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ON THE MARTINGALE PROPERTY OF LIMITING
DIFFUSION IN SPECIAL DIPLOID MODELf

WON CHOI

ABSTRACT. Choi [1] identified and characterized the limiting diffusion of
this diploid model by defining discrete generator for the rescaled Markov
chain. In this note, we define the operator of projection S; on limiting dif-
fusion and new measure d@Q = StdP. We show the martingale property on
this operator and measure. Also we conclude that the martingale problem
for diffusion operator of projection is well-posed.
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1. Introduction

We begin by formulating a Wright-Fisher model that is general enough to
include the normal selection model. Let E(a locally compact separable metric
space) be the set of all possible allels and vy (in P(E) , the set of Borel probability
measures on E) the distribution of the type of a new mutant. Suppose that N(a
positive integer) is the diploid population size and s(x) is the selection coefficient
of allele x.

The Wright-Fisher model is a Markov chain describing the evolution of the
composition of the population of gameters (x1, 2, - ,2n) in B2V or, since the
order of the gameter is unimportant,

1 2N
o D 0. € P(E)
i=1

(Here d, € P(E) is the unit mass at « € E).
We now consider the normal-selection model in this note. The type space E
is unspecified. However, 1y and the function s must jointly satisfy the following
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condition; If X is a random variable with distribution vp, then s(X) has the
normal distribution with mean 0 and variance o2. Furthermore, o = 0¢/2N for
an appropriate constant og. There are therefore a number of possible choice for
FE, vy, and s, including;
E=(0.1), vy = U(0,1), s(x) = 0% '(x),
where @ is the standard normal distribution function,
E=R, vy=N(0,0°%), s(x)=x,
and
E =R, vy = N(0,02), s(x) =x/2N.

For each positive integer M, let wys be a positive, symmetric, bounded, Borel
function on E?, let Ra((p,q),dz x dy) be a one-step transition function on
E? x B(E?) satisfying

R ((p,q), dx x dy) = Ry((q,p), dy x dx),

and Qs (p, dz) be a one-step transition function on E x B(FE).
Let N be the diploid population size. We consider M = 2N gametes and the
mapping 1y : EM — P(E) by letting

1
UM(pl,pz,"' 7pM) = M((Spl +6;D2 +oe +6PM)'

Here 0, € P(S) denotes the unit mass at p € S. The state space for this model
is

K (B) = n(BM).
Given p € P(E), we define p1 € P(E?) and o, u3 € P(E) by

p1(dp x dg) = war (p, q)p® (dp x dq)/(war, u2), (1)
pa(de) = [ Bas((p.a)ode x Eys(dp x da), )
is(dr) = /E Qur(p, da)a(dp). (3)

The Markov chain has one-step transition function Pps(u,df) on Ky (E) x
(K (F)) defined by

PM(M7 ) = /EM (MS)M(dpl X dpg X -+ X dpM)(SUM(PhP%“'aZDM)(')’

Choi [1] identified and characterized the limiting diffusion of this diploid model
by defining discrete generator for the rescaled Markov chain. In this note, we
define the operator of projection S; on limiting diffusion and new measure d@ =
SidP. We show the martingale property on this operator and measure. Also
we conclude that the martingale problem for diffusion operator of projection is
well-posed.
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2. Main Results

In order to consider a limiting diffusion, we define the discrete generator Ly
for the M-the rescaled Markov chain and canonical coordinate process {p;,t >

0}:
(Lmd)(pe) = M (&(ve) — d(pt)) Prr(pe, ve)

Pum
where Py is given in the diploid models as described above.
We restrict our attention to test functions 8 of the form

O(we) = Bu(fr,ve) - Bl fis ve), 0(pe) = (fr,p0) - (fr, pe)

where fi,---,fr € B(E) and {8;} is non-negative constant satisfying that
sup; f; < +o0o. Assume that “mutation or gene conversion rate” is

Zﬁk(fi,pt> — Bi — B; for every i < j,
Kes

in the diploid models as described above. This means that mutations or gene
conversions occur with particular rate in case of ¢ < j (see Choi [2]).
Choi [1] proved that there exist ay, r,, by, € B(P(S)) such that

(La8)(pi) — (Lr0)(pr) as M — o0

uniformly in p; € Kps(S), where

k
(LO)pe) = Y asg, [T o) +D bs TI (frope).

