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FOURIER SERIES ACCELERATION AND
HARDY-LITTLEWOOD SERIES'
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AND JASMINE WEST

ABSTRACT. We discuss the effects of the 62 and Lubkin acceleration meth-
ods on the partial sums of Fourier Series. We construct continuous, even
Holder continuous functions, for which these acceleration methods fail
to give convergence. The constructed functions include some interesting
trigonometric series whose properties were investigated by Hardy and Lit-
tlewood.
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1. Introduction

For a measurable function f € L!([—m,n]) the Fourier coefficients of f are
defined by

i =5 [ " f@)e it d

for each integer k, and the n'* partial sum of the Fourier series is given as
n
Suf(@) =Y flk)e™ (1)
k=—n

For f € L?([-m,7]), Suf — f in L? and Carleson’s theorem gives a.e. con-
vergence. Theorems of Dini-Lipschitz, Lebesgue, and Dirichlet-Jordan (among
others) give conditions on f for pointwise convergence (see Zygmund [12] for
all of these). In practice, the difficulty is that this convergence can often be
quite slow. This is particularly the case for discontinuous functions with jump
discontinuities. Thus, it is desirable to attempt to find methods to speed this
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convergence. This paper continues investigations began in [1] and [3] to try
to determine properties of functions for which one of the sequence acceleration
methods described below may accelerate the convergence of its Fourier series.

For a numerical sequence {s, } which converges to a finite limit s, we say that
a transformation of the sequence {t, } accelerates the convergence of {s,, } if there
exists a positive integer k£ such that each t,, depends only on s1, s9,. .., Sp4r and
so that t, converges to s faster than s,. In this paper we consider two of the
most well-known nonlinear transformations: the 62 process in which a sequence
Sp is transformed to the sequence

(5n+1 - Sn)(sn - snfl)
Sn+1 — Sn) - (Sn - Sn—l) (2)

£2(8n—1) = 8 — (

and the Lubkin [7] transform in which the sequence s, is transformed to the
sequence

an-‘rl(l - pn-i—l)
1- 2pn+1 + PnPn+1 ’

where we have set a,4+1 = Sp+1 — S, and p, = % In either of these we define
the fraction on the right to be zero if the denominator is zero. We have used the
notation e5(s,,_1) for the §2 transform as it is one of a family of transformations
ek (sn) which we will discuss below. In the case when the s,, are partial sums of a
geometric series, both of these transforms produce a constant sequence which is
the sum of the series. Shanks [8] shows acceleration of convergence using (2) for
partial series which are, in a sense made precise in [8], “nearly geometric.” These
and related transforms are discussed extensively in Brezinski and Redivo-Zaglia
[5] and Sidi [9].

Throughout, we will consider the sequence of partial sums S, f(x) of a Fourier
series as in (1), and apply the 62 and Lubkin transforms pointwise to obtain the
sequences of functions given by respectively:

e2(Su-1/)(@) = Suf (@)
Fem+ 0)em "7 4 f(n 4 1)) (feme ™ + fme)  (3)
(~ (0 + 1)e D2 4 fln -+ Dettrt D) = (f(=n)e=ine + f(n)eins)

*
Sn-i-l = Sn +

L
(f
and

(F(=(n+ 1)e™ " 4 f(n+ D7) (1 = poia)

Sy =S, +
+1.f(@) f(@) Ty Ser——

(4)

where

F(=(n+ 1) 4 f(n 4 1)eltD
F(=mje=ine + f(n)eine |
Neither of these transformations will accelerate the convergence of the partial
sums of the Fourier series of a function with a single jump. In fact, we have

Pn =

Theorem 1.1. Suppose that f € C*([—m,n]) and that f(—m) # f(7).
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(a) (Abebe, Graber, Moore [1]). Consider the sequence e3(Sy, f)(x) formed by

applying the 6% process (3) to the sequence S, f(x). Then o(S, f)(x) fails to

converge to f(x) at every x of the form x = 2mwa, where a € (—%7 %) is irrational.

