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ABSTRACT. In this paper, we investigate h-stability of the nonlinear per-
turbed difference system via noo-similarity.
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1. Introduction

Discrete Volterra systems arise mainly in the process of modeling of some
real phenomena or by applying a numerical method to a Volterra integral equa-
tion. when we study the asymptotic stability it is not easy to work with non-
exponential types of stability. Medina and Pinto [13-15] extended the study of
exponential stability to a variety of reasonable systems called h-systems. They
introduced the notion of h-stability for difference systems as well as for differ-
ential systems. To study the various stability notions of nonlinear difference
systems, the comparison principle [12] and variation of constants formula by
Agarwal [1] play a fundamental role.

Media and Pinto [13-15] applied the h-stability to obtain a uniform treatment
for the various stability notions in difference systems and gave new insights about
stability for weakly stable difference systems. Also, Choi , Koo [3] and Goo, Park
[9] obtained results for hS of nonlinear difference systems via noo-similarity. The
stability problem for Volterra difference systems was studied by Elaydi [10],
Elaydi and Murakami [11], Raffoul [16], Zouyousefain and Leela [17], Choi and
Koo [2], and others.

In this paper, we investigate h-stability of the nonlinear difference systems
via Noo-similarity.
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2. Preliminaries

We consider the nonlinear Volterra difference system

z(n+1) = f(n,z(n)), (1)
where f: N(ng) xR™ — R™, N(ng)={no,no+1,--- ,nog+k, -} (no a nonneg-
ative integer), R™ is the m-dimensional real euclidean space. We assume that
fa= 0f/Ox exists and is continuous and invertible on N(ng) x R™, f(n,0) = 0.
Let z(n) = x(n,ng, o) be the unique solution of (1) with z(ng, ng,xo) = xo.
Also, we consider its associated variational system

v(n+1) = fa(n,0)v(n) (2)
and

z(n+1) = fo(n,z(n,ng,x0))z(n) (3)

of (1). The fundamental matrix ®(n,ng,0) of (2) is given by

®(n,no,0) (n,ng,0)

= —uz
81'0
and the fundamental matrix ®(n,ng, o) of (3) is given by
®(n, ng, z0) = 8736(7% no, To)

(See [12]).

The symbol | - | will be used to denote any convenient vector norm on R™.
We now recall the main definitions [13] that we need in the sequel.

Definition 2.1. The zero solution of (1), or more briefly system (1), is called
(hS) h-stable if there exist ¢ > 1,d > 0 and a positive bounded function h :
N(ng) — R such that

| 2(n,m0,20) |< ¢ | 20 | h(n)h™" (no)
for n > ng and | zo |< § (here h=1(n) = 1/h(n)),
(hSV) h-stable in variation if the zero solution of system (3) is hS.
The notion of ny.-similarity in M was introduced by Choi and Koo [3]. Let
M denote the set of all m x m invertible matrices A(n) defined on N(ng) and

N be the subset of M consisting of those nonsingular bounded matrices S(n)
such that S~!(n) is also bounded.

Definition 2.2. A matrix A(n) € M is ne-similar to a matrix B(n) € M if
there exists an m x m matrix F'(n) absolutely summable over N(ng), i.e.,

ST IF@) |< o0

l=7l()

such that
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for some S(n) € N.
For the example of ny-similarity, see [3].

Remark 2.3. The notion of ¢,.-similarity is an equivalence relation in the set of
all m x m continuous matrices on RT but the n..-similarity is not an equivalence
relation in general.

We consider the nonlinear difference system
z(n+1) = f(n,z(n))

and its perturbed difference system

Y+ 1) = Fnym) + S g0 y(D), Ty(D), y(n0) = vo (1)
l=ng
where f: N(ng) x R™ — R™ and g : N(ng) x R™ x F(N(ng),R™) — R™ and
T :F(N(ng),R™) — F(N(ng),R™) is an operator on
F(N(no),R™)={yly : N(ng) — R™ is a sequence}, and f(n,0) = g(n,0,0) = 0.
Let y(t) = y(t,t0,yo) denote the solution of (4) satisfying the initial condition
y(no,no,Yo) = Yo-

We give some related properties that we need in the sequal.

Theorem 2.4 ([15]). If the solution x = 0 of (1) is hS ,then the solution v =0
of (2) is hS.

Theorem 2.5 ([3]). Assume that f.(n,0) is neo-similar to f(n,x(n,ng,xo))
forn>mng >0 and | xo |< & for some constant § > 0. Then, the solution v =0
of (2) is hS if and only if the solution z =0 of (3) is hS.

Lemma 2.6 ([7]). Let k(n,r,u) be a nondecreasing function in rand u for any
fized n € N(ng). Suppose that for n > no,

o) = 3 koD, [TIo(D) < uln) — 3 k(L u), [Thu(®)

l=ng n=ng
If v(ng) < u(ng), then v(n) < u(n) for allm > ng.
Lemma 2.7 ([4]). Let a(n),b(n), and c(n) be nonnegative functions definded on

N(ng) and d be a positive number. If for any n > ng, the following inequality
holds

u(n) <d+ z_: a(s)u(s) + z_: b(s) z_: c(Du(l),
s=ng s=no l=ng
then
n—1 s—1

u(n) < dexp| Z (a(s) + b(s) Z c(l)],n > no.

S=no l:no
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3. Main Results

In this section, we investigate hS for the nonlinear difference systems via n,-
similarity using the comparison principle and Bihari-type inequalities. In our
subsequent discussion we assume that for any two sequences y(n) and z(n) €
F(N(ng),R™), the operator S satisfies the following property: |y(n)| < |z(n)|
implies |Sy(n)| < |Sz(n)| and |Sy(n)| < |S||ly(n)| for each finite interval ng <
n < 1 of N(ng) and |S| : F(N(ng),RT) = F(N(ng),RT) is a nondecreasing
operator.

