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ABSTRACT. In this paper, we investigate the stability of the functional equation
fl@+2y) =2f(x+y)+2f(x—y)— flx—2y) =0

by using the fixed point theory in the sense of L. Cadariu and V. Radu.

1. Introduction

In 1940, S.M. Ulam [19] raised a question concerning the stability of homomor-
phisms: Given a group G7, a metric group G2 with the metric d(-, ), and a positive
number ¢, does there exist a § > 0 such that if a mapping f : G; — G5 satisfies the
inequality

d(f(zy), f(x)f(y)) <6

for all z,y € GG; then there exists a homomorphism F' : G; — G2 with
d(f(z), F(z)) <e

for all z € G17 When this problem has a solution, we say that the homomorphisms
from G; to Go are stable. In the next year, D. H. Hyers [6] gave a partial solu-
tion of Ulam’s problem for the case of approximate additive mappings under the
assumption that G; and G5 are Banach spaces. Hyers’ result was generalized by T.
Aoki [1] for additive mappings, and by Th. M. Rassias [17] for linear mappings, to
considering the stability problem with unbounded Cauchy differences. The paper
of Th. M. Rassias had much influence in the development of stability problems.
The terminology Hyers-Ulam-Rassias stability originated from this historical back-
ground. During the last decades, the stability problems of functional equations have
been extensively investigated by a number of mathematicians, see [5], [9]-[16].
Almost all subsequent proofs, in this very active area, have used Hyers’ method.

* Corresponding Author.

Received April 14, 2011; accepted September 28, 2011.

2010 Mathematics Subject Classification: 39B52.

Key words and phrases: generalized quadratic and additive functional equation, fixed point
method, Hyers-Ulam-Rassias stability.

219



220 Sun-Sook Jin and Yang-Hi Lee

Namely, the solution F' of a functional equation, starting from the given map-
ping f, is explicitly constructed by the formulae F(z) = lim, o 2—1nf(2"x) or
F(z) = limy, 00 2" f(5%). We call it a direct method. In 2003, L. Cadariu and
V. Radu [2] observed that the existence of the solution F' of a functional equation
and the estimation of the difference with the given mapping f can be obtained from
the fixed point theory alternative. They applied this method to prove stability

theorems of Jensen’s functional equation:

(L1) of ("””;y) @)~ fly) =0,

This method is called a fized point method. In 2005, L. Cadariu [3] obtained a
stability of the quadratic functional equation:

(1.2) flz+y)+ fle—y)—2f(x) —2f(y) =0

by using the fixed point method. If we consider the functions f1, fo : R — R defined
by fi(z) = ax+band fo(z) = ax?, where a and b are real constants, then f; satisfies
the equation (1.1) and f5 holds (1.2), respectively. Now we consider the functional
equation

(1.3) flx+2y) —2f(x+y)+2f(x—y) — flx—2y) =0

which is called the generalized quadratic and additive functional equation. The
function f : R — R defined by f(x) = ax?+bx + c satisfies this functional equation.
We call a solution of (1.3) a general quadratic mapping. On the other hand, a
solution of (1.1) with the condition f(0) = 0 is called an additive mapping and a
solution of (1.2) a quadratic mapping, respectively. In [7] and [8], Jun and Kim
obtained a stability of the functional equation (1.3) by handling the odd part and
the even part of the given mapping f, respectively. In their processing, they needed
to take an additive mapping A which is close to the odd part M of fand a

quadratic mapping @ which is approximate to the even part W — f(0) of it,
and then combining A and @ to prove the existence of a general quadratic mapping
F which is close to the given mapping f.