(b) (Boggess, Bunch, Moore [3]). Suppose that f € C?(|—m,n]) and that f(—7) #

f(m). Consider the sequence S f(x) formed by applying the Lubkin transform

(4) to the sequence Sy f(z). Then S} f(x) fails to converge to f(x) at every x of
11

the form x = 2mwa, where a € (-7, Z) 1s 1rrational.

For functions as in the hypotheses of the theorems, |f(n)| decays like ﬁ as
n — £00o so that these Fourier series converge slowly. This is disappointing, as
these are exactly the types of Fourier series we would like to accelerate. In this
paper, we will investigate similar types of results. We will consider a family of
Holder continuous functions and show that for each function f in this family,
and each z € [—m, 7] the transformed partial sums do not converge to f(x).

2. Convergence of the transformed series

Given a sequence s, — s, set s(fl) = 0 and sén) = s, and for k,n =0,1,...

compute

-1
n n+1 n+1 n
£, = e () - e)

This is known as the epsilon algorithm and was introduced by Wynn [10] as
an efficient computational procedure for computing the Shanks transformation.

With this notation, the sequence 5(2"_1) is the 02 transform of the sequence s,,.

Here the sequences Eéz) are of interest; the sequences with odd lower index are
just intermediate computations. Consider the partial sums of a Fourier series of

a function f:
n
Suf (@)= 5 + ;[aj cos(ja) + b sin(ja)]
Brezinski [4] (see also Wynn [11]) has proposed the following procedure for ac-
celerating the convergence of the sequence S, f(z): Consider the conjugate series

n

Suf(@) =Y la;sin(jz) — b; cos(jx)].

j=1
Add the conjugate series to S, f(z) to obtain S, f(z) + iSn f(x) = Gn(f)(ei®).
n
Then G, f(z) = chzj, with co = 4 and ¢; = a; — ibj, is the nth partial
=0

sum of the formal series Gf(z) = Z;io cjz?. Apply the e algorithm to the
sequence G, f(z) and take the real part of the resulting 6;7,2) to obtain a sequence

Reel? which we hope will approximate Re Gf(¢f*) = f(z) more quickly than
Snf(z). There is a relationship between the e algorithm and Padé approximants:

5(2? = [n + k/k]q, where [n + k/k]c denotes the unique rational function with
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numerator N of degree n + k and denominator D of degree k such that DG —
N = O(z"tk+k+1) as » — 0. Because of this, Re 552) is likely to converge more
quickly than S, f. Numerical evidence illustrating the acceleration of convergence
is given by Brezinski [4]. Beckermann, Matos, and Wielonsky [2] show that
this method accelerates convergence for functions of the form f = f; + fo,
where f; has prescribed discontinuities but is smooth elsewhere, fo has quickly
decaying Fourier coefficients, and G(f1) = lim, o G, (f1) is a certain type of
hypergeometric function. The authors in both [4] and [2] also note that this
scheme reduces the Gibbs phenomenon.

We follow the idea of adding a series and conjugate series so that the trans-
forms are applied to analytic functions. We will show that the §2 transform
and the Lubkin transform do not always behave well when applied to analytic
functions. In the remainder of this section, however, we will record a few straight-
forward results about transforms of analytic tunctions, which show that in many
cases, at the very least, the transformed sequence converges to the original limit.

Theorem 2.1. For an integrable function f on [—m, x| let > ,_, cxe™™ = S, f(z)
denote the partial sums of its Fourier series. Supppose x is a point at which
Sn f(z) = f(z).

(a) If the ¢y all lie on a line through the origin in the complex plane, and x # —,
7, or 0 then e3(S, f)(x) converges to f(x).

(b) If there exists a A < 1 such that |%| < A for every n then e2(Spf)(x) —
f(z).

(c) Suppose there exists B > 1 so that |cn| = -5 for every n. Then ex(Sy f)(x) —
7).

