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COMPACT TOEPLITZ OPERATORS

St Ho KANG

Abstract. In this paper we prove that if Toeplitz operators Ty
with symbols in RW satisfy |[ukZ|[, , — 0 as z — OD then T3}
is compact and also prove that if T,y is compact then the Berezin
transform of T} equals to zero on 9D.

1. Introduction

Let dA denote the normalized area measure on the unit disk D of the
complex plane C. For any real number a with o > —1, let dA,(2) = (a+
1)(1 — |2|*)"dA(z) which is a probability measure on I. For p > 1, the
weighted Bergman space L} is a closed subspace of LP(D, dA,) N H(D),
where H(D) is the space of analytic functions on . For z € D, the
weighted reproducing kernel is the function K¢ € L2 such that

f(z) = <f K>,
for every f € L2, where the norm || - || .o and the inner product <, >,
are taken in the space LP(D,dA,) and L?(D,dA,), respectively. Since

2\1+%5 .
K2 (w) = W and [|[KZly, = (1—[2]°) *, the normalized

weighted Bergman reproducing kernel £ is the function
2

(1 —1[2)

(1- Ew)2+a

2
a

1+3

k2 (w) =
For a linear operator S on LZ, the Berezin transform of S is the
function S on D defined by

S(z) = < Sk K>,
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For u € L'(D,dA), the Toeplitz operator 7% with symbol u is the
operator on L2 defined by T(f) = P.(uf), where P, is the orthog-
onal projection from L?*(D,dA,) onto L2. Since L>°(D,dA) is dense
in L'(D,dA), the Toeplitz operator T with symbol u in L'(DD,dA) is
densely defined on L? and the Berezin transform of u is defined to be
the Berezin transform of T.>.

A common intuition is that for operators on the Bergman space
“closely associated with function theory”, compactness is equivalent to
having vanishing Berezin transform on . Our main result shows that
this intuition is partially true if the operator is a weighted Toeplitz op-
erator with symbol in RW, where RW = {f € LY(D,dA) : ||f||pw =
sup || fKZ|; , < +oo for some s € (2,00)}.
z€D

Throughout the paper we use p’ to denote the conjugate of p, that
is, %+I%:1,f0r1<p<oo.
In this paper, we will show the following theorems.

THEOREM 1.1. Suppose 2 < p < +oo and v € RW, that is,
sup ||[ukf||, , < +oo for some s > 2. If p(2+ o) < s and ||ukf||,, — O
zeD ’ ’
as z — 0D then T, is a Hilbert-Schmidt operator and hence compact.

COROLLARY 1.2. Suppose 2 < p < 400 and u € RW, that is,
2

sup ||[ukf||, , < +oo for some s > 2. If p(l—l-a)

z€D ’

1 <l<p and [|[uk?l|,, — 0 as z — OD then T\ is a compact operator.

< s for some [ with

2. Some estimates

To obtain our main theorem, we need to introduce some notations.
For z € D, let ¢, be a Mobius transform of D onto D defined by

Z—w

paw) = 1—2zw

It is easy to show that ¢, o ¢, is the identity function on D.
For z € D, let U% : L2 — L2 be defined by

USf = (fop)(p) 2

Since ((pfz(gpz(w)))H% (p-(w)) "2 =1, a simple computation shows that
U2 o U2 is the identity function on L2 and U is an isometry. Thus U
is a self-adjoint unitary operator.
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2

For an operator S on L3,

S, =UXSU.

We consider the problem to determine when a Toeplitz operator is
bounded and compact on LZ.

Suppose S is a finite sum of operators of the form T, - -- T, , where
each u; € L>®(D,dA). Axler and Zheng([2]) proved that the following
are equivalent :

(i) S is compact ;

(ii) ||Sk:|l, — 0 as z — 0D, where the norm || - ||, is taken in the
1— |z

(1—zw)?’

we define the conjugation operator S, by

space L?(D,dA) and k,(w) =

(i) S(z) = 0 as z — oD ;

(iv) |1S:1|| — 0 as z — OD.

