem 1.4. �

Figure 5. Example: The path with length 3 of circumcoronene
series of benzenoid Hk, that their first point is γ1, γ2, β1 and
β2.

Proof. (i). By according to the Figure 3 and use the Denotation 2.2 for cir-
cumcoronene series of benzenoid Hk (∀k ≥ 2), the distance d(Hk) exist between
some of the vertices with degree 2. It is easy to see that, ∀i ∈ Z6 = {0, 1, ..., 5}
& ∀l, j ∈ {1, ..., k}, d(γik+j , γ(i+3)k+l) = 4k − 1 such that the index of γi ∈ Γ
exhibit from Z6k = {1, ..., 6k}. So, the latest sentence of Hosoya Polynomial of
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Figure 6. Example: The path with length 3 of circumcoronene
series of benzenoid Hk, that their first point is α1, α2 x1.

circumcoronene series of benzenoidHk will be (3k2)x4k−1 and the latest sentence
of Schultz polynomial and Modified Schultz polynomial of Hk will be 12k2x4k−1.

(ii). Also by according to the part X of proof of Theorem 1.4, we see that there
exist distance 4k − 2 between vertices γik+j , β(i+3)k+l and d(γik+j , γ(i+2)k+l) =
d(γik+j , γ(i+4)k+l) = 4k−2, ∀i ∈ Z6 = {0, 1, ..., 5} & ∀l, j ∈ {1, ..., k}. Hence, we
have |D4k−2(2, 2)| = 6(k+k−1) and |D4k−1(3, 2)| = 6k(k−1). So, the coefficient
of sentence 4k−2th of Hosoya Polynomial is 6k2+6k−6 and we have coefficients
5(6k2 − 6k) + 4(12k − 6) = 30k2 + 18k − 24 and 6(6k2 − 6k) + 4(12k − 6) =
36k2 + 12k − 24 of the Schultz polynomial and Modified Schultz polynomial,
respectively. �

3. Conclusions

In this paper, counting polynomials called ”Schultz, Modified Schultz and
Hosoya” of circumcoronene H3 were determined and several sentence of favorite
polynomials of circumcoronene series of benzenoid Hk, k ≥ 2. See above theo-
rems.
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