(d) Suppose that all the i, lie on a line through the origin, © # —m, m, or 0, and
pn = et satisfies |pni1 — pn| — 0 as n — co. Then Sk f(z) — f(x).

Cn

(e) Suppose that there exists n < V2 — 1 such that |on| < n for every n. Then
Spf(x) = f(x).

Note that none of these conclude convergence is accelerated, only that it is not
destroyed. These show the necessity of the intricacy of the examples in Section
3.

Proof. Take the absolute value of the fraction on the right hand side of (3). If

either ¢, or ¢,41 is 0 there is nothing to show. Otherwise simplify to obtain
the expression |€7‘j”_7+cﬂb|+l For (a), note that “*** is a real number and that

¢ny1 — 0, by the Riemann-Lebesgue lemma. For (b), note that the above
expression is bounded by % — 0. For (c¢) we have

[Cnt1 e N U o VI G

Ea B bl B
. .

a7 s
for a constant cg, depending only on 3. The latter expression tends to 0. For
(d) we take the absolute value of the fraction on the right hand side of (4) and



Fourier series acceleration 267

estimate that for sufficiently large n,

enpal[l — En2gie
1 — 2%6” + St etin]
) ensall1 — S22
= |1 — z:%?eim _ %eix + Z:ﬁeix%eix + (% _ %)elxl
|enra|]1 — 22t B [Cnt]
e e e P s e
n

We obtain (d) by noting that as in (a), i”ﬁ and < are real and ¢p41 — 0.

For (e) we are assuming that |p,| <7 < v/2—1 for every n. Take the absolute
value of the fraction on the right hand side of (4):

‘Cn+1‘|1*pn+l| < |Cn+1|(1+7l)
‘1 = 2pn+1 +pnpn+1| -1 _277_772 ’

valid for < v/2 — 1. The denominator 1 — 21 —n? > 0, and ¢, ; — 0, yielding
(e). O

The advantage of these results is that with explicit values of ¢, we can de-
termine the exact rate at which Sy, f(x) — e2(Sn—1f)(x) or Spf(x) — S 1 f(x)
tends to 0. In the next two theorems we will lose this advantage but will obtain
results with wider scope.

Theorem 2.2. Suppose S,f(z) = Y.._, cke™™® are the partial sums of the
Fourier series of an integrable and analytic function. Suppose >y |ck| < oo.
Then at almost every x at which Sy, f(x) — f(x) we have e2(Sy, f)(x) — f(x).

Proof. As in the previous theorem, we estimate the fractions on the right hand
side of (3). If either ¢, or ¢,4+1 is O there is nothing to show; otherwise we
estimate

|ent1
|Sn f(x) — e2(Sn—1f) ()| = Mﬁ'
Cn
For A > 1, {z € [-m, 7] : W > A}| < 2arcsin(3) < 2F. The latter
bound remains valid for all A > 0, aCI;d thus, for a fixed € > 0,
|cnt1 27| Cn+1]
Hz € [-m, 7] : |_m717c+1 >e}| < ——.
e — = €
By the Borel-Cantelli lemma we have that at almost every =z, % <e
eventually. Taking a countable sequence of € — 0 finishes the proof. - (]

The next theorem gives the same conclusion for S}, f although the estimation
is slightly more difficult. We first need a lemma.
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Lemma 2.3. Suppose that v, B are nonzero complex numbers. Then for all
A >0,
1-— 76”
1 — 2vel® 4 yBe?ix

241 97
A< 2T 0
ﬂ B

el

1— iT
>)\}.If’y=ﬁ,W:

PTOOf. Set E)\ = {1} S [—Tf—,ﬂ'} : ‘H’yle;ij

> A can happen on

1
1—Bei® 1— Be“‘
a set of x of measure at mos

If v # B, for z complex write 1 — 2yz + v822 = vB(z — 21)(2 — 22), where
21,29 = % =+ 4 /# — # Expanding using partial fractions yields:

