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ABSTRACT. First we present the explicit formula for the norm of a symmetric bilinear
form on the 2-dimensional real predual of the Lorentz sequence space d«(1,w)?. Using
this formula, we classify the extreme points of the unit ball of £s(*d. (1, w)?)

1. Introduction

Let n € N. We write Bg and Sg for the closed unit ball and sphere of a real
Banach space E respectively and the dual space of FE is denoted by E*. A unit
vector x in F is called an extreme point of Bg if y,z € Bg with x = %(y + z2)
implies x = y = z. We denote by extBg the sets of all the extreme points of Bg.
We denote by L4("E) the Banach space of all continuous symmetric n-linear forms
on E endowed with the norm [|T'[| = sup,, j=1,1<k<n [T (1, - ,2n)|. A mapping
P : E — R is a continuous n-homogeneous polynomial if there exists T € Ls("FE)
such that P(z) = T(x,--- ,x) for every x € E. We denote by P("FE) the Banach
space of all continuous n-homogeneous polynomials from F into R endowed with
the norm || P|| = sup =1 |P(2)|. For more details about the theory of multilinear
mappings and polynomials on a Banach space, we refer to [7]. We will denote by
T((z1,11), (x2,y2)) = az1zo+byrys +c(x1y2 + z2y1) and P(z,y) = ax® +by® +cxy
a symmetric bilinear form and a 2-homogeneous polynomial on a real Banach space
of dimension 2 respectively.

Since 1998, many authors have been developing the problem of characterizing
extreme points of the unit balls of P("E) for some classical real Banach spaces.
Choi, Ki and the author [2, Theorem 2.4] showed that a sufficient and necessary
condition on the coefficients a,b and ¢ for P(x,y) defined on the real space [? to
have norm 1, is,

(1) (Ja] =1 or || =1) and |c¢| <2
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or
(i) |a| < 1, |b] <1, 2 < |c| <4 and 4|¢| — ¢ = 4(|a + b — ab).
It was also proved in [2, Theorem 2.6] that P € extBgp(22) if and only if

(la| = [b| =1, |¢| =2) or a = —b, 2 < |c| < 4, 4a* = 4|c| — *.
Choi and the author [3, Theorem 2.2] showed that P € extByp2z) if and only if
(la|=1b| =1, |¢f=0) ora= —b, 0 < |c| <2, 4a* =4 — .

Later, B. Grecu [9] classified the sets ext By (2z2) forl<p<2or2<p< oo We
denote the 2-dimensional real predual of the Lorentz sequence space with a positive
weight 0 < w < 1 by

=] + [yl

d.(1,w)* .= {(z,y) € R? : [(z,y) 1+ w

a, = max{[z], [y,

Very recently, the author [13] characterize the extreme points of the unit ball
of P(%d.(1,w)?). In fact, we show that the extreme points of the unit ball of
P(%d.(1,w)?) are

+a%, +y? & (2® +9°), +

(1+w)?
+ {az? —ay® + 2¢/a(l —a)zy }(V—— <a < 1),

2 2 2 1 2 L-w
+ [az® — ay” £ { (1+w)2+2m}xy]w0§a§(l+w)(l+wz)).

Notice that P("E) and L4("E) are not isometric in general. It is natural to ask the
following question: what are extreme points of the unit ball of £;("E)?

In 2009, the author [12] started the study of characterizing extreme points of the
unit balls of £,("E) and classified the extreme points of the unit ball of £(%1%).
We refer to ([1-6, 8-18] and references therein) for some recent work about extremal
properties of multilinear mappings and homogeneous polynomials on some classical
Banach spaces.

Continuing the problem of characterizing extreme points of the unit balls of
L4("E), in this paper, we focus on the space £,(?d.(1,w)?). First we present the
explicit formula for the norm of a symmetric bilinear form in £(?d(1,w)?). Using
this formula, we can classify the extreme points of the unit ball of £,(?d.(1,w)?)
by the method of step by step.

14+ w?
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2. Main Results

Let T((z1,91), (22,92)) = az1za + byrya + c(x1y2 + 22y1) € Ls(Pdu(1,w)?)
for some reals a,b,c. For simplicity we will write T((x1,91), (22,92)) =

(a,b,c,c). By substituting ((z1,y1), (z2,y2)) in T for ((x1,y1),(—z2, —y2)) or
((z1,—y1), (x2, —y2)) or ((y1,x1), (y2,z2)), we may assume that |b] < a, ¢ > 0.

