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STRONG CONVERGENCE OF A MODIFIED ISHIKAWA
ITERATIVE ALGORITHM FOR LIPSCHITZ
PSEUDOCONTRACTIVE MAPPINGS
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ABSTRACT. Let H be areal Hilbert space and let T': H — H be a Lipschitz
pseudocontractive mapping. We introduce a modified Ishikawa iterative
algorithm and prove that if F(T) = {z € H : Te = z} # 0, then our
proposed iterative algorithm converges strongly to a fixed point of T. No
compactness assumption is imposed on T and no further requirement is
imposed on F(T).
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1. Introduction

Let H be a real Hilbert space with inner product (.,.) and induced norm ||.||.
Let C' be a nonempty closed convex subset of H. A mapping T : C' — C is said
to be L-Lipschitzian if there exists L > 0 such that

||Tx —Ty|| < L|jx — y||, Vz,y € C. (1.1)

T is said to be a contraction if L € [0,1) and T' is said to be nonezpansive if
L = 1. T is said to be pseudocontractive in the terminology of Browder and
Petryshyn [1] if

|ITx = Tyl|> <|lz =y’ + [Jo = Tz - (y = Ty)||>, Yo,y € C.  (1.2)
It is easy to verify that (1.1) is equivalent to the monotonicity condition
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where I is the identity operator. Inequalities (1.2) and (1.3) are also equivalent
to the inequality

(T — Ty,x —y) < ||z —y||2, Va,y € C. (1.4)

An important proper subclass of the class of pseudocontractive mappings is
the class of k-strictly pseudocontractive mappings. T is said to be k-strictly
pseudocontractive (see for example [1]) if there exists k € [0,1) such that

T = Ty||* < ||z —yl|* + kl|lz = Tz — (y = Ty)|]*, Yo,y € C (1.5)

It is well known that if T is k-strictly pseudocontractive, then T is Lipschitz

: : ; _ 1+vEk
with Lipschitz constant L = L VE

If F(T) ={xz € C: Tz = z} # 0 and inequality (1.2) (or (1.3) or (1.4)) is
satisfied for all z € C and for all y € F(T), then T is said to be hemicontractive
(see for example [2]). T is said to be demicontractive if F(T) # () and inequality
(1.5) is satisfied for some k € [0,1) and for all x € C, and y € F(T). T is said
to be demiclosed at p if whenever {z,}52, is a sequence in C' which converges
weakly to * € C and {Tz,}5°; converges strongly to p, then Ta* = p.

The Mann iteration scheme {z,,}5° ; generated from an arbitrary z; € C' by

Tnt1 = (L —ap)zy + @pyTan, n > 1, (1.6)

where the control sequence {a,}22 ; is a real sequence in [0, 1] satisfying some
appropriate conditions has been used by several authors for the approximation
of fixed points of nonexpansive maps, strictly pseudocontractive maps and demi-
contractive maps (see for example [1-8]). It is now well known (see for example
[9]) that Mann iteration scheme may not in general be applicable for the itera-
tive construction of fixed points of a Lipschitz pseudocontractive map in Hilbert
spaces. For Lipschitz pseudocontractive maps, the Ishikawa iteration sequence
{xn}52, generated from arbitrary z; € C by

Tpt1 = (1 —an)Tn + anT[(1 = Bn)xn + BnTan], n > 1, (1.7)

where {a,,} and {f,} are control sequences in [0, 1] is usually applicable.

In real Hilbert spaces, one of the most general well known convergence the-
orem using the Mann iteration algorithm for the class of k-strictly pseudocon-
tractive mappings is the following.

Theorem 1.1 ([10]). Let H be a real Hilbert space and let C' be a nonempty

closed convex subset of H. Let T : C — C be a k—strictly pseudocontractive

map with a nonempty fized point set F(T') and let {o, }52 1 be a real sequence in

(0,1—k) satisfying the conditions (i) lm o, =0 (it) > .7 an(l—a, —k) =
n— oo

oo. Then the Mann iteration algorithm {x,}32, converges weakly to a fized point

of T.

If £ =0 in Theorem 1.1, we obtain weak convergence theorem for nonexpan-
sive maps.



