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SERIES SOLUTIONS TO INITIAL-NEUMANN BOUNDARY
VALUE PROBLEMS FOR PARABOLIC AND HYPERBOLIC
EQUATIONS

LAZHAR BOUGOFFA* AND M. AL-MAZMUMY

ABSTRACT. The purpose of this paper is to employ a new useful technique
to solve the initial-Neumann boundary value problems for parabolic, hy-
perbolic and parabolic-hyperbolic equations and obtain a solution in form
of infinite series. The results obtained indicate that this approach is indeed
practical and efficient.
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1. Introduction

The method of separation of variable for the solution of the partial differential
equations often leads to ordinary differential equations with variable coefficients
whose solutions are obtained either in the form of infinite series in term of special
functions. In particular, this method requires that the boundary conditions be
homogeneous. For inhomogeneous boundary conditions, a transformation for-
mula should be employed to transform inhomogeneous boundary conditions to
homogeneous boundary conditions. However, Adomian decomposition method
[1]-[4] has been proved to be powerful, effective, and can easily handle a wide class
of initial-boundary value problems for linear and nonlinear partial differential,
where the components of the solutions are elegantly computed by a recursive
relation. Therefore, the solution is obtained in a series form. An important
point can be made here in that the method attacks any homogeneous or inho-
mogeneous problem without any need for transformation formula. Further there
is no need to change the inhomogeneous boundary conditions to homogeneous
conditions as required by the method of separation of variables.
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Also, The finite difference method is one of several techniques for obtaining nu-
merical solutions to these types of equations and is discussed in many textbooks.
Ames [5], Cooper [6] and Morton and Mayers [7] provide a more mathematical
development of finite difference methods. See Cooper [6] for modern introduc-
tion to the theory of partial differential equations along with a brief coverage of
numerical methods. Also, the variational iteration method, Padé approximants
and other numerical methods are discussed in [7].

Here, we will prove results on the existence and uniqueness of the solutions to
initial-Neumann boundary value problems for linear parabolic, hyperbolic and
parabolic-hyperbolic equations, where the solution is searched in form of infinite
series u(t,x) = > o~ an(z)t". In such cases, a recursion formula is obtained to
calculate the unknown coefficients a,,. The most important feature of this method
is that it reduces the initial-Neumann value problems into ordinary differential
equations that can be easily handled.

2. Initial-Neumann value problem for linear parabolic equations

In the rectangular domain D = {(t,z) : 0 <t < T, 0 < x < 1}, consider the
initial-Neumann value problem for parabolic equation

Up — Uge + Au = f(t,x), A >0, (1)
subject to
u(0,2) = ¢(x) (2)
and the Neumann boundary conditions
ug(t,0) = a(t), u.(t,1) = B(t), (3)

where f € Ly(D), ¢ € L2(0,1), @ € Ly(0,T) and B € L2(0,T).

2.1. Existence. To find the solution of problem (1)-(3), integrating both sides
of Eq. (1) with respect to « from 0 to 1, we obtain

1 1 1 1
/0 u(t, x)dx _/0 Ugpdx + /\/O u(t, x)dx = /0 ft, x)dx. (4)
Since .
/ Upe (B, 2)dx = ugz(t, 1) — ug(t,0). (5)
0
Substituting (5) into (4) we obtain
1 1 1
/ ue(t, z)dx + )\/ u(t, z)dr = ug(t,1) — ugy(¢,0) + / f(t,z)dx.  (6)
0 0 0

Introducing a new function v(t) such that

v(t) :/0 u(t, z)dz, where v(0) :/0 o(x)dz. (7)
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This transformation will carry out Eq. (6) to

dv

o + v = /o f(t, x)dz + B(t) — a(t). (8)

Thus problem (1)-(3) can be reduced to an ordinary linear differential equation
satisfied by the new dependent variable v, and its solution can be found as

eNp(t)dt + C
oy = LA C o)
where p(t fo f(t,z)dr+ B(t) — a(t) and C is a constant of integration, which
can be found by using the initial condition v( fo u(0, z)dz = fo o(z

Once Eq. (8) is solved, go back to the original dependent variable u(t, ) via the

Eq. (7).