Theorem 2.1. Let T((x1,11), (72,42)) = (a,b,c,c) € L(3de(1,w)?) with
|b| <a, ¢>0. Then
|7 = max{bw? 4+ 2cw + a, a —bw?, (a+b)w+ c¢(1+w?), (a —bw +c(1 —w?)}.

In fact, we have the following:

Case1: b>0

Subcase 1: ¢ > a
Ifw< < = b, then ||T|| = (a + b)w + c(1 + w?).
Ifw> <%, then |T|| = bw® + 2cw + a.

Subcase 2: If ¢ < a, |T|| = bw? + 2cw + a.
Case 2: b< 0
Subcase 1: ¢ < |b|
Ifw < \bl then ||T|| = max{bw? + 2cw + a, (a —b)w + c(1 —w?)}.
If w> g7, then |T| = max{a — bw?, (a —b)w + c¢(1 — w?)}.
Subcase 2: ¢ > [b]
Ifw < \L;l, then || T|| = max{bw? + 2cw + a, (a —b)w + c(1 — w?)}.
If w > ‘—il, then ||T|| = max{bw? + 2cw + a, (a + b)w + c(1 + w?)}.

Proof. Since {(£1, +w), (w, £ 1)} is the set of all extreme points of the unit
ball of d,(1,w)? and T is bilinear,
1T = max{|T((+1, +w),(£1, £w))],|T((£l, £w),(Fw, £1))],
T((w, +1), (£, +1)]}.

It follows that, by symmetry of T',

1T = max{|T((1, w), (1, w)], [T((1, w), (1, —w))], [T(A, —w), (1, —w))],
T((1, w), (w, D), [T((A, w), (w, =1, [T((1, —w), (w, 1)),
(1, —w), (w, =)}, [T((w, 1), (w, D), [T((w, 1), (w, =1))],
T((w, =1), (w, =)}
= max{bw? + 2cw + a, a — bw?, (a +b)w + ¢(1+w?), (a —b)w + ¢(1 — w?)}.

O
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By Theorem 2.1, if | T|| = 1, then |a| <1, || <1, |¢] < 1+wz

Lemma 2.2. Let T((z1,y1), (z2,92)) = (a,b,c,c) € Ls(®d(1,w)?). Then the
following are equivalent:
(a) (a b, c, c) is extreme.

(b) ( —c, —c) 1is extreme.
(¢) (a,b,—c, —c) s extreme.
(d) (b a,c,c) is extreme.

Proof. Let S((x1,y1), (x2,y2)) := T((u1,v1), (uz,v2)) for some ((ug,v1), (ug,v2)) =
((x1,91), (=22, =y2)) or ((w1,—y1), (x2,—y2)) or ((y1,71),(y2,22)). Then S €
L4(%d.(1,w)?) and T is extreme if and only if S is extreme. O

Using Theorem 2.1 and Lemma 2.2 we classify the extreme symmetric bilinear
forms of the unit ball of £(2d.(1,w)?).

Theorem 2.3. Let T((x1,v1), (z2,2)) = (a,b,¢,¢) € Ls(3d.(1,w)?). Then:
(a) Let w < /2 —1. Then (a,b,c,c) is extreme if and only if

1
(a,b¢,¢) € {£(1,0,0,0),%(0,1,0,0), % 7——(1,1,0,0),

2 (w7 —w, j:17 il))

1 1
1,1, 41, 41), £ ———(1, -1, 4w, +w), + ——
(7 ) ) )7 1+w2() ) w) w)7 1+w

(14 w)?
S
1+ 2w — w?

1
+ -
(1+w)*(1 —w)

(1,—1,+1,+1),+ (1—w—w?, —w,+1,+1),

v
(1+w)*(1—w)
(w, —(1 —w — w?),+1,+1)}.

(b) Let w = /2 — 1. Then (a,b,c,c) is extreme if and only if

(a,b,¢,¢) € {£(1,0,0,0), (0, 1,0,0),12%\/5(1, 1,0,0)71%(1, 1,41, +1),
+ ?(1, —1,+(V2+1),£(V2+ 1)), ig(\/i-‘r 1, —(V2+1),+1,+1)}.