Theorem 3.1. Suppose that f.(n,0) is ne-similar to f.(n,x(n,ng,x0)) for
n>mng >0 and | zo |< § for some constant 6 > 0 and the solution x =0 of (1)
is hS. Also, suppose that

1S g, Ty) 1< a(n) |yl +5(n) 3 ey
l=ng l=ng

where a,b,c € F(N(ng),R") and

b l>1) > h(k)e(k)] < oo
k=ngo

lno

Then the zero solution y =0 of (4) is hS

Proof. Using the discrete analogue of Alekseev’s formula[13], the solutions of (1)
and (4) with the same initial value are related by

y(n7n07y0) = l‘(’l’L n07y0)

1
—I—Z/ (n, 1+ 1, u(y Z g(k,y(k), Ty(k)),

where p(y(n), 7) = f(n, y(n))+7 X 9(Ly(1), Ty(D)), 7 € [0,1] and &(n, no, o)
is the fundamental matrix of (3). In view of the assumptions, Theorem 1.4 and
Theorem 1.5, the zero solution z = 0 of (3) is hS. Hence, we have

| y(n,m0,0) |
l
<| w(n, m0, 30) | + Z/ [@(n, 1+ 1, u(y(1), 7)) [ dr - S glk,y(k), Ty(k))
l=ng k=ng
n—1 -1

< ¢l yolh(n)h™ (no) +¢ Y h(n)h™ (1 + Dal) [ y(D] +b(1) D c(k)|y (k)]

1= =no k:’no
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Letting u(n) = ‘ZEZ%', by Lemma 1.7, we obtain

-1
u(n) < cu(ng) +cl§n:0 l+1 Yu(l) 1)k§0h(
n—1 -1
< cu(no)expc[lz [hél(i)l)a(z) - (E’(fr)l) ;; h(k)c(k)]

Hence, we obtain
| y(n) | < M | yo | h(n)h™"(no), M = e1M(c0) > 1,
for all n > ng . This completes the proof. O
Corollary 3.2. Suppose that f.(n,0) is neo-similar to f.(n,z(n,ng,xq)) for

n>ng >0 and | xo |< 3§ for some constant § > 0 and the solution x =0 of (1)
is hS with the positive increasing function h(n) and for any n > ny.

1S g,y Ty) |< a(n) |yl +bm) 3 ey (D),
l=ng l=ngo

where a,b,c € 11(N(ng)). Then the zero solution y =0 of (4) is also hS.

Theorem 3.3. Suppose that f,(n,0) is neo-similar to fz(n,z(n,ng,zo)) for
n>ng > 0 and |zo| < § for some constant § > 0 and the solution z =0 of (1)
is hS with the nonincreasing function h(n). Also, suppose that

n
| > 92 T2) |<v(n| 2], |T2])  for n>no, |z]|< o0,
l:no

where T : N(ng) x RT x RT — R™ is strictly increasing in u and v for each fived
n € N(ng) with r(n,0,0) = 0. Consider the scalar difference equation

u(n+1) =u(n) + er(n,u(n), |T|u(n)), ulng) =ug, c>1. (5)

If the zero solution w = 0 of (5) is hS, then the zero solution y = 0 of (4) is also
hS whenever ug = ¢ | yo |.

Proof. Using the discrete analogue of Alekseev’s formula [13], we have

y(n,n0,%0)
l
nno,yo+2/ (n, 1+ 1, u(y Z (k,y(k), T(k)),

where u(y(n),7) = f(n,y(m)+7 S glk,y(k), Ty(k), 7 € [0,1] and ®(n, no, z0)
is the fundamental matrix of (3). By the assumptions, Theorem 1.4 and Theorem
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1.5, the zero solution z = 0 of (3) is hS. Hence, we obtain

| y(n,no7yo) |

n—1 1 l
<l a(mnogo) |+ 3 / |0+ 1y, 7)) a7 | S gk, y(k), Ty(k)) |

l=ng k=ng
< el o | hmph~(no) + ¢ 3 hm)h (14 1yr(l,| y(@) | [Ty (D))

l=ng
n—1

<elyol+e 3 r(l, |y |, Ty,

l:no

since h(n) is nonincreasing. Thus, we have

n—1 n—1
[ y(n) | —¢ Y vl 1y [ITyD)) < ¢l yo |= uo = u(n)—c Y r(lu(l), [T]u(l)).

l:’I’LO l:no

By Lemma 1.6, we get y(n) < u(n) for all n > ng. In view of the assumption,
since u = 0 of (5) is hS, we obtain

| y(n) |< u(n) < crugh(n)h(ng) ™"
= cic|yo | h(n)h(no) ™"
=d|yo | h(n)h(ng)™ ", d=cc>1

Hence, the proof is complete. O

Remark 3.4. Letting g(n,y,Ty) = g(n,y) and r(n,u,w) = r(n,u) in Theorem
2.3, we obtain the same result as that of Theorem 3.5 in [9] .

Remark 3.5. If we consider the linear difference system

z(n+1) = f(n,z(n)) = A(n)x(n) (6)
and its perturbation
y(n+1) = A(n)y(n) + Y g(l,y(1), Ty(1)), (7)
l=ngo

where A(n) is an m x m matrix defined on N(ng), then the zero solution y =0
of (7) is hS under the same conditions in Theorem 2.3.
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