We now can seek the solution u(t,z) as u(t,z) = > " ;an(2)t" and v(t) be

equated to an infinite series of polynomials of the form v(t) = >~ 7 byt".
The substitution yields

/ Zan )t"dx = Zb t". (10)

Equating coefficients of like powers of ¢, we derive the recursion formula for the
coefficients a, ()

1
/ an(z)dx = by, n > 0. (11)
0

This equation has the solution

b, &) if K # 0,
an(r) = (12)
b, (1+CO(z)), if K =0,

where K = fo x)dz and O(z) is an arbitrary function.
In view of the boundary conditions (3), we get a},(0) = a,, and a} (1) = B, n >
0, where «,, and 3, are the coefficients of the power series a(t) = > o0 a,t"

and B(t) = Y07, Bat", respectively.
The final solution is now given by

Theorem 2.1. There exists a solution u(t, x) of problem (1)-(3), which has the

form of a sum as
oo
x) = Z an(z)t
n=0

such that the coefficients a,, are given by (12) and satisfy
al(0) = ayp, a,(1) =By, n>0,
where a(t) = >0 g ant™ and B(t) =37, But"
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2.2. Uniqueness. Here, we establish the uniqueness of the solution of problem
(1)-(3)-
Theorem 2.2. There exists at most one solution to problem (1)-(3) in Ej,
where Eq is a Hilbert space
Ey ={u:u,us,uy € La(D7),u,u, € La(0,1)}
with respect to the norm
lu||z, = sup / u?(t,z)dtdz + sup /1 [w® +u2] (1, z)dz,
0<7<T JD7 0<7<T Jo
where D™ = (0,7) x (0, 1),
Proof. Let ui(t,x) and wua(t,x) be two different solutions of problem (1)-(3).

Then u(t,z) = ui(t,z) — ua(t,z) is a nontrivial solution to the homogeneous
problem

Ut — Ugy + Au =0, (13)
w(0,x) =0 (14)

and
ug(£,0) =0, u,(t,1) =0. (15)

Multiplying both sides of Eq. (13) by u;, employing integration by parts over
D7, and taking into account the initial-Neumann conditions (14) and (15), we
obtain

1t At
/ u?(t, x)dtdx + 5/ u? (1, z)dr + 5/ u? (7, x)dx = 0. (16)
T 0 0
Now, taking the upper bound with respect to 7 in the interval (0,7T), we obtain
lullz, = 0. (17)
Thus, u(t,z) = 0 in E;. Hence uy (¢, ) = ua(t, x). O

Example 1. Consider the initial-boundary value problem
Ut — Ugy = T,

u(0,2) =0, (18)

ug(t,0) =, ugy(t,1) =t.
A simple computation yields v(t) = %. Thus

1
bO:07 blziu bn:O7 n227
ap(z) =0, an(z) =0, n>2

and

01 (z) = K,lfK;éO,
b1 (1+CO(x)),if K =0.
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If we choose ©(z) = 2z — 1, then a;(z) = 2[1+ C(2z — 1)], and C can be easily
determined by using the boundary condition a}(0) = a3 =1 or ¢{ (1) = 1 =1,
hence C' = 1. Then the solution is given by

u(t,x) = Z an (z)t" = ta.
n=0

Example 2. Consider the Neumann heat conduction problem
Ut — Ugg = 0,
u(0,z) = €, (19)
ug(t,0) = €, ug(t,1) = et
Following the analysis introduced before leads to
k

v(t)=ke', k=e—1, b,=—,n>0
n!
and o(x)
x) .
an(z) = ' , if K # 0,
by, (1+CO(x)),if K =0,
where
li 1 / €
a,,(0) = 5 a, (1) = L > 0.