Strong Convergence for Lipschitz Pseudocontractive Mappings 567

To obtain strong convergence of Mann to a fixed of a k-strictly pseudocontrac-
tive maps or even a nonexpansive map in the setting of Theorem 1.1, additional
conditions are usually required on T or the subset C' (see for example [1-8]). In
[11], Genel and Lindenstraus provided an example of a nonexpansive mapping
defined on a bounded closed convex subset of a Hilbert space for which the Mann
iteration does not converge to a fixed point of 7.

Recently Yao, Zhou and Liou [12] (see also [13]) studied a modified Mann
iteration algorithm and proved strong convergence of the modified algorithm to
a fixed point of a nonexpansive mapping in real Hilbert spaces. They proved the
following.

Theorem 1.2 Let H be a real Hilbert space. Let T : H — H be a non-expansive
mapping with F(T) # 0. Let {t,}52, and {a,}32, be two real sequences in
[0,1]. Assume the following conditions are satisfied:
(c1) lim t, =0;

n—oo
(c2) S0ty = oo;
(¢3) an € [a,b] C (0,1).
Then the modified Mann iteration sequence {x,}°°; generated from an arbitrary
x1 € H by

Tnt1 = (L —apn)(1 —tp)zn + T —ty)x,], n>1 (1.8)

converges strongly to a fixed point of T .
Observe that {x,} can be expressed in the form

{ vp = (1—tp)z, (1.9)

Tnt1 = (1 — ap)vp + an Ty,

Clearly, the modified Mann iteration algorithm reduces to the normal Mann
iteration algorithm when ¢,, = 0.

More recently, Paul-Emile Maingé and Stefan Maruster [14] employed the
modified Mann algorithm (1.8) and proved that it converges strongly to a fixed
point of a demicontractive map in real Hilbert spaces. They proved the following:

Theorem 1.3 Let H be a real Hilbert space and let T : H — H be a demicon-
tractive map with constant k € [0,1) and let (I —T) be demiclosed at 0. Let
{tn 22, and {a,}22, be two real numbers in [0,1]. Assume the following con-
ditions are satisfied:

(c1) lim t, =0;

n—oo
(c2) Yniitn = 00;
(e3) {an} C (0,b], with0 < b < 1—k;
(c4) nllrﬂoc% =0.

Then the modified Mann iteration sequence {x,}°2, generated from an x1 € H
by (1.8) converges strongly to Ppr)(0) the least norm element of F(T).
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For L-Lipschitzian pseudocontractive maps for which the Ishikawa algorithm
rather than the Mann algorithm has been applicable, Ishikawa [15] first proved
the following:

Theorem 1.4 Let C be a nonempty compact subset of a real Hilbert space H
and T : C — C an L-Lipschitzian pseudocontractive mapping. Let {a,}S2, and
{Bn}S2, be real sequences satisfying the conditions:

(i) 0<a, <pB,<1; (i) Jim f, = 0; (iil) Y07, anfBn = co. Then the
Ishikawa iteration sequence {x,}5%, generated from an arbitrary 1 € C by
(1.7) converges strongly to a fized point of T.

Since the appearance of Theorem 1.4, many authors have extended it in vari-
ous forms (see for example [16-23]). However, strong convergence have not been
achieved without compactness assumption on T or C'; or other requirements on
the set of fixed point F(T); or complete modification of the scheme to a hybrid
algorithm (see for examples [16-23]). Recently, Zegeye, Shahzad and Alghamdi
[17] assumed that the interior of F(T) is nonempty (intF(7') # @) to achieve
strong convergence when 7' is a self mapping of a nonempty closed convex subset
of a real Hilbert space. This appears very restrictive since even in R with the
usual norm, Lipschitz pseudocontractive maps with finite number of fixed points
do not enjoy this condition that intF(T') # 0.

It is our purpose in this paper to complement Yao, Xu and Liou [12]; and
Maingé and Maruster [14] by introducing a modified Ishikawa iteration algorithm
analogous to the modified Mann iteration algorithm studied in [12] and [14]. We
further prove that our modified Ishikawa algorithm converges strongly to a fixed
point of a Lipschitz pseodocontive map in real Hilbert spaces.

