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COMPACT TOEPLITZ OPERATORS

Si Ho Kang

Abstract. In this paper we prove that if Toeplitz operators Tαu
with symbols in RW satisfy ||ukαz ||s,α → 0 as z → ∂D then Tαu
is compact and also prove that if Tαu is compact then the Berezin
transform of Tαu equals to zero on ∂D.

1. Introduction

Let dA denote the normalized area measure on the unit disk D of the
complex plane C. For any real number α with α > −1, let dAα(z) = (α+

1)(1− |z|2)αdA(z) which is a probability measure on D. For p ≥ 1, the
weighted Bergman space Lpa is a closed subspace of Lp(D, dAα)∩H(D),
where H(D) is the space of analytic functions on D. For z ∈ D, the
weighted reproducing kernel is the function Kα

z ∈ L2
a such that

f(z) = < f,Kα
z >α

for every f ∈ L2
a, where the norm || · ||p,α and the inner product < , >α

are taken in the space Lp(D, dAα) and L2(D, dAα), respectively. Since

Kα
z (w) =

1

(1− zw)2+α
and ||Kα

z ||2,α = (1− |z|2)1+
α
2 , the normalized

weighted Bergman reproducing kernel kαz is the function

kαz (w) =
(1− |z|2)1+

α
2

(1− zw)2+α
.

For a linear operator S on L2
a, the Berezin transform of S is the

function S̃ on D defined by

S̃(z) = < Skαz , k
α
z >α.

Received March 6, 2013. Accepted March 20, 2013.
2010 Mathematics Subject Classification. Primary 47B35, 47B47.
Key words and phrases. weighted Bergman spaces, Toeplitz operators, self-

adjoint, Hilbert-Schmidt, compact operators.



344 Si Ho Kang

For u ∈ L1(D, dA), the Toeplitz operator Tαu with symbol u is the
operator on L2

a defined by Tαu (f) = Pα(uf), where Pα is the orthog-
onal projection from L2(D, dAα) onto L2

a. Since L∞(D, dA) is dense
in L1(D, dA), the Toeplitz operator Tαu with symbol u in L1(D, dA) is
densely defined on L2

a and the Berezin transform of u is defined to be
the Berezin transform of Tαu .

A common intuition is that for operators on the Bergman space
“closely associated with function theory”, compactness is equivalent to
having vanishing Berezin transform on ∂D. Our main result shows that
this intuition is partially true if the operator is a weighted Toeplitz op-
erator with symbol in RW , where RW = {f ∈ L1(D, dA) : ||f ||RW =
sup
z∈D
||fKα

z ||s,α < +∞ for some s ∈ (2,∞)}.

Throughout the paper we use p′ to denote the conjugate of p, that
is, 1

p + 1
p′ = 1, for 1 < p <∞.

In this paper, we will show the following theorems.

THEOREM 1.1. Suppose 2 < p < +∞ and u ∈ RW , that is,
sup
z∈D
||ukαz ||s,α < +∞ for some s > 2. If p(2 + α) < s and ||ukαz ||s,α → 0

as z → ∂D then Tαu is a Hilbert-Schmidt operator and hence compact.

COROLLARY 1.2. Suppose 2 < p < +∞ and u ∈ RW , that is,

sup
z∈D
||ukαz ||s,α < +∞ for some s > 2. If

p(2 + α)

l
< s for some l with

1 < l < p′ and ||ukαz ||s,α → 0 as z → ∂D then Tαu is a compact operator.

2. Some estimates

To obtain our main theorem, we need to introduce some notations.
For z ∈ D, let ϕz be a Möbius transform of D onto D defined by

ϕz(w) =
z − w
1− zw

.

It is easy to show that ϕz ◦ ϕz is the identity function on D.
For z ∈ D, let Uαz : L2

a → L2
a be defined by

Uαz f = (f ◦ ϕz)(ϕ
′
z)

1+α
2 .