(c) Let w > /2 — 1. Then (a,b,c,c) is extreme if and only if

(Cl,b, C, C) S {:I:(l,0,0,0),:I:(O, 1,0,0),im(1,1,0,0),
1 1
+ —(1,1,+1,+1), £+————— (1, —1, £1, £1
(1—|—w)2(7 £, £, 1—|—2w—w2(7 EL £,
1 1-— 1-— 1 1-— 1-—
S P et W (¥ Y11, 41),
1+ w? 1+w 14w T+w2' 14+w 14w

1

+ (= =(2+w), £1, £1)}.

1
(2+w,——, +1,+1), +
w

24 2w 2+ 2w
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Proof. Suppose T is extreme. By Lemma 2.2, without loss of generality, we may
assume that |b| < a, ¢ > 0. We will find out T" by considering and checking all the
cases of a, b, ¢ in the statements of Theorem 2.1.

Case 1: b>0

We will show that if b > 0, then 0 < ¢ < a. Assume ¢ > a > 0. Then
(c>a=0b>0)or(c>a>b>0,w< Sf)or(c>a>b>0,w>%F) or
(c>a>b>0,w= 7).

If ¢ >a=0bthen1l=|T|| =2aw+c(l+w?).Ifc>a=0b=0,let0<
€ < min{ e, (Hu})—(ﬂw)} and R = (e, —e, ﬁ, Tluﬂ)vs = (—¢, €, ﬁ, H%)
Then ||R|| = 1 = ||S||,T = 3(R + S), which is impossible because T is extreme.
Ifte>a=0b>0,let € > 0suchthat 0 <a—-€<a+e<cw < =47 and
R =T+ (e,—€,0,0),S = T — (¢, —¢,0,0). Then ||R|| =1 = |S|.T = 3(R+59),
which is impossible.

fe>a>b>0,w< =, let € >0 such that

c—a—¢
0<b—e<bt+e<a—e<ate<c, w<< ——.
c—b+e
LetR—T—i—e( —1,0,0),S = T — €(1,-1,0,0). By Theorem 2.1, |R|| = 1 =
1S, T=31(R+ 5)7 which is impossible.
such that
c—a— 1—i-u)+u)26
0<a—e<ate<c— €, w< ;””2 .
].+’U_)2 c+ WE
Let R = T+ 6(1,0,_1_‘_%, 1+’LU2) S T — 6(1 0,_#,—1_‘_%) Then ||RH =
1=|S|,T = $(R+S), which is impossible.
such that

c—a+ (% +1)e
c—b— (2 + L)e

w w

1 1 1
0<b——Fe<b+-—Se<a—-e<ate<c——€ w>
w w w

Let R =T+e(l, 5, -1 1) §=T—¢(1, L, -2, i) Then ||R|| =1=||S|,T =
2(R+ S), which is impossible. If ¢ > a > b= 0,w > <%, let € > 0 such that

c—a+ (35 + 1)e
c—ﬁe '

1
O<a—e<at+e<c——e w>
2w

Let R = T +¢(1,0,—55,-5;),8 = T = €(1,0,—55, —5;). Then |[R]| = 1 =

|S]|,T = (R + S), which is impossible.

Ifc>a>bw= %} thenT— (a, Qa—i-m,—ia—i—w(prw),—fua—i—
ﬁ) with ;=% <a< (1+ GE=TIER Ifa—m, thenT—ﬁ(l w,0,1,1). There
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exists € > 0 such that |R| = 1 = ||S|, where R = T+ ¢(1, 5, -+, -1), 5 =
T — (1, u}m—i,—%), which is 1mp0551b1e If 1 e <a< EE=mER let a;,a2 € R
such that hz < aq < a < az < (1+w)2’ a= §(a1 + a2). Define R = (ahmal +
#Jrlw) a1—|— (1+w) G,1+ (1+w)) and S = (CQ,#GQ‘F#?W),—%GQ—F
m,—i}ag + w<1+w))~ Then |R|| =1 = ||S||,T = (R + S), which is impos-
sible. Therefore if b > 0, then 0 < c < a. In this case we will show that
T = HwQ (1,170 0) or ( (1+w) »(1,1,1,1). Suppose that b > 0 and