Miao and Zheng ([3]) proved that whenever S is a finite sum of op-
erators of the form T, --- T}, , where each f; € BT, S is compact if and
only if S(z) — 0 as z — ID.

Since dA, is a probability measure on D, for any f € RW, sup[|fkZ|l,,

z€D

< ||| g and sup\fj?‘(z)\ < ||fllgw- Let u be a finite positive Borel
zeD

measure on D and let 1 < p < 400. We say that p is a Carleson measure
for L} if the inclusion map from L to LP(D,du) is bounded and hence
the closed Graph Theorem shows that L% is contained in LP(DD, du)

if and only if i is a Carleson measure for L}

if and only if sup {% i fe Lg} < +0o0
D «

if and only if sup fi(z) = sup [p k% (w) P dp(w) < 400 (see Zhu [5]).
By the above observation, for each f € RW, |f|dA, is a Carleson mea-
sure on D and hence T]‘?‘ is a bounded linear operator, in fact, T]‘?‘ is

bounded on L} for 1 < p < +oo ([4]).

Suppose 2 < s < +00 and k is a positive integer. For 0 <z <1, we
define . )
L | 1 1.
fla)=4 2 T — () <o <o
0 otherwise.
So we get a radial function on D, that is, for every z € D, f(z)

F(J2]). Since [k (w)] < 224 for all [u] < / Fw)k2 ()] dAa(w) <
D

=

0 k

24+a)s 2 S 11 o(24a)s
200 [ (a2t 3

k=1

(2k+1)2 < 400 and hence L*(D, dA) is
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a proper subset of RW. Since T’ has an infinite dimensional range, Tf is
not compact. From | < Tfka EX > |=| < fE2, kY > |=(1— |7| )1+

i z1 'z z1 'z
+

PR ES > | < (L= J2) 2 (1R ] ol L2
Tf( ) = 0 as z — OD because f(z) = 0 whenever |z| > 3.

2‘<

o o it is easy to show that

3. Compactness
This section contains some upper bounds that will be used in the
proof of the main theorem. We begin by stating a simple lemma which

is a special case of Lemma 4.2.2 in [5].

LEMMA 3.1. Supposea < a+1. Ifa+b— a < 2 then
dA
p [l
2eDJp (1 — |w|?) |1 — Zw|

LEMMA 3.2. Suppose 0 < a < 1 and there exists s such that
2 < s < +o0 and supHukaH s.a < 00, where u € L'(D,dA). If 22 <5

then there exists t in (2+a s) and there exists a constant C' such that
o fro C||(T) 1
/ [(TeK2) (w)] | Ay (w) < (7)o < CHU||R2VVa
1—\w\ (L= 7 (@2
for all z € D and
a fro C 1
/ [(TeK2) (w)| | Ay (z) < (1) Ul o < CHUHR;VG
1—2\ (1—|w ’) (1= |wl")

for all w € D.

24+«

2
Proof.  Since
a

24+«
2—a+«

Put w = ¢,(A). Since Ty KJ =

Q@
< 8, there exists t in ( ,s) such that

1<t < and hence (2 —a + a)t’' — a < 2. Take any z in D.
1
TeUSL (T9).10pu(el)

(R Y (FLE N
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TeKS(w)] (T, AT
/ (= fw" 1_|| 213 / 1—|w\> o)

_ (7)1 1—|w|)
- |z / 1— |)\| ) d4al)

(T, o dAs(N) 0
: (1—[[)" (/D (1- |A|2)“t’|1—zA<2-2a+a>t'> '

By Lemma 3.1, (2 — a + a)t’ — a < 2 implies that the above integral is
finite.

/ dAq (A . .
Put C* —/ - () . Since t < s and dA, is a
(1 _ )\ ) 7)\ (2 2&+C¥)t,
probability measure on D, [[(T2),1,, = IUSTSUS1|,, < [[uk2]],.,

< [|lukZ|l;,, and hence [[(T}7), 1], , < [lul[gy - Since TPKZ (w) = <
TOKY KG > = (Ta)*K (2) = T Kg(z),
[(TeES) (w)] / [(TeE3)(2)|
dAy(z) = z
/ 1—[z»" (2) 1—12\ #4a(2)
CNTD) MUlea _ Clfull gy
PN o.a -
(1 = fw[7) (1 = fw[7)

Thus one has the results.