In this paper, we will prove the stability of a generalized quadratic and additive
functional equation (1.3) by using the fixed point theory. In the previous results of
stability problems of (1.3), as we mentioned above, they needed to get a solution
by using the direct method to the odd part and even part, respectively. Instead of
splitting the given mapping f : X — Y into two parts, in this paper, we can take
the desired solution F' at once. Precisely, we introduce a strictly contractive map-
ping with Liptshitz constant 0 < L < 1. Using the fixed point theory in the sense
of L. Cadariu and V. Radu, together with suitable conditions, we can show that
the contractive mapping has the fixed point. Actually the fixed point F becomes
the precise solution of the functional equation (1.3). In Section 2, we consider the
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fundamental result in the fixed point theory and construct some strictly contrac-
tive self-mappings. In Section 3, we prove several stability results of the functional
equation (1.3) using the fixed point theory, see Theorem 3.1 and Theorem 3.2. In
Section 4, we use the results in the previous sections to get a stability of Jensen’s
functional equation (1.1) and that of the quadratic functional equation (1.2), re-
spectively.

2. Preliminaries

We recall the fundamental result in the fixed point theory.

Theorem 2.1([4] or [18]). Suppose that a complete generalized metric space (X, d),
which means that the metric d may assume infinite values, and a strictly contractive
mapping A : X — X with the Lipschitz constant 0 < L < 1 are given. Then, for
each given element x € X, either
d(A"z, A" ) = 400, ¥n € NU{0}

or there exists a nonnegative integer k such that:

(1) d(Amz, A"x) < 400 for alln > k;

(2) the sequence { A"z} is convergent to a fized point y* of A;
(3) y* is the unique fived point of A inY := {y € X,d(A*x,y) < +o0};
(4) d(y,y*) < (1/(1 = L))d(y, Ay) for ally € Y.

Throughout this paper, let V be a (real or complex) linear space and Y a Banach
space. For a mapping ¢ : V2 — [0,00), we will introduce generalized metrics dy,
and dg on the set S :={g: V — Y|g(0) = 0} by following

dy(g,h) = inf{K € R"|||g(z) — h(z)|| < Ki(z) forallz € V},
ds(g,h) inf {K € R+|Hg(x) —h(2)| < K?ﬂ(a:) for all z € V}

for g,h € S, where the mapping ¢, : V — Y are defined by

o) = 5(20(5.5) +olng) +2o(- 5.-5)

(2.1) +o( -, —5) +0(0,) + (0, 2) )
i@ = 3(1e(3.7) +20(5 ) rae(- 77
= 2o(~55) +o(02) +40-5)

It is easy to see that (S,d,) and (S,dg) are complete.
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Lemma 2.2 Let L < 1 and let ¢, : V2 — [0,00) satisfy

(2.3) p(22,2y) < 2Lp(z,y)

(2.4) L (22,2y) > 4¢(x,y)

for all z,y € V. Consider the mappings A, A : S — S defined by

Ag(x) = 9(2z) —49(—2w) L 9@) +8g(—2a?)

Ao =0 (3) —o(=5) +2(o(5) +o(-3))

forallge S and x € V, then A and A are strictly contractive self mappings of S
with the Lipschitz constant L < 1 with respect to the generalized metric d, and dz,
respectively.

Proof. By the induction of n € N, we get

2"x) —g(=2"z)  g(2"x)+g(-2"2)
ont1 2. 4n ’

Arg(a) =2 (g (55) =9 (—55)) + 47 (9(3) +9(-52))

for all x € V. For any g,h € S, let d,(g,h),ds(g,h) < K. Then

Arg(a) = L

3 1 1
§H9(2m) — h(2x)H + gug(—Qx) — h(—2x)H < iK’(/J(QJJ)
< LEKy(z),
T T T T ~ T
3o (3) -G +[e(-3) -2 (3)] = w3
< LKi(z)
for all z € V. Hence we have
d,(Ag, Ah),ds(Ag, Ah) < LK.
They lead us to obtain
dz(Ag, Ah) < Ldg(g, h)
for all g,h € S. O

3. Main results

In this section, we consider the stability of the functional equation (1.3). For a
given mapping f: V — Y, we use the following abbreviation

Df(z,y) := f(z+2y) = 2f(x +y) +2f(x —y) — f(z —2y)
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for all z,y € V. Now we will prove the stability of the generalized quadratic and
additive functional equation D f = 0 using the fixed point theory.