1,0,0,0) o
0<c<a. Then (b>0,0<c<a)or (b>0,0<c=a), which are divided into
nine cases; (¢ = 0,0 < b < a) or (c :0,0<b:a)or(c:0,0:b<a)or
0<e<a,0<b<a)or 0<c<al<b=a)or(0<c<a0=>b<a)or
(c:0,0<b<a)or(c:0,0<b:a)or(c:(),O:b<a).
Ifc=0and 0 <b < a,let € >0 such that

1 1
0<b——26<b+—26<a—6<a+6<1.
w w

LetR:T+e(1,—u}2, 0),S =T —€(1,—77,0,0). Then |R|| =1 =S|, T =
(R + S), which is imposs1ble If ¢ =0,0 <b=a,then T = 7+=(1,1,0,0). We
Wlll show that T is extreme. Let R= T—i—(e v,6,0), S T —(€,7,6,60) for some € >
0,v,0 € R with |R| = = ||S||. Since 1 > |R((1,w),(l,w))| and 1 >
IS((1,w), (1,w))], € + w? v—i— 2w6 0. Since 1 > |R((w,1),(w,1))] and 1 >

|S((w7 ),(w,l))\ w?e + 7+ 2wd = 0. Hence, v = €. Since 1 > |R(1, —w), (1, —w))]
and 1 > | ((1, w), (1, —w))|, € + w?y — 2wd = 0, which shows that ¢ = 0 =
— 6 Ifc=0and 0 =b < a, then T = (1,0,0,0) is extreme. Indeed, let
=T+ (e, 7,5 8),S =T —(e,7,0,9) for some € >0,v,6 € Rwith [|[R|| =1=9].
Slnce
1>|R((1,0),(1,0)] =1+,

e =0. Since 1 > |R((1, w), (1, £w))| and 1 > |S((1,xw), (1,£w))|, vy =0 =4.
If0<c<aand 0<b<a,let e >0 such that

1 1 1 1
0<b——Fe<b+-—5e<a—€6 0<c——e<ct—e<a—e<ate<l
w w w w

Let R = T+e(1,w2,—i,——) S=T—e(1,, -1 L) Then |R|| =1=||S||,T =
1(R+ S), which is impossible.
If0<c<a=band 0<b< a, then
1—a(l+w?) 1-a(l+w?) 1 1
T= f .
(a,a, 2w ’ 2w ) for (1+w)2<a<1+w2

Let a1,a2 € R such that (1+w) lema = a1+“2 . Let R;

(as, ai, 1—a;(14w? ), 1—a;(14w? )) for i = 1,2. Then |R;|| = 1 and T = %(R1 + R2),

. . . 2w . 2w
which is impossible.

A < ap < a < az <
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If0<c<a=band 0 =10 < a, let € > 0 such that

1 1
0<c——e<c+—e<a—e<ate<l.
2w 2w
Let R = T + €(1,0, — 5,
|S|l, T = 3(R+ S), which is impossible.
Ifc=aand 0 <b<a,let e >0 such that

)8 = T — e(1,0,— 55, —5L). Then |R| = 1 =

2w?

44j;4f
a—b— Le

w2 €

1 1
< w, 0<b——e<b+—e<a—e<a+e<1
w

LetR T +¢€(1,—7%,0,0),5 =T — e(1,—-5%,0,0). Then |R|| =1 = |5, T =

1(R+ S), which is 1mp0851b1e.
Ifc=aand 0 =b < a, then T =

extreme. Indeed, let € > 0 such that

1Jrﬁ(l 0,1,1). We show that T is not

1 - ( 1 V> (14 2w)%e
max{e, —e},w > ——— .
142w 2w 2w+ (14 2w)e

Let R = T+e(10 = =50, 8 = T — €(1,0, — 5, —
S|, T = 3(R+ S), which bhOWb that T is not extreme.

Ifc=aand 0 < b =a, then T = m(l,l,l,l). We will show that T is
extreme. Let R =T + (¢,7,6,6),S =T — (¢,7,0,9) for some € > 0,7, € R with
IR =1 =|S]. Since 1 > |R((1,w), (1,w))| and 1 > |S((1 w), (1, w))| € +wly +
2wé = 0. Since 1 > \R((w 1) ( 1)) and 1 > |S((w, 1), (w,1))], w?e+v+2ws = 0.
Hence, v = € and § = —13“¢. Note that 1 > [S((1,w), (w,1))| = 1+ %e
which shows that e =0=~v = 4.