27
t 2

' 11—~z <’ 1— vz 1 ‘ 1— vz 1
1—2vz+782%2| ~ |7B8(21 —22) z—2=1 VB(ze —21) 22— 29|
We estimate
1-— 1=Z =7/~ 55
’ V21 \/ 7~ 3
B(z1 — 2z2)| 1 1
e = 2) 278/ 3= — 35

11— 3] 1 _1/|1—§|+1 5)
zmm/ 281

. 1 — vz \/|1—§|+1
Similarly, < .
YB(21 — 22) 28]
I1=E 41
Suppose now that |1 — §| < 10. Then | 2‘[%‘ < %Tl < % and hence,
1 A 3 1 A
Ex| < {x e |—m,7]: _ > T € e —— > —
< [ bl Gt > P e e bmns Gt > )
6 241
<2-2r—— .
BIX T 1BIx

Suppose that |1 — §| > 10. Then |€| > 9, and hence |7]? < §|3v|. There are
two possibilities:
Case 1. [yB| < 3. Then |y]* < & < 5. Then for z € [, 7],

L—qe™] 1+ D
1= 2ye™ 4+ yBe*| = 1=2|y] = [y

aino|aoy
| ©

Wl

so that if A > 2, By = 0. For A < 2, |E,\| <27 < 27,
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VL= £ - P 5 Bl
Case 2. |y8] = %. Then 1 _ VI B < Vhi® + Bl < \/97 <1

208l 2Bl T 2Bl T 2k

and thus, using (5)

1
1+ 318 N é}
et — 2] © 2

1 2r 8w 47
<22(14+—— | —=—+—5—.
( 2|ﬁ|> AA B

1
1+m >é

Ey\| < 218
[Ex] = e — 25| = 2

{z €[-m,n]: + {z € [-m,7]:

}

O

Theorem 2.4. Suppose S, f(z) = Y. ._, cke™® are the partial sums of the
Fourier series of an integrable analytic function. Suppose that >y, |cx| < oo.
Then at almost every x at which Sy, f(x) — f(x) we have Sif(x) — f(x).

Proof. Using the lemma, for ¢ > 0, and n =1,2,3,...

[ental [1 - Zte|
{zelomml: g o e e gy > &
Cn+1 Cn4+1 Cn

24r|cpq1| | IM|cnq1| | 24m[cn] 97|yl
— |Cn+1 - + .
Cn

9 9 9

We sum over n and apply the Borel-Cantelli theorem to conclude that for a.e. x
at which S, f(z) — f(z), we have |S); | f(x) — Snpf(x)| < € eventually. Take a
countable sequence of ¢ — 0 to obtain the conclusion of the theorem. O

3. Analyticity is not enough

From the work of Brezinski [4] and the work of Beckermann, Matos, and
Wielonsky [2] discussed above, we might conjecture that analyticity implies ac-
celeration of convergence. Here, we show by example that this is false; in fact,
even for analytic functions, both transforms may destroy convergence. This is
not to say that analyticity does not play a role — just that it might be a factor
in a subtle way — but that alone, it is not enough for acceleration, and not even
enough for convergence. Our examples show a little more, namely, that Holder
continuity is also not sufficient to insure convergence. We will first construct
our examples and then show how the partial sums of their Fourier series behave
under transformations (3) and (4).

Theorem 3.1. (Hardy and Littlewood [6]). For 3+ < 8 < 2 and ¢ > 0 the partial
sums of the series > >~ n%ei("“‘c” logn) converge uniformly to a function which
is Holder continuous of order 5 — %

We wish to construct another class of Holder continuous functions which
we will also use. Although this proof essentially follows that of the theorem
immediately above (see Zygmund [12], Chapter 5, section 4), we include it for
completeness.
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Lemma 3.2. Suppose 1 < a < 2. Set s,(x) = S_p_, e/*=+*) " Then there
exists a constant C, depending only on «, such that (i) s,(z) < Cn% and (i)
sl (z) < Cn'ts.