COROLLARY 3.3. Suppose u € RW, where sup [[ukZ|| , < +0o0
z
for some s > 2. If 24+ a < s then there exists a in (0,1) and there

exists ¢ such that

o 24+« .
< s and —— < t < s. Moreover there exists
a

a
a constant C such that

|Te K2 (w)] CINT) e Cllukg|ls,
a(w) S PRE S 2.0
1—!w\ (1 —1[2%) (1 —1[2I%)
for all z € D and
| (To ko) T, Cllukel, .
Aa(z) < 2 a < PN
1—2\ (1= [w]%) (1= Jw[7)
for all w € D.
2 2 2
Proof.  Since lim to_ =2+ aand lim ta i 047 it
a—=1—  a as1-2—a+a l+a

follows from Lemma 3.2.
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ProrPoOSITION 3.4. Suppose v € RW and T is compact. Then
| T3k |y,, — 0 as z — 0D and hence T¥(z) — 0 as z — JD.

Proof. Since for each f € L2, < f k2 >= (1 — ]z\Q)HEf(z) and H>
is dense in L2, k¢ — 0 weakly in L as z — dD and hence ||T¢kS (], — 0

ar 'z

as z — 0D.

To prove Theorem 1.1, we will need Schur’s theorem ([5]) so that we
will show that T, is a compact operator under some condition.

THEOREM 3.5. Suppose K is a nonnegative measurable function
on X x X, T is the integral operator with kernel K and 1 < p < +o0.
If there exist positive constats C7 and Cs and a positive measurable
function h on X such that

/X K (2,y)h(y)” du(y) < Cih(z)”

for almost every z in X and

/X K (2, y)h(x)Pdu(z) < Coh(y)?

for almost every y in X, then 7" is a bounded linear operator on LP(X, du)
1 1

with norm less than or equal to CF 025 .

Proof of THEOREM 1.1. Suppose f € L2 and w € D. Then
(T f)w) = <T7f K>,
— [ remers WAl
D

For 0 < r < 1, we define
(T2, f)w) = / F(2) T K (w)d A (2)
rD
- /D ()T K (2)dAa (2).

Thus 7% and T, are the integral operators with kernel 79K % (w) and

u,r

TYK2(w)x,p(2), respectively.
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For each r € (0,1), we get
| [1mrs@nsePiawae = [ [ ke wldawae)
DJD rD JD
= [ ImeRe a0

Sl RS

2
|72l
(1 _ r2)2+a

Thus each T3f', is a Hilbert-Schmidt operator. Moreover, Ty — T}, is the

< < 0.

1
integral operator with kernel T, K¢ (w)xp\,p- Let h(A) = (1 — IA]?) w7
be a positive measurable function on ID. Since 2 < p < +o00, 1 < p’ < 2
and hence p'(2 + ) < s. By Lemma 3.2, there exists ¢ in (p(2 + «), s)
and there exists a constant C' such that

1 K@) h(w) da(w) < O, b
and
| TR @M dA) < Clullgy by
Let Oy = C sup{|[uk®
L TR @ @) daw) < Cin(e)”
for all z € D and

/D (TOK2 ) w)xo\p(2) A=) dAn(z) < Cllul sy e(a0)?

so T <[2[ <1}. Then

o 1
for allw € D. By Schur’s theorem, ||T;¥ —T,,.|| < Cf (C||ul| gy ). Since
ITE), 1, < (1T, 1]],, and [[wkg]], o, — 0 as z — AD, lim Cy =0

L s r—1-
1 1
and hence lim Ci#" (C||u||zy)? = 0.

r—1-
Since || T — Ty',|| — 0 as 7 — 17 and the collection of Hilbert-Schmidt
operators on L2 is a Hilbert space, T is also a Hilbert-Schmidt operator.
This implies that T is a compact operator.

Proof of COROLLARY 1.2. In the proof of Thoerem 1.1, let h()\) =
_
(1 —|X\*) » . Since 1% < 1, it follows from Theorem 1.1.
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