7=). Then [[R|| = 1 =

7

Case 2: b< 0

Notice that 0 < a < 1 and ¢ < [b] or ¢ > |b|. Suppose ¢ < |[b]. Then we have
5 cases; (¢ < [b] < a,w < ﬁ) or (c < |b| <a,w>|—g‘) or (c < |b| <a,w:ﬁ) or
(c< bl =a,w < mip) or (¢ < |b|:a7w>|—§‘).

If ¢ <[b] < a,w < 57, we can find € > 0 such that

1+ w? |1 — 3w?| |1 — 3w?|
C+W€<|b|—37 <|b|+77w€<a—6

1— 3uw? ¢ e

b+%e<0, w<?|’+;jl

Jw? —w |b|+3w27w4

Let R =T +¢(1, 1307 Liw 1wl ) and § =T — (1, L3, Lrwt Lpu® )

? wt—3w?2? w3 —3w’ w3-3w ? wt—3w?? w3 —-3w’ w3-3w

Then ||R|| =1 =S|, T = (R + S), which is impossible.
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If ¢ < |b| < a,w > 75, we can find € > 0 such that

fol

1 1 1 1 c+ Le
ct—e<|b]| - —Ze<|b|+ —Fe<a—¢€ b+ —e<0, w> —"4—
w w? w? w? b] — -z

Let R=T+¢(1, wg,a,a) and S =T —€(1,-, L, L) Then |R|=1= 9|, T =

1(R+ S), which is nnpossable
fe<|b <a,w= foy> then T'=
note that

24w, —+,1,1) for w > /2 — 1. Indeed,

2+2w (

w”

1 = ||T|| = max{bw? + 2wc + a, (a — b)w + ¢(1 — w?)}.

Hence, bw? +2wc+a =1 = (a — b)w + ¢(1 — w?). Then T = 2+2w(2 +w,—1,1)
for w > v/2 — 1. We will show that T = 2+12w(2 + w, —i, 1,1) with w > \f— 1is
extreme. Define R =T + (¢,7, 6, 5) and S = (e 7,5 ) for some € > 0,7, €R
with ||R|| =1 =||S]||. Then v = €,0 =

€. Since, by Theorem 2.1,

w2(3 wz) w3 311

4 — 4w?
1=||R|>1+ —
IRl =1+ 55—

67
soe=0=~y=24.

Suppose that ¢ < [b] = a,w < 7. If a(1 - w?) + 2we = 1 = ¢(1 — w?) + 2wa,

then T = {5a—(1,—-1,1,1), which is impossible since ¢ < a. Therefore, 1 =
a(l — w?) + 2we > ¢(1 — w?) + 2wa or a(l — w?) + 2we < ¢(1 — w?) + 2wa = 1. If

1=a(l —w?) +2we > c(l — w?) + 2wa, then

1—a(l —w?) 1-a(l—w?

T = —
(a, -, 2w ’ 2w )
for le <a< (1+2w_w2)"(’i1+2w+w2). If @ = 17, then T' = 1+w2 (1, -1, w,w)
with w < v/2 — 1 is extreme since
1 = ‘T((Lw)v(law))' = |T((17w)7(la_w))‘ = |T((w71)a(w7_1))|
= |T((w? _1)a (w7 _1))|
If a(1 — w?) + 2we < ¢(1 — w?) + 2wa = 1, then
1—2wa 1—2w w?
T = - for 0 -
(a,—a, w1 )or <a<1+2w7w2’

which is impossible. Ifc < |b| = a,w > rip> then a(l+w?) =1=c(1—w?) +2wa

and T = 1+ —(1,-1, %:ﬂ‘j’, %) with w > v/2 — 1. We will show that T is extreme
since

1 = [T((1,w), (1, —w))| = |T((1, =w), (w, 1))| = [T((w, 1), (w, =1))|.
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Suppose ¢ > |b]. Then ¢ > |b| or ¢ = |b|. Suppose ¢ > |b|. Then we have 9
cases; (¢ > a > |b|,w < ‘%l) or (¢ >a> |bl,w > @) or (¢ >a> |bl,w = Lz‘)
0r(c>a:|b|,w<‘—lc7|)or(c>a:\b|,w>@)or(c>a:|b\7w:|—g‘)or