Proof. Fix z; set g(u) = u®+ux. Then ¢”(u) = ala—1)u*"2 > ala — 1)b*"2 =
p for u € [a, b] so by the van der Corput lemma (see [12], pg. 198), for any integers
a <b,

: ig ’ , 4
;e ®) < (|g/(b) — ¢/ (a)] +2) <ﬁ+3>
< (o a2 (05 1) < (G +2) (o' +3),

where in each occurence C' is a constant depending only on «. _Pic_k N so
that 2V < n < 2N+ Then for each j, |spi+1(x) — 85 (2)] < C(27277C3~) 4

(N+)

2)(C20+D*3* 4 3) < 2% . Similarly, |s,(z) — son (2)] < C2 . Conse-
quently,
N—-1 N
[5n ()] £ 1 3 Isnion @) =52 (@) + snf () =0 f(2)] < CD2 2% < Ot
j=0 j=0
Taking the derivative and summing by parts gives:
|sh, (z)| = Zikei(k“'ku) Z z) + ns,(x)| < On'tz,
k=1 k=1
O

Theorem 3.3. Ifl<a <2, 6> 3 , and 0 < 3—§ <1, then 220:1 nilﬂe’i(nIﬁ*na)
is the Fourier series of a functwn whzch is Holder continuous of order 3 — §.

Proof. Set f(x) =Y .o0 | Lelm®+n%) which is in L2, and for N > 1, let Sy f(z)

n=1n

denote the Nth partial sum of this series. Summlng by parts y1€1db

N

Snf(x) = Z niﬁei("””a) = )+ Z <n5 771—1— 0 > sn(),

n=1

and hence for M > N,

M-1
1Sar f () — S f(x)| < '“ﬁj)‘ + 'SJ]VV(;”” + ; (nlﬂ - (n+11)ﬂ) [ ()]

M= C
S0P NB+CZ /3+1—N5~

Consequently, Sy f(z) converges uniformly so that f is continuous.
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Let h > 0. Summing by parts gives f(z) = Y .~ (n%; - W) Sn(x). Let
N be the greatest integer < % Then

N
fa+ 1) = F@I < 3|5 = gy s +1) = s @)

Using the mean value theorem and (ii) of Lemma 3.2, we can estimate:
I< ngzl —+rn2 T h < CRN=P+TE+ < ChP~%. We use (i) of Lemma 3.2 to

. ) 1 o 1 . _a
estimate I1 < CY 7 v | 5rn? < C’NB_% = ChP~3. O

The next theorem gives conditions which guarantee that eo(S, f)(z) fails to
converge at any x.

Theorem 3.4. Suppose f is an integrable function on [—7, |, analytic on the
interior of the unit disk, and let Sy f(z) = Zg:o cne™ denote the partial sums
of its Fourier series. For each n write ¢, = ane® where a, > 0, and 0,, is real.
Forn > 1 set~, =0, —0,_1. Suppose that there exists a constant M such that
(a) |1 — aZL | < Ma, for everyn, and

(b) vn — o0 and |Ynt1 — Ynl < Ma, for every n. Then ea(Snf)(x) fails to
converge at any .

Proof. By (3)

|Cn| Qn

|Snf(x) — e2(Sn-1f)(z)] = = @ |

|e“3 _ _Cn | - ‘eim+’yn,+1 _
Cn+1 An41

We consider the denominator

pi@+0nr1—0,) _ _In n

<

i@ +0n1=00) _ 1’ + ‘1 _

(6)

and estimate each term. The second term is bounded by Ma, for every n by
hypothesis. To estimate the first term, consider a fixed € [—m,7]. Then for
each positive integer [, there exists k such that x + v, < 2lm but « +yg41 > 2I7.
Then

Ap+1 Ap+1

|z + 9% — 27| < |2+ Y1 — (@ + )] = [er1 — | < Mag.
so that

@) _ o2l < g 4~y — 27l| < May,.