2. Preliminaries

In what follows, we shall need the following results.
Lemma 2.1 ([Kolmogorov Criterium]). Let C' be a closed convexr subset of a
real Hilbert space H and let x be a point in H. Let Pc(x) denote the projection
of x onto C. Then z = Po(x) if and only if (x — z,z —y) >0, Vy € C.

Lemma 2.1 ([24]). Let H be a real Hilbert space, C' a closed convex subset of
H and T : C — C a continuous pseudocontractive mapping, then

(i) F(T) is a closed convex subset of C.

(i) (I —T) is demiclosed at zero.

Lemma 2.2 ([14]). Let {a,} be a sequence of nonnegative numbers such that
ant1 < (1 = Ap)an + Apryn, where {rp} is a bounded sequence of real numbers
and {\,} C [0,1] satisfies Y.~ | A\p = 00. Then limsup a,, < limsupr,.

n—oo n—oo

3. Main results

We now introduce the following modified form of the Ishikawa algorithm:
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Modified Ishikawa Algorithm. Let H be a real Hilbert space and let T :
H — H be a giving mapping. For arbitrary x; € H our modified Ishikawa
iteration sequence {x,} is given by

Fni1 = (1= an) (L=t + anT (1= Ba)(1 = b)) + B TI(L — tn)a] |, 0> 1

(3.1)
where {t, }, {a,} and {8, } are real sequences in [0, 1] satisfying some appropriate
conditions that will be made precise in our strong convergence theorem. Observe
that (3.1) can be written in the form

vp = (1 —ty)z,
Yn = (1 - 5n)Vn + BTy, (3.2)
Tna1 = (1 — ap)vn + anTyp.

Observe that as in the case of the modified Mann iteration algorithm of [12]
and [14], our modified Ishikawa iteration scheme reduces to the normal Ishikawa
iteration when t¢,, = 0.

We now prove the following strong convergence theorems which applies for
L-Lipschitzian pseudocontractive maps in real Hilbert spaces.

Theorem 3.1 Let H be a real Hilbert space and let T : H — H be an L-
Lipschitzian hemicontractive map such that (I — T) is demiclosed at 0. Let
{tn}22q, {an}S2y and {B,} be sequences in (0,1) satisfying the conditions
(c1) nlgr;otn = 0;

(c2) 3oy tn =00

(c3) an < Bpy,n>1;and0<e< B, <b<1 for somee >0 and for some

1 .
be (07 \/mﬂ)’
(¢4) lim i =0.

n—oo 4n

Then the modified Ishikawa iteration sequence {x,}22, generated from an x1 €
H by (3.1) converges strongly to Pr(1y(0) the least norm element of F(T).

Proof. Using the form (3.2) we set Gnvp := T[(1 = Bn)vn+ BnTvy], n > 1. Then
using the Lipschitz property of T' and the well known identity

11 =Bz +tyll* = (1 = O)ll2]* + tlyl|* — t(1 = t)]|= - yl|* (3-3)

which holds for all z,y in H and for all ¢ in [0, 1] we obtain for arbitrary p € F(T)
that

||GnVn —p||2

ITI(X = Ba)vn + BaTvn] —pl|*

[[(1 = Bn)vn + BnTvn — p||2 + (1 = Br)vn + BnTvn — GnVn||2
(1 = Bn)(Wn = p) + Bu(Trn = p)|*

H|(L = Bn) (wn = Guvn) + Bu(Tva = T[(1 = Ba)vn + BuTvn))||?
(1= Ba)llvn = plI* + BulTvn = plI* = Bu(1 = Ba)llvn — Tval[?
+(1 = Bn)l[vn = Gavnl[®

IN
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+Bn||Tvn — T[(1 = Br)vn + BuTwn]||?

—Bn(1 = Bn)llvn — Tvnl|?

[vn = I + Bullvn — Tnl|* = Ba(1 — Ba)llvn — Twnll®
+(1 = Bu)llvn — Guval® + L2B|Jvn — Twn|®

—Bn (1 = Bn)|lvn — Twnl|?

= |lvn —plI* + (1 = B)llvn — Gnvaml|?

IA

~Ball = 2Bn — B2L)||vn — Tvn|*. (3.

Using (3.4) we obtain for arbitrary p € F(T) that

l|zn41 —pl|?