Since (ϕ′z(ϕz(w)))1+
α
2 (ϕz(w))1+

α
2 = 1, a simple computation shows that

Uαz ◦Uαz is the identity function on L2
a and Uαz is an isometry. Thus Uαz

is a self-adjoint unitary operator.
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For an operator S on L2
a, we define the conjugation operator Sz by

Sz = Uαz SU
α
z .

We consider the problem to determine when a Toeplitz operator is
bounded and compact on L2

a.
Suppose S is a finite sum of operators of the form Tu1 · · ·Tun , where

each uj ∈ L∞(D, dA). Axler and Zheng([2]) proved that the following
are equivalent :

(i) S is compact ;
(ii) ||Skz||2 → 0 as z → ∂D, where the norm || · ||2 is taken in the

space L2(D, dA) and kz(w) =
1− |z|2

(1− zw)2
;

(iii) S̃(z)→ 0 as z → ∂D ;
(iv) ||Sz1||2 → 0 as z → ∂D.
Miao and Zheng ([3]) proved that whenever S is a finite sum of op-

erators of the form Tf1 · · ·Tfn , where each fj ∈ BT , S is compact if and

only if S̃(z)→ 0 as z → ∂D.
Since dAα is a probability measure on D, for any f ∈ RW , sup

z∈D
||fkαz ||2,α

≤ ||f ||RW and sup
z∈D
|T̃αf (z)| ≤ ||f ||RW . Let µ be a finite positive Borel

measure on D and let 1 ≤ p < +∞. We say that µ is a Carleson measure
for Lpa if the inclusion map from Lpa to Lp(D, dµ) is bounded and hence
the closed Graph Theorem shows that Lpa is contained in Lp(D, dµ)

if and only if µ is a Carleson measure for Lpa

if and only if sup
{ ∫

D |f |
pdµ∫

D |f |
pdAα

: f ∈ Lpa
}
< +∞

if and only if sup µ̃(z) = sup
∫
D |k

α
z (w)|2dµ(w) < +∞ (see Zhu [5]).

By the above observation, for each f ∈ RW , |f |dAα is a Carleson mea-
sure on D and hence Tαf is a bounded linear operator, in fact, Tαf is

bounded on Lpa for 1 < p < +∞ ([4]).

Suppose 2 < s < +∞ and k is a positive integer. For 0 ≤ x ≤ 1, we
define

f(x) =

{
2
k
s if 1

2k
− ( 1

2k+1 )
2 ≤ x ≤ 1

2k
;

0 otherwise.
So we get a radial function on D, that is, for every z ∈ D, f(z) =

f(|z|). Since |kαz (w)| ≤ 22+α for all |w| ≤ 1

2
,

∫
D
|f(w)kαz (w)|sdAα(w) ≤

2(2+α)s
∫ 1

2

0
|f(t)|sdt=2(2+α)s

∞∑
k=1

2k

(2k+1)
2 < +∞ and hence L∞(D, dA) is
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a proper subset of RW . Since Tf has an infinite dimensional range, Tf is

not compact. From | < Tfk
α
z , k

α
z > |=| < fkαz , k

α
z > |=(1− |z|2)1+

α
2 | <

fkαz ,K
α
z > | ≤ (1− |z|2)1+

α
2 ||fkαz ||s,α||Kα

z ||s′,α, it is easy to show that

T̃f (z)→ 0 as z → ∂D because f(z) = 0 whenever |z| > 1
2 .

3. Compactness

This section contains some upper bounds that will be used in the
proof of the main theorem. We begin by stating a simple lemma which
is a special case of Lemma 4.2.2 in [5].

LEMMA 3.1. Suppose a < α+ 1. If a+ b− α < 2 then

sup
z∈D

∫
D

dAα(w)

(1− |w|2)a|1− zw|b
< +∞.

