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Abstract

The detection and the examination of outliers are important parts of data analysis because some outliers in
the data may have a detrimental effect on statistical analysis. Outlier detection methods have been discussed
by many authors. In this article, we propose to apply Hadi and Simonoff’s (1993) method to penalized spline
a regression model to detect multiple outliers. Simulated data sets and real data sets are used to illustrate

and compare the proposed procedure to a penalized spline regression and a robust penalized spline regression.

Keywords: Outlier detection methods, penalized spline regression, robust method.
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© Z 3= Huber (1973)0]] oJ3] 4 -F7 %, Rousseeuw (1984)7} A|<tst
St AFFHH, -’35\_ AL AFF4E50] Atk AR oA gAHEE ARFES F9)
= WHolth. o £1 Kianifard9} Swallow (1989)+& o] dA& &4
2 25HES A Cook’s Distancet 22 3|AIG 7|20 wet A&7 <AUH=E A
FAE Asbees HES Adelgon, I Qo= RSS H4%F4H (Gentleman} Wilk, 1975),
A RSS H4F4% (Marasinghe, 1985), =218 A4 ¥ (Hadi2} Simonoff, 1993) So] At} 9]
Hadi®} Simonoff (1993)+= €74 3719 4% FIAFLZRE BYS A &, FSX7H o
oA AAE UYAH ~FHESE FA}(internally studentized residual) 2] <=5 Aol st ¢ 7
Tl whet HF ol FATS AAHFAY FEATY Z7E T A E2A vHEE FAE g
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H =R B 2289 3] R (penalized spline regression model)o|A] o] X5 &X]3}17] 9
3to] Hadi®} Simonoff (1993)2] o]Arx|7 A¥W-S A&3te Aot WL 744 ¥ ~Zegkel 39
W, ol AR B E A 92 HH Azl 39 nudt). 23 e EE A28 3Ae}
2 EAE 2~ IAHHS AEeta B AFoA Al 01'6‘}— Had19]- Simonoff (1993)2] At °]E
T AN E Bt oldXE AT = 71\:4: 2FZgl 3 Ty GaEES At A 3%
ANAE EAFA AAtolEE o]§sto] ZH WY xqﬂﬁ-‘}ﬂ Hl kAL 47go| A AFEHE 8 oFs
t}.

2. W AZ2I0l 3171980| B FHWD 0|AX| B

=
I

m(X;) + €, i=1,...,n,
m(z;) = BE(Y|X = x;),
£ YAA G2 IFATTolL ¢ Faol 0, B ooy, ¢ 52 SYPH ot} I
m(zi)E F4337] 918t H72] knoto] & GubEQ pa} 228kl B2 th3 2t}

H

m(z;B) = Bo+ Pz + -+ Bpa’ + > Bpin( — Kn)t,
h=1

017]}\-1 ﬁ = [/807ﬂ17"'7/8177/8174—17"'75?“'1‘1] P l‘f h}iﬁ H knOtoﬂ EHB_]— 9:]:[4741/\0] Khl& hEﬂRH
knotolW py = pZF ol p, I Qo= 09 g Zheth

WA A2 AL YL, < O 22 AdzAS u8d B FAHEAL} FLake], A > 09 w)
lly — XB|I* + \B"DBE H43}ste BE e Aotk 7|4 A& HE) AL E A= HIey
olm yi& (y1,...,yn)" 012, FE D= diag{0t1)x1, Lux1}ol™ FE X & o33} 2ok

1.’]}1 .’L’zlo (.’L’1—K1)ﬁ_ (xl_KH)i

X=1:": : : : :

1 In " ‘/'v’lpl (xn_Kn):i (xn_KH):i
B AZebel 370 s AR e Do) 53T ol oo s By = (XTX +AD) ' X Ty,
7 =X(XTX +AD)"'XTyo|t}
HA A2k S| AHAA o] FX 7 A5 FATTE F4T o AFH AHE 4S5 Uk HE &
2 BYoA ZFAZE 7] H8t M-S g3t v 22 7|E0 2 BYE A3}

K
ch ’L_m T ))+)\Zﬁg+ka
k=1

A71A pe(z)= 3 22 Huber®] $43<=(loss function) ] tHc > 0):

2
:L. b ‘:L.| S C7
pe(w) = {

2|z| — 2, x| >

aefih 919} 2ol A M-FAUE Sl BYS Y W Ao AT b RS TA9 3
43} 712 AANtE BUAQ STES AL/ 44 Grhe AL DR o2 HA5]
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2

213 Lee} Oh (2007)= 71 ©lolEl(pseudo data)E o|-&-3to] Alatsko] 2ty &7 w2 ZHA ¥4
2Z819l 3 A S Alksta.

WA ~Ze) AN (B}, 2 22k 78 Aol B(z) = {Bi1, B, ..., B.} 21 27
g o 3AT,E dutdoz B35 m(z) = 87 B(z)eke sHd FAHFL 2o TS Hadles
o7 ArE.