Theorem 3.1. Let ¢ : V2 — [0,00) hold (2.8). If f : V — Y satisfies

(3.1) IDf(z,y)ll < e(z,y)

for all x;y € V, then there exists a unique general quadratic mapping F : V =Y
such that

P(x
(32 I£(2) - F@)] < 2
1-L
for all x € V, where the mapping ¥ : V. =Y is given as in (2.1). In particular, the
mapping F is represented by

(3.3) F(z) = lim (f (2%); Zfznx) g (2%)2; fl(_Qnm) ) + £(0)

n—oo

for all z € V. Moreover, if 0 < L < i and ¢ is continuous on (V\{0})?, then

f=Fie., [ isitself a general quadratic mapping.

Proof. Consider the mapping f:V =Y such that f(m) = f(z)—f(0) forallz € V.
Then f(0) =0 and 3

Df(x,y) = Df(z,y)
for all x,y € V. If we consider the mapping A in Lemma 2.2, then we have

. ~ 1 ~/(T T = T z T x
|f@) - Af@) = g||-20f(5.5) - Di(=.5) —20f(-5.-3)
~ ‘T ~ ~
_Df( _xv_i) _Df(oax) +Df(05_x)H
< ¥(@)

for all z € V, ie., d,(f,Af) <1 < oco. By Lemma 2.2, this implies that
d, (A"f, A"+1f> < 00

for all n > 0. So we can apply (2) and (3) of Theorem 2.1 to get a unique fixed
point F': V — Y of the strictly contractive mapping A, which is defined by

(3.4)  F(z):= lim A"f = lim (f(2"$>+f(—2”x) n f(2"x)—f(_2nx)>

n— o0 n— 00 2.4n on+1

for all z € V. Since
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we have

()
(3.5) |F(@) - fo)l < 25

for all x € V. Replacing = by 2"z and y by 2"y in (3.1), we obtain
. 1 . .
DA @)l < 5o (PR 2| + | DF(-22,~279)])
1 Fron n F n n
5 (P72 2w+ [pf-2ra.—2w)))

1 1 n n n n

+

1 1
< — ) 2" L7 -z, —Y)).
< (gt gop) 2P0 (elo) + ol )

The right hand side tends to 0 as n — oo, since 0 < L < 1. This implies that
DF(x,y) =0 for all z,y € V. Put F = F + f(0), then (3.2) and (3.3) follow from
(3.4) and (3.5). Now let 0 < L < # and ¢ be continuous on (V\{0})?. Then we get

. ., . , (a-2"4b c-2+d
nhﬁn;ogo((aﬂ +b)z,(c- 2" +d)y) < nILII;O ((QL) cp( T y))

0-p(az,cy) =0

for all z,y € V and for any fixed integers a,b, c,d with a,c¢ # 0. Therefore, we
obtain

2[f(x) = Fz)[| < lim ([Df((2" + Dz, 2"z) = DE((2" + 1)z, 2"z)|

+I(F = HB-2" + Do)l + 201(f = F)(@" + Do)
+(f = E) (L =2%)a)])
< nlgr;o (2" + D)z, 2™x)

+ lim ((3 - 2" + 1)z) + 2((2" ! + Dz) + ((1 - 2")x)
1—In—
=0
for all x € V. From the above equality, we obtain f = F. O

Theorem 3.2. Suppose that f : V — Y satisfies the inequality (3.1) for all z,y €
V', where ¢ has the property (2.4) with 0 < L < 1. Then there exists a unique
general quadratic mapping F 1V —'Y such that

()

(3.6) 17) - F@)l <
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forallx € V, where 1]) 1V = Y is defined as in (2.2). In particular, F is represented

by

e = i (1 (5) -/ (5)
an () +1(5) -210)) 10
forallxz e V.