t@tyr) _ 1‘ -

Since v, = 011 — ) this immediately gives the estimate |e?(*+0r+1=0k) _ 1] <
May, which by (6) immediately leads to

1 |ag|

IM — |€i(l’+9k+1*9k) _ Gk
k41
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for an infinite number of k . U

Example 1. Consider the Hardy-Littlewood series Y~ | -Lef(netenlosn) with

3 < B <1landc> 0. Here a, = -5 and v, = cnlogn — ¢(n — 1)log(n — 1).
Then
1 (n—i—l)ﬁ
n

Also, v, = cnlog(1+ -2 )+ clog(n—1) — 00 as n — oo and by the mean value
theorem, there exists £ between n — 1 and n + 1 so that

(079 S % < % = Cﬁan. (7)

n — nb

-

Ap+1

[Yn41—n| = ¢|(n+1)log(n+1)+(n—1)log(n—1)—2nlogn| < % < n% = Cay,.
Thus, the Hardy-Littlewood series satisfies the hypotheses of the theorem, and
hence e2(S, f)(x) fails to converge at any z.

Similarly consider the series Y -, %ei(m“ﬂ) of Theorem 3.3 and suppose
%<5§1,1<a§2,0<6—%<1anda+5§2.Hereagainan=$
which satisfies (7). Now 7, = n® — (n — 1)® and estimating just as with the
Hardy-Littlewood series gives |v,4+1 — Yn| < ngfa < % = C,a,. The theorem

applies and we conclude that e2(S,, f)(x) fails to converge at any =

Example 2. In a similar way we show that there exists functions f which
are analytic on the unit disk, Holder continuous on the boundary such that the
transformed sums S f () diverge at every point. We consider the modification of
the Hardy-Littlewood series given by f(z) => 7, n%ei‘g" e where % <p<l1
and for n = 1,2,3,..., 6, = nlogn, for n even and 0,, = % for n odd.
(Put 69 = 0.) By breaking the sum into even and odd terms, we can write f as a
sum of two functions, each of which is represented by a series that is essentially
the Hardy-Littlewood series itself. We conclude that f is Holder continuous of
order § — % In this case we have ¢, = a,e’’ with a,, = n% and v, =0, — 6,1
satisfies lim,, ;00 ¥ = 00 and Y42 = Yn+1 if n is even. Then

an42 6i(m+’yn+2) |
An+41

|1 — 98n42 pi(z+ynt2) + Mei(2x+’yn+2+’yn+1)‘ .
An+1 an

an+1|1 —

[Snf () = Spia f(@)] = (8)

We estimate the denominator of this expression when n is even (80 Y511 = Yn42):

|1 _ 2a”+2 ei(IJr’Yn+2) + On+2 ei(2ﬂi+%L+2+’Yn+1)|

An 41 (79}
< ’1 _ O Gietyng) _ It pi(etyng) 4 9nd2 di(atyng) | 4 | Gndd  Ond2
Ap+1 (079 [07% (079 Ap+1
— ‘1 _ 942 i(atyng) ‘1 _ Ontl pi(etng) | g (G0l Ond2) pogp
An+1 Ay, Qnp, An+41
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Noting that a,1 = (n+1)77 and |1 - §=22 @ Hme2)] > 1 - 22| = |1 (245])7)] >
B

n+27

(where cg is a constant depending only on j) yields

n A n—+1 A
n+1 n—+ 2
1= Int2 ji(a+nse)
Qp41

Ap+1 _ Ap4-2

1l =

an a'n-i-l

<#<Ca
“(m+Dn+2) — "

To estimate I, we argue as in the proof of Theorem 3.4. We first estimate:

Qn

|1 _ An+1 ei(w-‘r’yn+1)‘ < |1 _

— |+ |1 B ei(m+7n+1)| =1,+ 1.
n n

Then I, = |1 — (”T'H)B| < % < Capy1. To estimate I, fix « € [—m, 7). Since
Yn — 00, then for each positive integer [ there exists a k such that x 4+, < 2i7
but z + i1 > 2lm, (here necessarily k is even) and consequently,