If we choose ©(z) = e?, then a,(z) = ‘;—E, Thus the solution is given by

3. Initial-Neumann value problems for linear hyperbolic equations

The same analysis can also be applied to the initial- Neumann boundary value
problem for linear hyperbolic equations

Upp — Ugy + Ay = g(t7 .’17), (20)
u(0,2) = ¢(z), ue(0,2) = ¥(z) (21)
um(ta 0) = a(t)v um(t’ 1) = 5(t)7 (22)

where g € Ly(D), ¢ € L2(0,1) and ¢ € Lo(0,1).

3.1. Existence. Proceeding as before, we obtain a linear equation satisfied by
the new dependent variable w

d?w !
=7 + A \w = /0 g(t,x)dx + B(t) — alt), (23)

where w(t) = fol u(t, )dx.
If A <0, then the general solution is given by

w(t) = CreV = 4 Coe™V 2 4y (), (24)
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where wy(t) is a particular solution of Eq. (23).
If A > 0, then the general solution is given by

w(t) = Oy cos VAt 4 Cysin V=t + w,(t). (25)

If A =0, then the general solution is given by

_ / / p(t)dtdt, p(t) = /0 £t 2)dz + B(t) — alb). (26)

To find the constants C’z, i = 1,2, we use the initial conditions w(0 fo (0, x)dx
= fo x)dz and w'( fo u (0, x)dz = fo x)dz. Once Eq. (23) is solved,
go back to the orlgmal dependent variable u(t x) via the equation w(t) =
fo u(t, x)dz, and assuming that u(t,z) = > .-, an(x)t" and w(t) be equated

to an infinite series of polynomials of the form w(t) = >° 7 ¢,t™. Thus we have

Theorem 3.1. There exists a solution u(t,z) = >, an(x)t", of problem (20)-
(22), where the coefficients are given by

Ox) .
an(x) _ Cn K ) ZfK 7& O’ (27)
cn (1+CO(x)), if K=0
such that
aiz(o) = O, a/n(]-) = Bn, n>0.
3.2. Uniqueness.

Theorem 3.2. There exists at most one solution to problem (20)-(22) in Es,
where Fo is a Hilbert space

E; = {U DU U, Uy € L2(07 1)}
with respect to the norm
1
fulle, = sup [ [ 2+ ] (1),
o<r<T Jo

Proof. Let uy(t, z) and ug(t,z) be two different solutions of problem (20)-(22).
Then wu(t,z) = uy(t, ) — u2(t, x) is a nontrivial solution to the homogeneous
problem

Ugp — Uge + AU = 0, (28)
u(0,2) =0, (29)
U (£,0) = 0, up(t, 1) = 0, (30)

Multiplying both sides of Eq. (28) by wu:, employing integration by parts over
D7, and taking into account the initial-Neumann conditions (29)-(30), we obtain

\ [l 1 11
= / u? (7, x)dx + / w? (1, z)dx + = / u?(t,x)dx = 0. (31)
2 Jo 0 2 Jo
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Proceeding as before, we obtain
[ullz, = 0. (32)
Thus, u(t,z) = 0 in Es. So that uy (¢, z) = ua(t, z). O
Example 3. Let
Up — Ugy = 0,
u(0,x) =0,
ut (0, 2) = e*,
Uy (t,0) = sint, u,(t, 1) =esint,

(33)

where the exact solution to this problem is given by u(t, x) = e%sint. A simple
computation yields w(t) = (1—e) sinte’ +C1t+Cy. Using w( fo u(0,x)dr =
0 and w'(0) = fol u (0, z)dzr = e — 1, thus

(= 1)kt

W(t):kslnt: W, 77,207 kzl—e,
_ (=" _ _
Con+1 = m, con =0, agp, =0, n >0
and
028 ek 20
a2n+1(x) — n K ? I’
en (1+CO(x)), if K =0,
where
4 ! _1 " !/ / —1 n
a2n(0) =0, a2n+1(0) = ﬁ7 n >0, a2n(1) =0, 02n+1(1) = ﬁv n > 0.

If we choose O(z) = e”, then agp41(z) = (2n+1), , and the solution is given by

(oo} (oo} 6 )
fL') = Zan( z:: m + 1 2n+1 = ¢e”sint.