1<i<j<k s Ui, i=1 1l

We start with;

Lemma 1. Suppose the conditions (1), (2) and (3) are satisfied and 6 have the
form

0(pe) = F((f1,pe); (f2,06), -+ 5 {fis pe)) = F((£, pr))
where F' € C%(R*). Then there exist ay, r,, by, € B(P(E)) such that

k
Mhinoo(LMe)(pt): Z af. g ZzZa +Zb

1<i<j<k i=1

uniformly in p; € Kpr(E), where F,, and F, ., mean the partial derivative with
respect to ¢ and i, j, respectively.

Proof. If we let
9<pt) = F(<f1,Pt>a <f27pt>a T <fkapt>) = F<<fapt>)
af, s, = Bilfifj,pe) — (Fir o) (F5, ) O Belfir pr) — Bi — By)

kesS
by, = (Afi, pe) + (Bfi, p2) + ((fi o m)a, p2) — {fi, pe){o, p2),
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for selection function ¢ on E? and 7 is the projection of E?, we have
(Lam0)(pe) = (Lx0)(pt) + o(1)

uniformly and this result is immediate from a second order Taylor expansion
with the result of Choi [1] O

Lemma 2. Let X be a progressively measurable process and f, g, ¢ be bounded
Borel functions. If

18(0) = [ a(xX()as
is {F;X}-martingale, then
FX(1))e Jo eX(ds —/0 (9(X(5)) — e(X (s))f(X(s)) e J5 cX(Ddr g
is {F7X }-martingale.

Proof. See Ethier and Kurtz [3] O

Let m,,m, be the projection of E? on z and y-coordinate, respectively and
P € P(E) be a solution of the martingale problem for £ . Define

t
St = exp{<7(y, pt> — <7Ty7p0> _ / e*<ﬂy-Ps>£ﬂ_ze<7"yvl’s>d3}
0

and measure @ by
dQ = SidP.
Then S; is a mean one martingale and we have;

Theorem 3.

t
59 | (0000~ 060) = [ (Crven,0p0r) 1] =0
for & € D(Lr, 4r,) and bounded measurable function Hi.

Proof. Since
52 (6600~ 8(0) - | twwye)(pr)dr) i

— EP[0(p1)SiHa] — EP[0(p)SH,] — / EP (Lo vn,0)(p2)S, HL]dr,

we have

59 (0000~ 006 [ (om0t ) 11

t
= EP[e={muro) {(py)eTvP) exp (_/ 6_<7Ty-[)r)£7r$6<77yapr>dr)
0
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_0(p5)6<ﬂ'y’f)s> exp <_/ €<7T’y'P7'>£ﬂ_me<Try,p,.>dr>
0

t T
_/ (EMJF,ryG)(p,.)e(’T?/’P”exp <_/ e<”y"’m>£ﬂze<”“’pm>da:}> drH,).
s 0

But
L, [0(p)e ™ ] = 0(p) L, (™)
k
:(,Cﬂme)(p)e<7ry1p>+Z(<fiﬂ—y’ p) = (fi, p)(my, p)) Zi(<f,p>)e<ﬂ‘y,p>

= (Lr.m, ) ()™,

Therefore, from Lemma 2, we have

t
59 | (000 = 800) = [ Corin, 0o ) 1.
t
= EP[67<7Tva0>{e(pt)eﬁ'y’l)t) exp </ e(ﬂy‘pr>£ﬂwe(ﬂy,p7«>dr>
0
_Q(ps)e<7ry»Ps> exp (_/ e(ﬂy.pr>£ﬂme<7ry,pr>dr)
0

t
/ mm] — g(pr)gmemwn)

exp —myepap <”y’p”>dx) dr}Hs] =0

Theorem 3 allows us to define Q) by
dQ = SidP.
We show that @ solve the martingale problem for L 4, .

Corollary 4. The measure @ is a solution of martingale problem for L, 4, .

Proof. Since S; is mean-one martingale and

29 | (610 060 - | t<£m+me><pr>dr) .| =0

for 0 € D(Eﬁﬁ_ﬂy) and bounded measurable function H,, this result follows
directly from the definition of martingale problem. O

We conclude with;

Corollary 5. The martingale problems for £, and L, are well-posed.

Proof. Apply Corollary 4 with 7, = 0 or m, = 0 using the fact that existence
and uniqueness are known for Lg. (|
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Remark. Let P, be the unique solution of the martingale problem for L
starting at p and 7y, 7o, - - - , 7, the projection of E™ on z1,x9,- - ,x,. Then we
can define

dQ, = SidP,
and show that ), solves the martingale problem for £, starting at p.
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