Proof. Let f = f — f(0). Then f:V =Y satisfies (3.1), f(0) =0, and Df = Df.
If we consider the mapping A as in Lemma 2.2, then we see that

e Afl = i %) enr(3,2) s ami( -5
wog(~2-2)n1(0.3) - pifo-3)|

< Px)
for all © € V, which implies that dg (f, flf) <1< co. By Lemma 2.2, we have then
da (A" ], A1) < o0

for all n > 0. We can apply (2) and (3) of Theorem 2.1 to get a unique fixed point
F:V — Y of the strictly contractive mapping A, which is defined by

F(z) = lim A"f()
s = (2 (PG () 5 TG 7 (5)
for all & € V. Moreover, we can say that
A7 F) < T da(FAD < T
that is
(39 1) - Fol < )

iy

for all 2 € V. Replace x by 57 and y by 5% in (3.1), then we obtain
n—1 T YN _pi(-t _Y
|2 (27 (5 37) = 27 (-5 —35))
4n Y
7 (P (* )+ 27 (-5 =3)) |
+2 ( f 2n’ 2n + f 2n

IDA" f(z, y)|

< <2n L )( (2” 2”) sD(_Q%’_Q%))
< i: (2" 1+4;) (e(,y) + (=2, ~y))
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for all z,y € V. In a similar way of the proof of Theorem 3.1, this implies that
DF(z,y) =0

for all z,y € V. Put F = F 4 f(0), then (3.6) and (3.7) follow from (3.9) and (3.8),
respectively, too. Since the uniqueness of F' is clear in the fixed point theory, we
have proved this theorem. O

Now we obtain the Hyers-Ulam-Rassias stability results in the framework of
normed spaces using Theorem 3.1 and Theorem 3.2.

Corollary 3.3. Let X be a normed space and 'Y a Banach space. Suppose that, for
6 >0 and p € R\[1,2], the mapping f : X — Y satisfies the inequality of the form

IDf(er,a)ll <6 D

.'L'i;ﬁo,i:l,Q

for all x1,zo € X. Then there exists a unique general quadratic mapping F': X —'Y
such that
0 if p<O,
5+2:2P)0 )
If(@) - F@)| < { smealel?  if 0<p<1,

10+3-27)6 .
Sl if p>2

forallx € X.

Proof. Let p(x1,22) == 03, o llz||P for all z; € X, i =1,2. Precisely, it means
that
Oz ||” + [lw2l|?)  if 21,29 # 0,
oz, m2) = O|la;|? if z; #0,2; =0,i # j,
0 if T1,T2 = 0.

If p < 1 then ¢ holds (2.3) with L = 2P~! < 1. In particular, if p < 0, then
0 < L < $ and it is clear that ¢ is continuous on (X\{0})2. On the other hand if
p > 2 then ¢ satisfies (2.4) with L = 227P < 1. So we can prove this corollary by
using Theorem 3.1 and Theorem 3.2, respectively. O

Corollary 3.4. Let X be a normed space and Y a Banach space. Suppose that, for
0 > 0 and p1,p2 > 0 with p1 + p2 € R\[1,2], the mapping [ : X — Y satisfies an
inequality of the form

IDf (@, y)|| < Ol (| [ly]”*

for all x,y € X. Then there exists a unique general quadratic mapping F': X —Y
such that

2+2P1)0 '

If(z) = F(z)|| < s g PP i 0<pi4pe <1,

_ < 2 ‘
%”x”pﬁm if p1+p2>2

forallx € X.
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Proof. Let ¢(z,y) = 0||x||P*||y||P? for all z,y € X. If 0 < p; + p2 < 1 then ¢ holds
(2.3) with L = 2P1+P2=1 < 1. On the other hand, if p; + ps > 2 then ¢ satisfies
(2.4) with L = 227P1+P2 < 1. So we can prove this corollary by using Theorem 3.1
and Theorem 3.2, respectively. O

Corollary 3.5. Let X be a normed space and Y a Banach space. Suppose that,
for 8 > 0 and p1,p2 € R with py + p2 < 0, the mapping f : X — Y satisfies an
inequality of the form

IDf(z, y)ll < (z,y)

for all x,y € X, where ¢ is defined by

_ [ OllzllPllyli of @y #0,
w(x’y)_{o if =0 or y=0.

Then f is itself a general quadratic mapping.