LEMMA 3.2. Suppose 0 < a < 1 and there exists s such that
2 < s < +∞ and sup

z∈D
||ukαz ||s,α < +∞, where u ∈ L1(D, dA). If 2+α

a < s

then there exists t in (2+αa , s) and there exists a constant C such that∫
D

|(TαuKα
z )(w)|

(1− |w|2)a
dAα(w) ≤

C||(Tαu )z1||t,α
(1− |z|2)a

≤
C||u||RW
(1− |z|2)a

for all z ∈ D and∫
D

|(TαuKα
z )(w)|

(1− |z|2)a
dAα(z) ≤

C||(Tαu )z1||t,α
(1− |w|2)a

≤
C||u||RW

(1− |w|2)a

for all w ∈ D.

Proof. Since
2 + α

a
< s, there exists t in

(2 + α

a
, s
)

such that

1 < t′ <
2 + α

2− a+ α
and hence (2 − a + α)t′ − α < 2. Take any z in D.

Put w = ϕz(λ). Since TαuK
α
z =

Tαu U
α
z 1

(|z|2 − 1)
1+α

2

=
(Tαu )z1 ◦ ϕz(ϕ′z)

1+α
2

(|z|2 − 1)
1+α

2

,
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∫
D

|TαuKα
z (w)|

(1− |w|2)a
=

1

(1− |z|2)1+
α
2

∫
D

|(Tαu )z1(ϕz(w))||ϕ′z(w)|1+
α
2

(1− |w|2)a
dAα(w)

=
1

(1− |z|2)a
∫
D

|(Tαu )z1(λ)|(1− |w|2)a

(1− |λ|2)a
dAα(λ)

≤
||(Tαu )z1||t,α
(1− |z|2)a

(∫
D

dAα(λ)

(1− |λ|2)at
′
|1− zλ|(2−2a+α)t′

) 1
t′

.

By Lemma 3.1, (2− a+ α)t′ − α < 2 implies that the above integral is
finite.

Put Ct
′
=

∫
D

dAα(λ)

(1− |λ|2)at
′
|1− zλ|(2−2a+α)t′

. Since t < s and dAα is a

probability measure on D, ||(Tαu )z1||t,α = ||Uαz Tαu Uαz 1||t,α ≤ ||ukαz ||t,α
≤ ||ukαz ||s,α and hence ||(Tαu )z1||t,α ≤ ||u||RW . Since TαuK

α
z (w) = <

TαuK
α
z ,K

α
w > = (Tαu )∗Kw(z) = TαuK

α
w(z),∫

D

|(TαuKα
z )(w)|

(1− |z|2)a
dAα(z) =

∫
D

|(TαuKα
w)(z)|

(1− |z|2)a
dAα(z)

≤
C||(Tαu )z1||t,α

(1− |w|2)a
≤

C||u||RW
(1− |w|2)a

.

Thus one has the results.

COROLLARY 3.3. Suppose u ∈ RW , where sup
z
||ukαz ||s,α < +∞

for some s > 2. If 2 + α < s then there exists a in (0, 1) and there

exists t such that
2 + α

a
< s and

2 + α

a
< t < s. Moreover there exists

a constant C such that∫
D

|TαuKα
z (w)|

(1− |w|2)a
dAα(w) ≤

C||(Tαu )z1||t,α
(1− |z|2)a

≤
C||ukαz ||s,α
(1− |z|2)a

for all z ∈ D and∫
D

|(TαuKα
z )(w)|

(1− |z|2)a
dAα(z) ≤

C||(Tαu )z1||t,α
(1− |w|2)a

≤
C||ukαz ||s,α
(1− |w|2)a

for all w ∈ D.

Proof. Since lim
a→1−

2 + α

a
= 2 + α and lim

a→1−

2 + α

2− a+ α
=

2 + α

1 + α
, it

follows from Lemma 3.2.
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PROPOSITION 3.4. Suppose u ∈ RW and Tαu is compact. Then

||Tαu kαz ||2,α → 0 as z → ∂D and hence T̃αu (z)→ 0 as z → ∂D.