I = |e*™ — D) < ot ypegr — 2] < v —

Orr2+ 0k | Ok + O
= |41 + Op—1 — 20| = | k+22 k+ k 2k 2

(k+2)log(k +2) + (k — 2)log(k — 2) 4 C
k

= 5 —klogk| < - < — <Capy1

where £ is between k — 2 and k + 2 and C' is an absolute constant.

Combining the estimates for I, and I yields |1 — %ei(“‘%“)\ < Cagy for
an infinite number of k. Then for these k, I < Cag41|1 — Z:—ﬁei(’”"'”"'“”, which
combined with the estimate for /1 gives an estimate for the denominator in the

fraction on the right hand side of (8). Consequently, there exists a constant
C' such that for each x € [—m, 7], there are an infinite number of k for which
1Sk f(x) = Sk f(@)] > &

Similarly, fix o and 8 which satisfy 1 < a < 2, % <pB <1, a+p <2 and
0 < 8—% <1, and consider a series of the form f(z) = 0" | L e'¢™® where
forn =1,2,3,... we put 8, = n® if n is even and 6,, = % if n is odd.

Following the arguments of the above example shows that f is a function which

is Holder continuous of order 8 — § and that there exists an absolute constant

so that for each x € [—m, 7], [S 1 f(2) — S f(x)| > & for an infinite number of
k.

In Figure 1, we consider the series >~ ﬁei(m‘m”), and graph the first 30
terms of the real part of the series, Ssof, as well as the real part of e3(Sag f). In
this case, using the notation of Example 1, we have that 39 = 30(1:2) —29(1-2) ~
2.36 and 31 = 31(12) — 30(1-2) &~ 2.38 so that for = between —2.36 and —2.38,
x+ v30 < 0, and x + v31 > 0, and the difference |Ss0f(z) — e2(S29f)(x)]| is
bounded below.

In Figure 2, we consider the series from Example 2 with g = .75: f(x) =
S22 | —Leeineim® The graphs represent the real parts of Szof and S%, f. Here,

n=1 n-75
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FIGURE 1. Real parts of S3of and e2(S29f) for f(z) = o7 %ei(”“‘"m)

n=1n7

using the notation of that example, 39 = 301og(30) —291og(29) ~ 4.38, whereas
y1 = Za2dbs0 _gan = (3210g(32) —301og(30))/2 ~ 4.43. Thus, if = € (1.85,1.90),
(roughly) = + 30 < 27 and x + 31 > 2, so as computed in the example, the
quantity |Ssof(z) — S5, f(z)| is bounded below.

4. Conclusions

Both the 62 process and Lubkin transform are known to accelerate many types
of numerical sequences, but little is known about their behavior when applied to
Fourier series. The work of Beckermann, Matos, and Wielonsky [2] shows that for
a certain type of function, the 62 process can be used to accelerate convergence.
In this paper, we have shown that for a wide variety of functions, the 62 process
and Lubkin transform do not destroy the convergence of the partial sums, but
we haven’t proved they actually accelerate convergence.

These transforms destroy convergence in the case of functions which are
smooth with a single jump discontinuity, and, as we have shown here, there are
functions which are analytic on the unit disk, whose Fourier series are Holder con-
tinuous functions, for which these methods destroy convergence at every point.

Naturally, it would be interesting to know necessary and sufficient conditions
on a function so that either of these methods accelerate the convergence of its
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FIGURE 2. Real parts of S5 f and S5, f for f(x) of Example 2,
with g = .75

Fourier series, but given what we have just noted, it is not at all evident what
such conditions may be. It would also be interesting to develop a transform
which could accelerate the convergence of the Fourier series of functions which
need it the most, e.g. functions with jump discontinuities.
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