Proof. Since 1 holds (2.3) with L = 2P*TP2=1 < 1 and ¢ is continuous on (X\{0})?,
we can prove this corollary by using Theorem 3.1. O

4. Applications to Jensen’s functional equation and the quadratic func-
tional equation

For a given mapping f: V — Y, we use the following abbreviations

st =2r (T52) - 1) - 1)

Qf(x,y) == flx+y) + flx —y) —2f(x) — 2f(y)

for all z,y € V. Using the previous results we can prove the stability results about
Jensen’s functional equation Jf = 0 and the quadratic functional equation Qf =0
by followings.

Corollary 4.1. Let ¢; : V2 — [0,00), i = 1,2, be given functions and let f; : V —
Y, i =1,2, be mappings which satisfy the condition

(4.1) 17 fi(z,y)|| < dilz,y)

for all x,y € V, respectively. If there exists 0 < L < 1 such that ¢1 has the property
(2.8) and ¢o satisfies (2.4) for all z,y € V, then there exist unique Jensen mappings
F,: V=Y, i=1,2, such that

3, (x)
(4.2) Ih@) -AEl < g,
(4.3) Ifala) — Fa()] < —22l2)

21— L)
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forallz € V, where ®; : V =Y, i=1,2, are defined by
z 3x
o(2) = 201(5,5) +201(5 5 ) + 1. 20) + 61(2,0)

+2¢1(—; 3;)+ ¢1( ;C ;)+¢1( , —2x)
b1 (—,0) + 2610, 22) + 261 (0, —2z)

and
2@) = 205, 7) +26:(5.50) + 62(50)

+
v~ 5-7) (- 1.9) +aa( - )

T
+¢2( - 570) + ¢2(07x) + ¢2( ) _'I)
for all x € V. In particular, the mappings F1 and Fy are represented by
(4.4) Fi(2) = lim, e 2279 4 £1(0),
(4.5) Fy(w) = limy o0 2" (f2() = £200)) + f2(0)

for all x € V. Moreover, if 0 < L < % and ¢1 is continuous, then f1 is itself a
Jensen mapping.

Proof. Notice that for f; : V =Y, i=1,2, we have

IDfi(z,y)ll = || = Jfilz,x+2y) + J fi(z, 2 = 2y
forallz,y € V. Put p;(x,y) := ¢i(x, 2 +2y)+¢i(x,2—2y),i = 1,2, forall z,y € V,
then ¢ holds (2.3) and ¢y satisfies (2.4). Observe that || Df;(z,y)|| < @i(x,y),

i =1,2, for all z,y € V, respectively. According to Theorem 3.1, we can take the
unique general quadratic mapping F; by

(4.6)  Fi(z):= lim <f1(2nx)+f1(_2nx) + fl(%)_fl(_2%)> + 11(0)

n—o00 2.4n on+1

which satisfies (4.2) clearly. Observe that

‘fl ) + fi(=2 )H Hh (2"z) + f1(=2"z) — 2/1(0) H
n~>oo 2n+1 nHOO 27l+1
= h_}m 2n+1 T f1(2"%x, —2"z)||
< . W@(Q"z, —2"x)
. Lr
< lim 79251(1’7 7$) =0

n—oo
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for all x € V. Letting n — oo, then we get

fi(2"z) + f(—2"z)

nlL)ngo 2"""1 =0
and on on
lim DD TLE2D)

for all x,y € V. Together with (4.6), these imply (4.4). Notice that

HJf1(2"x72”3/) H < o1(2"x, 2™y) < L™y (z,y)

2n 2n
for all x,y € V. Taking the limit as n — oo, then we obtain

JF(z,y) =0

for all z,y € V. In particular, consider the case 0 < L < % and ¢; is continuous,
then ¢ is also continuous on (V\{0})? and we can say that f; = F; by Theorem
3.1. On the other hand, according Theorem 3.2, we can get

Fy) = nlggo <2n1 <f2 (2)- % (;a))
(47) (fz( )+ pe ( x) _2f2(0)) ) + £(0)

which is the unique general quadratic mapping satisfying (4.3). From (4.1) and
(2.4), we have

i 22 £a() + £ g ) 2000 =t 2 (55|
T—00 T—00 on an
. an—-1, (L _ T
< Jim 2o (55
n
A, 02 )
= 0
and

lim 2"~ 1Hfz( >+f2( x)—2f2(0)H:0

n— oo

for all z € V. So we get (4.5) from (4.7). Observe that

for all x,y € V. Taking the limit as n — oo, then we get

H = 2%2(2” 2%”) = 57¢2(x y)