= |1 = an)(Wn = p) + an(Garn = p)II”
= (1= an)llva —pl* + anl|Gove — plf?

—an(1 = an)|lvn — Gavall?

IN

2 2
(1= an)llvn = pII” + anllvn = ol

+(1= Bu)llvn = Guvall® = Bu(L = 280 = BLL)llvn — TvalP’)
—an(L = an)|[vn = Gual?

= |lvn —plI> = an(Bn — an)|[vn — Guranl|®
—anfnll = 285 — BaL||vn — Tval|*.

Since o, < B, Vn > 1, we obtain
zni1 =2l < lvm = p|[* = anBull = 28, = B2 L*||vn — Twa|*.

From (3.2) we obtain - (v,, — 2,11) = Vp — Gy, Hence

Thus

Qn

—|[|vn — Tl [V — G|
an

[[vn = Tnl|| + [|Tvn — Guvnl|
HVn - TVnH +L/Bn||7/n - TVn”
[L+ LBn]l|vn — Twp].

IN A

1

——————||Vn — Tn, < ||lvn — Tvyll.
iz el <1 H

Using (3.8) in (3.7) we obtain

where

|Zn41 *pHQ <lvn 7p||2 = Anl|vn — $n+l||2’

\ . Pell =28, — L*BR] e[l —2b— L%V
" a,(14+LB)2 T b(1+ Lb)?

> 0.

Furthermore, it follows from (3.2) and (3.9) that

|ns1 = pll < |lvn = pll < (1 =tn)l|zn = pl| + tallpl],

4)

(3.6)

(3.7)
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and this yields
lZn41 = pl| < max{lzy — pl], [pl}-
Hence {z,,}52 is a bounded sequence.
It also follows from (3.2) that

lvn = plI* = II(1=t)(@n —p) = tupl|*

= (L= ta)’len —pI? + 31IpII* — 20 (1 — t0) (20 — p,p)

< (1= t)llon — plP+ 211l = 26(1 — tu){za — p.p). (3.10)
Using (3.10) in (3.9) we obtain

i1 —pl> < (L —=tn)llan — plI? + 6lIpl1* = 260 (1 — t) (20 — p, p)
_)‘nHVn _anrIH2
= (I—=to)llzn —pl* —ta {—tnllpll2 +2(1 = tn)(zy — p,p)
+ 22 v = g ]
ty
= (1 —t)||lzn —||* = tnZn, (3.11)
where
2 An 2
Thus,
zn1 = plI? < (1= to)l|an —plI* = tnZn. (3.13)
Observe that
An
~Zn = tallpl]? = 2(1 = tn){xn — p,p) — Tl = T

< lp||* + 2|z, — pl|||lpl| < D1, for some D;, since {z,} is bounded.

It thus follows that {Z,,} is bounded below since {z,} is bounded. From (3.13),
Lemma 2.3 and condition (c2) of our theorem we obtain

limsup ||z, — p||* < limsup(—Z,) = — liminf Z,. (3.14)

n—00 n—00 n—00

Thus liminf Z,, is a finite real number. Since lim ¢, = 0, it follows from (3.12)
n—oo n—oo
that

n—oo n—oo

An
lim inf Z,, = lim inf [2<zn —p.p) + v — xn+1||2].

Since {x,} is bounded, there exists a subsequence {z,, }3>, of {z,} such that

An
liminf Z,, = lim {2(33,% —p,p)+ ” 5|, — xnk+1||2]. (3.15)
ng

n— 00 k—o0
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Since {x,} is bounded and lirg inf Z,, is finite, it follows that ;\ﬂﬂynk — Tn+1|?
n—oo M

is bounded. Observe that since

An o Bn[l — 2Bn - L2572J > 6[1 —2b— L2b2]

tn Antn(14+ LBy)2  — aptp(l+ Lb)2
then
1_ (1+ Lb)\,
antn — €[l —2b— L2L2)t,"
Thus
1 9 (1+ Lb)? Ang 9
ne n S 1 a1 19191 ng n .
anktnk ||V k €T k+1H 6[1 —2b—L2b2] tnk ||U k €T k+1H