(c=a>|b]) or (a>c>|b|,w>@) or (a>c>|b|,w§‘—g|).
If¢>a> b, w<‘ we can find € > 0 such that

—3w?|

14 w? 1— 3u? b -1

07¢e>a+e>a76>\b|+we, = s
3w — w3 3w? — w? c+310+ww3€

2 2 2 2 2 2
Let R =T + 6(17 11}4_73??)1112’ wlgtuéw’ u};_j%w) and § =T — 6(1’ 11}4_}?11027 wl?ztui)’)w’ u};—fujﬁw)
Then ||R|| =1=S||, T = (R + S), which is impossible.
Ifc>a>|b|,w>‘| we can find an € > 0 such that
1 1 b] + ze
c——e>ate>a—e> b+ —e w> i

w w C—*E.
w

Let R =T +¢(l, gz, — s =) and S = T —e(1, 35, =3, —3)- Then [|R| =1 =
1S|l, T = $(R+ S), which is impossible. If ¢ > a > [b],w = ‘bl , then
1 = —|blw?® 4 2cw + a = —cw® 4 2cw + a,1 = (a + [b))w + ¢(1 — w?) = ¢ + aw.

Hence, T = m( —w — w?, —w,1,1) for w < v/2 — 1. We will show that
T is extreme. Let R =T + (¢,7,9, 5) =T —(¢7,6,0) for somee > 0,7,6 € R
with ||R|| = 1 = ||S|. Since 1 > |R((1,w),(1,w))| and 1 > |S((1,w), (1,w))|,
€+ w?y +2wd = 0. Since 1 > |R((1,w), (w,1))| and 1 > |S((1,w), (w 1)), we +
wy + (1 +w?)§ = 0. Since 1 > |R((1, —w), (w,1))] and 1 > [S((1, —w), (w, 1))],
we — wy + (1 — w?)§ = 0, which shows that e =0 =~ = 4.

Suppose that ¢ > |b] = a,w < ‘bl . We will show that T' = 1+ ——(w,—w, 1,1) for
w<vV2—1lorT = HwZ(%;g, jiuw,l,l) for w > v2—1.1f 1 = a(1 —w?) + 2cw =
c(1 — w?) + 2aw, then w = v/2 — 1 and
V241 V241 V2 V2+1

5 a— a) for -4 <e<—
which is impossible. Therefore, 1 = a(1 — w?) + 2cw > ¢(1 — w?) + 2aw or a(l —
w?) + 2cw < (1 —w?) + 20w = 1. If 1 = a(1 — w?) + 2cw > ¢(1 — w?) + 2aw, then
w>+v2—1and

1—a(l —w?) 1—a(l—w? 1 1

f <a< ——,
) Or3—w2 “ 142w — w?

T = (a, —a,

T = (a, —a,

2w ’ 2w

which is impossible. If a(1 — w?) 4 2cw < ¢(1 — w?) 4 2aw = 1, then w < v/2 — 1
and
1—-2aw 1-2aw w 1

, f <a< ——0,
1 —w? 1—w2) or1+w2 @ 142w — w?

T = (a,—a,
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which is impossible. Suppose ¢ > [b| = a,w > ¢. Ifw > % and 1 = a(1—w?)+2cw >
c(1 4+ w?), then w > /2 — 1 and

1—a(l —w?) 1—a(1—w2)) for 1—w -

T = (a,—a, < g3
(a,—a 1+ w?)(14 w) 3—w?

2w 2w
which is impossible. If w = ¢ and 1 = a(1—w?)+2cw > ¢(1+w?), then w > v2—1
and T = (ijz , —371w2, w(31w2))7 which is impossible since, by Theorem 2.1, we

can choose € > 0 such that |R|| = 1 = ||S]|, where

R ( L 1 1 1—w? 1 1—w2)
Tl T T3 w2 ¢ w(3 — w?) 2w O w(3 — w?) 2w
and
1 1 1 1—w? 1 1—w?
S = - & — 3 3 .
(3—w2 ‘ 3—w2+6w(3—w2) 2w ew(S—wQ) 2w 2