4. Initial-Neumann value problems for parabolic-hyperbolic
equations

Consider the Neumann boundary value problem for linear parabolic- hyper-
bolic equation

0 02 0%y 0%u
. N a _— — = <
(at aﬁ)(aﬂ axz) ht.e), 0<a <1, 0<t<T, (34

(0 ‘T) ( )7 ut(o’x) = "/}(x)» utt(oﬂx) = w($)7 (
( O) (t)’ uw<t’ 1) = (t)’ (36)
Umzz( 0) O@(t), Ugzx ( 71) = ﬂQ(t)a (
where g € Lg( ), ¢ € La(0,1), ¢ € L2(0,1), w € L2(0,1), a; € L2(0,T) and
Bi € L2(0,T), i=1,2.
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This type of problem has been considered in [7], where the author has proved
the existence and uniqueness of the generalized solutions, using energy inequality
and the density of the range of the operator generated by the problem.

4.1. Existence. Proceeding as before, integrating both sides of Eq. (34) with
respect to z from 0 to 1, we obtain
L 93u
0 O3
Introducing a new function x(t)

x(t) = / u(t, z)d, (39)

1
(t,x)de = /0 h(t, z)de + [B1(t) — o4 (1)] + [B1 (1) — a7 ()] — [B2(t) — a2()] . (38)

where

1 1 1
:/0 o(x)dx, x'(0) :/0 Y(x)dx and x"(0) :/0 w(x)dz. (40)

This transformation will carry out Eq. (39) to

a3y
X = H), (41)

where
1
H(t) =/O h(t, )dx + [B1(t) — a4 ()] + [B{ (t) — ()] — [Ba(t) — a2(1)] -

Thus problem (34)-(37) can be reduced to the ordinary linear differential equa-
tions (41) satisfied by the new variable x and its solution can be found as

///H dtdtdt+—/ dx+t/ e dm—i—/ o(z)dr. (42)

Once Eq. (41) is solved, go back to the original dependent variable w(t,x)
via the Eq. (39). Proceeding as before, we can seek the solution wu(t,z) as
u(t,x) = > 07y an(2z)t™ and x(t) be equated to an infinite series of polynomials
x(t) = >,°, dnt™. The substitution yields

1
/ an(z)dx = dy, n > 0. (43)
0
Thus, we have
Theorem 4.1. There exists a solution u(t,x) of problem (34)-(37), which has
the form of a sum as u(t,z) = >~ an(z)t", where the coefficients are given by
O(z) .
dniv K ’
an(z) = K TEFO (44)
dp, (1+CO(x)), if K=0
such that

an(0) = ain, a,(1)=Bin, n>0 and a,'(0) = azn, an' (1) = B2, n > 0.

n



Series solutions to initial-Neumann boundary value problems 95

4.2. Uniqueness. In proving the uniqueness result we shall make use of

Lemma 4.2. For v, vy € Lo(D7), we have

/01 (7, 2)dz < k (/ T(Ut)Q(T’ x)dtdx + / ) U2(T,a?)dtdl‘+/01 UQ(O,x)dx> )

(45)
where k > 0.

Proof. We have
T a ) _ T
/O PG )dt—Z/O vpvdt. (46)

v (1,z) = 2/ vevdt 4+ v2(0, ). (47)
0

Thus

So that
1 1
/ UQ(T,x)dx=2/ vtvdt—&—/ v*(0, z)dx. (48)
0 g 0

Applying the ¢; — inequality, we obtain

1 1 1
/ v (1, x)dr < —/ (vt)thdm—&—el/ v2dtdar—|—/ v?(0,z)dx, €1 >0, (49)
0 T T 0

€1

[ e <k ([ wraies [ e [ o). oo

where k :max(i,el,l). O

or

Theorem 4.3. There exists at most one solution to problem (34)-(37) in Es.