Proof. Since for each f ∈ L2
a, < f, kαz >= (1− |z|2)1+

α
2 f(z) andH∞

is dense in L2
a, k

α
z → 0 weakly in L2

a as z → ∂D and hence ||Tαu kαz ||2,α → 0
as z → ∂D.

To prove Theorem 1.1, we will need Schur’s theorem ([5]) so that we
will show that Tαu is a compact operator under some condition.

THEOREM 3.5. Suppose K is a nonnegative measurable function
on X ×X, T is the integral operator with kernel K and 1 < p < +∞.
If there exist positive constats C1 and C2 and a positive measurable
function h on X such that∫

X
K(x, y)h(y)p

′
dµ(y) ≤ C1h(x)p

′

for almost every x in X and∫
X
K(x, y)h(x)pdµ(x) ≤ C2h(y)p

for almost every y inX, then T is a bounded linear operator on Lp(X, dµ)

with norm less than or equal to C
1
p′
1 C

1
p

2 .

Proof of THEOREM 1.1. Suppose f ∈ L2
a and w ∈ D. Then

(Tαu f)(w) = < Tαu f,K
α
w >α

=

∫
D
f(z)TαuK

α
z (w)dAα(z).

For 0 < r < 1, we define

(Tαu,rf)(w) =

∫
rD
f(z)TαuK

α
z (w)dAα(z)

=

∫
D
f(z)TαuK

α
z χrD(z)dAα(z).

Thus Tαu and Tαu,r are the integral operators with kernel TαuK
α
z (w) and

TαuK
α
z (w)χrD(z), respectively.
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For each r ∈ (0, 1), we get∫
D

∫
D
|TαuKα

z (w)χrD(z)|2dA(w)dA(z) =

∫
rD

∫
D
|TαuKα

z (w)|2dA(w)dA(z)

=

∫
rD
||TαuKα

z ||
2
2,αdA(z)

= ||Tαu ||
2
∫
rD
||Kα

z ||
2
2,αdA(z)

≤ ||Tαu ||
2

(1− r2)2+α
<∞.

Thus each Tαu,r is a Hilbert-Schmidt operator. Moreover, Tαu −Tαu,r is the

integral operator with kernel TαuK
α
z (w)χD\rD. Let h(λ) = (1− |λ|2)−

1
pp′

be a positive measurable function on D. Since 2 < p < +∞, 1 < p′ < 2
and hence p′(2 + α) < s. By Lemma 3.2, there exists t in (p(2 + α), s)
and there exists a constant C such that∫

D
|(TαuKα

z )(w)|h(w)p
′
dAα(w) ≤ C||(Tαu )z1||t,αh(z)p

′

and ∫
D
|(TαuKα

z )(w)|h(z)pdAα(z) ≤ C||u||RWh(w)p.

Let C1 = C sup{||ukαz ||s,α : r ≤ |z| < 1}. Then∫
D
|(TαuKα

z )(w)χD\rD(z)|h(w)p
′
dAα(w) ≤ C1h(z)p

′

for all z ∈ D and∫
D
|(TαuKα

z )(w)χD\rD(z)|h(z)pdAα(z) ≤ C||u||RWh(w)p

for all w ∈ D. By Schur’s theorem, ||Tαu −Tαu,r|| ≤ C
1
p′
1 (C||u||RW )

1
p . Since

||(Tαu )z1||t,α ≤ ||(T
α
u )z1||s,α and ||ukαz ||s,α → 0 as z → ∂D, lim

r→1−
C1 = 0

and hence lim
r→1−

C1

1
p′ (C||u||RW )

1
p = 0.

Since ||Tαu − Tαu,r|| → 0 as r → 1− and the collection of Hilbert-Schmidt

operators on L2
a is a Hilbert space, Tαu is also a Hilbert-Schmidt operator.

This implies that Tαu is a compact operator.

Proof of COROLLARY 1.2. In the proof of Thoerem 1.1, let h(λ) =

(1− |λ|2)−
l
pp′ . Since l

p′ < 1, it follows from Theorem 1.1.
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