Suppose that w > ¢ and a(1 — w?) + 2cw < ¢(1 + w?) = 1. Then w < v2—1 and

1 1

T=(a,—a,—r, ——
(@ =0 T T2

w
) f0r0<a<71+w27
which is impossible. If w = ¢ and a(l — w?) + 2cw < ¢(1 + w?) = 1, then

w < V2-1and T = (3% — 1% 157 10z)-  We will show that T =

(57 — 17 1+1w27 lez) for w < v/2—1 is extreme. Indeed, let R = T+ (e, 7,6, 6)
and S =T — (€,7,6,0) with ||R|| =1 = ||S|| for ¢ > 0,7,d € R. Since

1= \T((Lw), (w7 1))‘ = |T((17 —w), (w7 1))' = ‘T((L _w)7 (w7 _1))|7

0 ew +yw + 6(1 + w?)
0 = ew—qw+d(1—w?)
0 = ew+qyw—o6(1+w?),

which imply that 0 = € = v = J. Suppose that w > ¢ and 1 = a(1 — w?) + 2cw =

c(1+w?). Then T = 2= (152, $£2,1,1) for w > V2 — 1. We will show that

T = ﬁ(%, %, 1,1) is extreme if and only if w > v/2 — 1
By Theorem 2.1, if w < v/2—1, then ||T|| > 1, so T can not be extreme. Suppose
that w > v2—1. Let R =T+ (¢,7,6,6),S = T —(¢,7,6,08) for some ¢ > 0,v,5 € R

. ]2_ .
with [|R|| =1 =S]||. Then v = —¢,d = 2 =1 Since

1—w?t

1> >1+ €

soe=0=v=
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If ¢ = a > |b], then
1= |T| = —|blw? + 2cw + a > max{(a + [b|)w + c¢(1 — w?), (a — |b))w + (1 +w?)}.

From it, there exists a sufficiently small ¢ > 0 such that [|R| = 1= ||S|, if R =
T +¢€(1,0,—5=,—5=) and S =T — €(1,0, — 5, — 5= ), which is impossible.

T 2w 2w 2w

Ifa>c>|bl,w> Llcjl,then

1 = |T| = —|plw? + 2cw + a
> max{(a+ |b))w + c¢(1 — w?), (a — |b))w + ¢(1 + w?),a — bw?},

which is impossible. If a > ¢ > |b], w < @, then we claim that 1 = —|blw? + 2cw +
a> (a+|b)w+c(l—w?) or 1 = (a+b|)w+c(1—w?) > —|b|lw? +2cw+a. Otherwise.
Then T = (a, {75558 + o8tmam® alionm ~ wliam ® atiom — wtis @) and
m <a< m, which is impossible. Since 1 = —|blw? + 2cw + a >
max{(a+ [b])w +c(1 —w?),a —bw?} or 1 = (a+ |b))w + ¢(1 — w?) > max{—|b|w? +
2cw+a, (a—|b])w+c(1+w?)}, T is not extreme, which is a contradiction. Suppose
c¢=|bl. Then ¢ = |b| < aor c=|b| = a. If |b| = ¢ < a, then

1 = |7 =bw?+2cw+a = —cw? + 2cw + a
> max{a — bw?, (@ + b)w + c(1 +w?), (@ — b)w + c(1 — w?)}.

We can find € > 0 such that |[R|| = 1 = ||S||, where R = T + ¢(1,—-2,0,0),5 =
T—e(1,—7,0,0), which is impossible. If ¢ = a = [b], then T' = 52— (1,-1,1,1)
for w # /2 — 1. We will show that T = 1+2u%uﬂ(l, —1,1,1) € extBg_(2q. (1,u)) for
w # /2—1. Indeed, let R =T+ (¢,7,6,6),S =T —(¢,7,6,6) for some € > 0,7, €
R with [|R|| = 1 = ||9]. Since 1 > |R((1,w), (1,w))|] and 1 > |S((1,w), (1,w))],
€+ w?y + 2wé = 0. Since 1 > |R((w, —1), (w,—1))] and 1 > |S((w, —1), (w, —1))],

w?e + v — 2w = 0. Hence, v = —¢ and § = “’227;16. Since 1 > |R((—1,w), (w,1))|

and 1 > |S((—1,w), (w, 1))|, e((l_w2)2 — 2w) = 0, which shows that e =0=~ = 4.

2w

Therefore, it completes the proof. O
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