Proof. The uniqueness of the solution to this problem can be proved via a sub-
stitution. Indeed, consider the new function v(¢, ) defined by

v 0%u
-7 <T.
v(t, ) 52 a2 0<z<1l,0<t<T (51)
Then problem (34)-(37) becomes
ov 0%
v(0,7) = w(z) — ¢ (x), (53)
v5(t,0) = o (t) — aa(t), va(t, 1) = By (t) — Ba(t). (54)

For simplicity reasons, we will assume that the Neumann conditions (36)-(37
are homogeneous, that is, u,(¢,0) = u;(t,1) = 0 and ugzps(t,0) = Uges(t,1) = 0.
So that v, (¢,0) = v (¢,1) = 0.

Multiplying both sides of Eq. (52) by v, employing integration by parts over

~—
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D7, and taking into account the initial-Neumann conditions (53) and v, (¢,0) =
vy (£, 1) = 0, we obtain

1 1
/ (0)(t, ) dtdz + %/ (02) (7, @)dz — / h(t, @)vidtda + %/ V2(0,2)da. (55)
T 0 T 0
Applying the e— inequality to the second right side of (55), we obtain

2 / (@)t 2)dud + /0 (002 ()

1 1
§62/ Rrdtde + — [ (ve)*dtdz + / v"%(0, 2)dx,
T € Jpr 0

where €5 > 0. Consequently,

(2- l)/]y(vz)?(t,x)dtdx+/01(u1)2(7,z)dmgeQ/

1
hzdtdx—l-/ v'2(0,z)dx.  (57)
€2 0

.

If we sum side to side (45) and (57) we obtain
1
0 T
1 1
<k (/ UQ(T,:D)dtd(IJ-‘r/ ’UQ(O,I)dLU) +/ v"%(0, z)dz.
T 0 0

We now apply the Gronwall’s inequality to (58) and taking the upper bound
with respect to 7 in the interval (0,7, we obtain

lollz, < e (1blloay + 1€l oo,y + 1€ La0,17) 5 (59)

Lo _1 )2 (t, z)dtdx ve)2 (T, z)dx + € 2dtda
/()U(T,m)d:p+(2 o k)AT(t) (t,z)dtd +/(z)(,)d+2/D h?dtd -

min(l,Q—%—

where ¢; = 2125 8 and &(z) = w(x) — ¢ ().

max(1,e2,k)
We now go back to the initial-Neumann problem (51), where u(0,2) = ¢,
ut(0,2) = ¢ and u,(¢,0) = u,(¢,1) = 0.
Proceeding as before, we obtain
lullg, < e2 ([0l Loy + 190l a0, + 19 | o017 + 1] £ap0,1) » €2 > 0. (60)
This means that u is a unique solution to the given problem. This completes
the proof. O

Example 4. Consider the initial-boundary value problem

(@ 2)(E 2

ot Ox2 otz Ox? ’

u(0,2) = —x*, u(0,2) =0, ug(0,2) =0, (61)
ug(t,0) =0, ug(t,1) = —4,

Ugzr(t,0) =0, Ugee(t,1) = —24.

We have to mention that we can change the inhomogeneous Neumann conditions
to homogeneous conditions by using the transformation formula

w(t,z) = u(t,z) + z?.
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A simple computation yields H(t) = —24 and x(t) = 4¢3 — 1. Thus

arf=

1
d0:77a dl:d2:07 d3:4a dn:07 7?,24,

5

ar(z) = az(x) =0, an(z) =0, n >4,

o1(z) . 0:(x)
ao(az): do K ,lfK;ﬁO, and ag(m): ds K ,1fK7£07

d0(1+01@1($)),ifK=0 ds (1+02@2(.T)),ifK=0
where ©,(x), i = 1,2 are arbitrary functions.
The solution is then given by
u(t,z) = Z an ()" = ap(z) + az(x)t®.
n=0

Using the boundary condition u(0,2) = —2* we find ag(z) = —a*. In view of

a5(0) = a4(1) = 0 and a4’(0) = a4’(1) = 0, we can choose O3(x) = 1, thus
az(x) = d3 = 4. Therefore, the solution is given by

u(t, ) = ag(x) + az(x)t® = —a* + 4¢3,

which is the exact solution to this particular problem.
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