2n‘]f2<2n 2n)

JFQ(Z‘,Z./) =0



230 Sun-Sook Jin and Yang-Hi Lee

forall z,y € V. O

Corollary 4.2. Let ¢; : V2 — [0,00), i = 1,2, be given functions. Suppose that
each f; : V =Y, i=1,2, satisfy

(4.8) 1Qfi(z, )| < ¢ilx,y)

for all x,y € V, respectively. If there exists 0 < L < 1 such that ¢1 and ¢ have
the property (2.3) and (2.4) for all x,y € V, respectively, then there exist unique
quadratic mappings Fy, Fs : V. — Y such that

(4.9) 1f1(2) = £1(0) = Fa(@)]| < 53535
(4.10) 1f2(z) = Fa(@)]| < 725

forallz € V, where ¥; : V — Y, i=1,2, are defined by

U, () = 2(;51(1'7 g) +2¢1(0, E) +¢1(3£ f) +¢>1<f :c)

2 272 272
(=5 +2n(05) v 5.5+ 5.5)
+o1(x, x) + ¢1(—x, —x) + ¢1(z, —x) + ¢1(—2, )
and
bt = (5 5) 40 (0.5) 20, 2) <205 )
(= 5) 160 5) < () #2050

R R e )

In particular, the F;, 1 = 1,2, are represented by

(4.12) Fy(x) = limy, 00 4" fo (%)

for all x € V.. Moreover, if there exists 0 < L < % such that ¢1 is continuous, then
f1 — f1(0) is itself a quadratic mapping.
Proof. Notice that

1D fi(z,y)|

1Qfi(x +y,y) — Qfi(x —y,y)l
< g+ y,y) + di(z —y,y)

for all z,y € V and ¢ = 1,2. Put ¢;(z,y) := ¢i(x +y,y) + di(x —y,y), i = 1,2, for
all z,y € V, then ||Dfi(z,y)| < wi(z,y) for all z,y € V, respectively. Moreover, o1
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satisfies (2.3) and ¢y holds (2.4). Therefore, according to Theorem 3.1, there exists
a unique mapping Fj} : V — Y such that

V1 (z)
f1 x < ———
If1(x) = Fa(a)] < S0 1)’
which is represented by (4.6). Observe that
fi(2"x) — f1(—2"x) .
Jm [PEREREED] = Eien0.2)
1 .

L™
< lim 7(251(0 z) =0

n—oo
for all € V. From this and (4.6), we get (4.9) and (4.11) where Fy := F} — f1(0).

HQf1(2":,2”y) | < ¢1(2n4‘f; ') %?bl(l’,y)

for all z,y € V. Taking the limit as n — co in the above inequality, we get
QFl (.’I}, y) =0

for all z,y € V. Suppose that there exists 0 < L < % such that ¢; is continuous,
then ¢ is continuous on (V\{0})? and we can say that f; — f1(0) = Fy by Theorem
3.1. On the other hand, since L¢2(0,0) > 4¢2(0,0) and [|2f2(0)]] = ||Qf2(0,0)| <
©2(0,0), we can show that ¢2(0,0) = 0 and f2(0) = 0. According to Theorem 3.2,
there exists a unique mapping F5 : V' — Y satisfying (4.10), which is represented

by (4.7). We have
~a(m)+a(H)] = m e 0.5)]

4
< lim 2y, (07 ﬁ)

lim —
n—oo 2

L
< 1 —_— =
< lim Z-05(0,2) =0

im 2n—1 L IO G
I 22 (5) -2 (-5) | =0
for all x € V. From these and (4.7), we get (4.12). Notice that

as well as

r oy
1Qh (5oge) | <170 (50 35) <27
[1Qf (55 50) | <472 (5 5) < L0l
for all x,y € V. Taking the limit as n — oo, then we have shown that
QF2 (37, y) =0

for all z,y € V. a
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