S {vi-6"BG)} +218"Dp
=1
ojml M- B3 2Zel AT ZF m(x)ol EA B3 po(x)E AH-&5HH otef e} 2t
Mrobust () = arg min Z Pe (yz- - ,BTB(xi)) + 287 Dg.
i=1

29 Ao wEg o]8se] & AT wl po} .o WAFH AR Aso] Adte] HA YA
mi = m(z;) ekl & wl, 7HF dlol8 g = mi + Ye(ys — ma) /283 B staL ofefe} o) g gho] &
A ASshs B HAAF FHX A E (closed form) 37k A5 Et.

Mpseudo(T) = argmin Z {yz (:v,')}2 + 287 Dg.

o] 2} Zro] EAHH Mpseudo ()= Mrobust ()l 531 (Leeg} Oh, 2007, Theorem 1) ©]ofl w2} Lee2}
Oh (2007)= Trobust(x) S ALFeHE WHEA G858 A A3t

£ 9170 A= Hadi®} Simonoff (1993) 7} A3 3] 7 &l M A-&3k {Pi}_i ) -
o] g3t A Axzeldl FFoA o|AAE BRSt A ASH=E A QA Y-S Akttt Hadigt
Simonoff (1993)<] -2 oA Y 7FsAdel Sle 5% ~9l 7&?}— ‘?i A Ad73tal ol & Higo R
AE FAMcE BE ZF ALY LAE ALbst o4 Rtk A

5730l

A3l Pk BAelth M S o4 5ol g BARES] APl 47, Xy e A3 Mol
Adshe X FRAY, S e WY Mol o5 249 AAAS, oS A Mol o3 F48 mRE
Avoletar st WA 2EeH) )R G0 Hadi?h Simonoff (1093)9] M-S A8k} ol 4x12 ¥A

3 & olE A AsH: AL vkt 2o] AEE & Sk

(2 0) AAEolefoll B Agetd 3712y A
AA o8& o] &3to] ofefel 22 B Aokl FFARYES AF

- a7 2 T
;{y Bml} 128" DB.

)

rsL'

o},

(3

WA Ae] WS HAsT 7 Aol wret 99 AS Hades fE T GOV (generalized
cross-validation) & ©]-&3}o] Z 2 9] ,BA*)ﬁﬂr A& T3t} o]uf BAQ EeIpd sy BA = X(XTX +
AD)" 1 X Tyolt}.

(2 1) z7] A4 ole MAA -

SAHoZ HolEE ‘7]Z F(Basic set)’F} ‘H]7]Z (Non-basic set)’ 22 U-rt}h X
o 712 L (k+ D)7 ASFe R 2%, v7|R 2 UHA (n—k— 1)WY &5
stk (BA 0)olA AA dlolEo] s AXE BAASL S o] &3Fke] At
S 7ot F A AU leil, (0 =1,2,...,n)E LEAECOR HHIto] 1 A7|7F F2
+ 1S 5L V2P0 R st ol ke B ALY ot

1.
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2. 71% Foll AP (k+ 1A BEGL Bek L, A2 2 Bol g% SYws Pyl
Xp2 84 2F2 0N A83te] AAAS fp, & FAR F ARy — 2l fp, & 7T

t}. olwe] B, = GCVel o5 24Hr}.
3. Zr 2ol tisted olelle} e A H A} (adjusted residual) di S AAFSI gho] ZHE =4

£ 71Fo2 712 ZH 12 T 24 AYE R o) AN ok B X i)
yulEjo] .
Yi _:I:’L’I‘BB)\
, ifie B,
-1
. V1-af (XEX5+AD) 2
Yi —ﬂﬁiTBBA
, ifigB.
V147 (XEXp +AD) ' a
4 919 FE N R o vk Ax F B ASE A $7A1A 27 A4 dlolEE
[