Hence WHVM — Tp,+1||? is bounded. Observe that from (3.2) we have

L (v, —2p11) = vp — Guup. Hence

Qp
| I = [lvn— Gl
— ||Vn — Tn == Vn — Gplp
ay, +
> Nvn = Tvp|| = |[Tvn — Guvnl|
> N = Tvpl| = LBn|lvn — Tl
= [1=LBu]llvn — Tral|.
Thus
v = Twal| € ————| l<——— I (3.16)
v, — Tl < ——————|lv, — <—Nv, — =z . .
n 3 Oén(l _Lﬂn) n n+1 Oén(l —Lb) n n+1
It now follows that
123 1 ||Vn_xn+1||2
n—Tn2<—( ) 317
[lv vl < ap \ (1 — Lb)? anty, ( )
Furthermore
|Zn = Zntall < l#n — vnll + Ve — Zogal]
< tallzall + anllvn — Tyl
< tollnll 4 |lvn = Tvn|| + Lijvn — T
= tyllza|]l + (1 4+ L)||vn — Tyl (3.18)
—T 2 . .
Since lim ¢, = lim (ii =0, and since w is bounded, it now follows
n— 00 n—oo0 ¥n ngtng

from (3.17) and (3.18) that

lim ||Tv,, — Vnk||2 =0, and lim ||z,, — xnk+1||2 =0.
k—o0 k—o0

Since (I —T') is demiclosed at 0, it follows that any weak cluster point of {v,, }7°
is in F'(T'). Furthermore, {vy,}7>, and {z,, }3>, have the same set of weak
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cluster points. Since F'(T') is closed and convex, then setting p = Pp(7)(0) in
Lemma 2.1 and using (3.15) we obtain

liminf Z,, > 2liminf(z,, —p,p) = 2likm inf(x,, — Prr)(0), Ppery(0)) > 0.
oo — 00

n—00 k—
(3.19)
From (3.19) and (3.14) we now obtain
lissup [l — pl[2 = limsup [z — Prcry (O)]% = 0. D

n—oo n—oo

Corollary 3.1 Let H be a real Hilbert space and let T : H — H be an L-
Lipschitzian pseudocontractive map with a nonempty fixed point set F(T). Let
{tn}22q, {an}S2y and {B,} be sequences in (0,1) satisfying the conditions
(c1) lim t, =0;

n—oo
(c2) 3oiitn =00
(c3) an < fBpny,n>1;and0<e < B, <b<1 for somee >0 and for some

1 .
be (0 )
(c4) lim I~ =0.
n—oo n
Then the modified Ishikawa iteration sequence {x,}22, generated from an xq1 €
H by (5.1) converges strongly to Pp(ry(0) the least norm element of F(T').

Corollary 3.2 Let H be a real Hilbert space and let T : H — H be a k-strictly
pseudocontractive map with a nonempty fixed point set F(T). Let {t,}2 1, {an}s2,
and {B,} be sequences in (0,1) satisfying the conditions
(c1) lim t, =0;

n—oo
(c2) 3 piitn =00
(c3) an < Bn, n>1;and 0 < e < B, <b<1 for somee >0 and for some

1 — 14+vE.
be (O, m), where L := -k’

(¢4) lim =0
Then the modified Ishikawa iteration sequence {x,}52, generated from an x1 €
H by (5.1) converges strongly to Pp(ry(0) the least norm element of F(T').

Corollary 3.3 Let H be a real Hilbert space and let T : H — H be an L-
Lipschitzian k-demicontractive map such that (I — T) is demiclosed at 0. Let
{tn 221, {an )52y and {B,} be sequences in (0,1) satisfying the conditions
(c1) lim t, =0;

n—oo
(c2) Y 5litn =00
(c3) an < Bn, n>1;and 0 < e < B, <b<1 for somee >0 and for some

1 .
be(o, TLQH),
(c4) lim I~ =0.

n—oo - n

Then the modified Ishikawa iteration sequence {x,}22, generated from an x1 €
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H by (3.1) converges strongly to Pp1y(0) the least norm element of F(T).

Remark 3.1 Our Theorem and Corollaries remain true if H is replaced with
a nonempty closed convex subset K of H with 0 € K. Furthermore, for ar-
bitrary nonempty closed convex subset K of H, our iteration scheme could be
appropriately modified with the projection Px : H — K to achieve our results.
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