M A h=[(n+k—1)/2]7+ 2 HH?]W A4 st

L 712 3 B 3717} kA7 F 9 o]& 27] A olET Mog dstal, YA n — 7
o] 5L WA Hlolelzel 3ot

2. 7% dlolEw A vlelET e g hroXl vlolH 2 23k At 4 ofefel 2ol

A Arge}:
o _.TA
Yi = @i By . ifieM,
. &M\/1—x$ (XT Xa +AD) '
i — o T ~
yi — @i Bary . ifig M.
(31\/1\/1 + 2l (XL, X + )\D)71 T
3. o)FA RS A3 A3l i EAF |di|S 2717 2 AR tlolHE HHsir}
Fo)R A4 dolHE M) 2718 sl 813 doyy S (s + 1)WA |di| 7t ol2kar skAt.
}

s+1) > tas2(s+1),5—k) O1H, (s + 1) AR S} T o] F o] FAZE o] FA &2 7HE38)

< taj2(st1),5—k) O1E (s + 1)HA F27HA B4 dolHE
ZFAIA 919] FAE THE Attt
(A 3) A4 tlolel o] WA 2Zelel F7RY A%
o] DA & FAE AA Ulo]HELS o]&3te] WA AZglol 37 R
wtel 7124 H 4B e Tk GOVE o] g3te] HA ek A g

723 8 ~Ze FANEI B =74 Ast ojdx gAHE vndEr] $1319 Lee$t Oh
(2007), Cantoni®} Ronchetti (2001) SollA AR R85} 54317 olefe] <& o]&3dle] Yol



Outlier Detection Method in Penalized Spline Regression Models 691

Simulation
—— Hadi
~ < Ridge
M-est .
——= True
.o
o -
°
s oSes o8 S o
e oo °% oo
° #E 3 o% >
> o o o . @0 it o":";—~°
I % 8
o
.
o .
v
T T T T T T
00 02 04 06 08 10

X

Figure 3.1. A simulated data set with outliers: Fitted curves and a curve representing the true model

AEE W AZTH
yi = m(zi) + 0.5¢;,
m(x;) = sin {27T(1 — 111)2} s
A7A wit T2F (0,1)9] FEREANA, e REAT BN 2H7F 15044 *“**d‘ii"‘ll VA=
29 Ze £=XE J|Z2oz 1094 olUloA 271, 75AA A 105HR] Abo]] 37 ZE]|1 1359 A o]
FolA 208 oz AT ol Ade] ARE 1009 W A4 o wHl *‘WM %

229 0~ Y {m(w,) — i} AT, B ARANE o 4R ERHA B AL 7 by
& Agelel 1 A28 vZHAT
Ao A AFR-3l quadratic 2~ 1 BFe o} At

H
m(x) = fo+ frx + ,521‘2 + Zﬁ2+h($ — Kh)%,_
7o) 247} (1/20,1/30,1/40,1/50) 1 | 71} 2} knot F3tell T, Agt- 037 0.01Ako]ol A 214
0.001% 3= HYE AA3t] CGVel o3 ZA= ATt (Ruppertet Wand, 2003, Chapter 5). <
714 T3 A ol FRE st Aol HAY Fro] of AT o= A AFAES TR EAME 7H
Sha meA 488 4 ek

(1) olAA7 = A
Figure 3.1 2 4%0] 43} 5 & 714 o2 Uepith. E=2olA Aok we] A4S Hadi,
A E LelHA ghe MR ABehel 5719 ARG Ridge, 244 2R 2Zel )70 APA
2 Meest, 2948 B40] AAHE Truez E75c}. 2L A5 A
o olato] oA = aula Zholth. Figure 3.1 AR 5887 AL the & A4 ur}

tlo ofr

o] A7} Q= ko 7 1A a8 AL &g 4 Qlrk
Figure 3.2 2 °ﬂ whe AR g A3kl BAE AFote] FEe B2 ake] AR o)t}
AT AR R WS B wf, e QU ~Eete) RG] 7bg 23, 3 thgol
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Figure 3.2. Box-plots of model-errors estimated from simulated data sets with outliers

3.2.

7 87 ~Eekel FFPE, ALD Pl M Ak BPexje] FYgo Wmstd duk 2
Ee9) 8719 By 937k 7bg A3, 1 okl 27 84 2Fe) A9, AR Pl g
Aov ARNHAR Wad AEE FIG AFE Rtk Hebd AHoR Qv ¥y AZelel
o) mYeigie]l Atke A & 4 o, AE el 47 AZe 57 YRt AviHe
= Yozl 4o Ae ¢ 4 k.
e meldgel 74 AnlA TeY EEe] R Age vad A5t Add WhEe 44 2
4 2B PR 1009 5 600 Agron Auba Wy sEekel AAEHTE 99W Hk
Tk AR PR 1009S] B LGN A o1 FAE o FAE FAFA BHE F9E YA,
% el AHelA B AR A BRGSO FA 2 7w AR At
g7} G A
Figure 332 ol4X7k 9l 499 RI4F 205 shtoleh. ol4A7 gl A9 A A B
BE 2 Aol7h it A0 HolW BYL] 4x41YQ Figure 349HE $U% £ N
S ek 23l 41 Figure 34NA% A Ax PES 2 ol 92 ¢ 4 ek
7 B AelN BReAgel o)sto] Al PHES wad w ALd PEH 5FHAN mPe
£ 1009 3 9510|917, AlokE WL 1000S] A F 292 2 7ol BATE

OlIAl

Aekst vbHel a 84S ASTH] Y5tke] AFRSH= AAAEE Balloon 288} Liver surgery Abs
o]t} Balloon A5+ AIZPE(X)E BIYoE HEY WAMGEE 543 dlolE (Davies$l Gather,
1993; Kovar®} Silverman, 2000)°]t}. F w|o]Ele] 7+ 49847 o] X|wk t2F 1/10F =< 5007 &

492 ek
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Figure 3.3. A simulated data set without outlier: Fitted curves and a curve representing the true model
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Figure 3.4. Box-plots of model-errors estimated from simulated data sets without outlier

A= (0.1,1,10,100) 3 z+2F AFR8F1.01 knot 7HEL (1/10,1/20,1/30,1/40,1/50)¢] FHe 57+
o8 747 AAska I F GOVl o3 HAgte A=ty 2 el A8 235 Uehli+= Figure
35004 Mo s EAE dol Ak el €3] ol AN AeE Aok, tlolelel 277} ol
B8t Figure 3.5004 B0l o] 4x]9] 3kg ¥ dnbxQl B AZeile] A2 o 3y
of o3 A3 Hot v FAE, AlbE P A 8 Ak e A2 vl
F3Hct
Liver surgery AR5 54539 7 528 0o 10899 8742 A2 I55he dolg (Neter 5,
1990) o]t} el Ay (X)+ vl 71(Xq: blood clotting score, X2: prognostic index, X3: en-
zyme function score, X4: liver function test score) ©|al, 7+ A} =& A F717]|FolA A2 ZolH
RS B (Y)E ke AE Azbelt}t. 2k £ HlolHS 1 EH 54‘?1%*]«] LS ol8ste] A
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Figure 3.6. Liver surgery data: Fitted curves

o MR WS Yo AR2IE HE log,, Y2 ¥l N Aol FAEAL At log,, VE 34
3 T log,, Y2 oS5, defo] ukswls VE SE5USE 715sto] B2 ARt o] 3
oA 1HFE 5H7Ae] #F 5 Y2 AARL Bt 28] 71 g ARSste] o] A= dA st
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Figure 3.62] T1&ollA G249 A& = AA| oldA 50

=)
)
o
o>
o
7

2 ol gt olgfel 139 B3
L o) gAe] G ol W AL &
93 27 WE ~Ee AIPUE o A= 0PN 33



Outlier Detection Method in Penalized Spline Regression Models 695

4. 42

£ =2oAME HE aFeel FARYANA oA E gA S S Aeta, 72 EE ~gEel 3
Ay, 9wrA ol SYI ALY vwstdet. =RolA AE AlgkE Wb o)A 2 dukE s B
He AAS L RPAFS sk vl Zd HE 22kl IAYHL o)X E AASA g1 FA
o RYPATES A5kl M-S ARESth. RO d oA & 7HA]9] ol A BES ARSIt Hol
A A Aeolgta & 4 AT, BoART A Ao w2, o] 227} g Aol
A Y A 2Z2 A 2 Aolrk oy AR A7)0 tlolEe] A9 A Ed
22 A ETH A RFE R, o) AXE BAS & HA AZE IARYS A=l o
FEAQA AL FAT 4 ek ot A ~ZE A vl Ak gL v E A AARS
Fste] AtjAog AiAzre] Atke ddo] glom g oA oA ARREF Balloon A& Hlo|g] =7]9l
n =500 7|22 F ¥y g of5 AEse Zlo] d4Felgn & 5 ik
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