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The standard drag force and virtual mass force, which exert to the primary flow direction, are generally 
considered in two-phase analysis computational codes. In this paper, the lift force, wall lubrication force, and 
turbulent dispersion force including turbulence models, which are essential for a computational multi-fluid dynamics 
model and play an important role in motion perpendicular to the primary flow direction, were introduced and 
verified with conceptual problems.
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Nomenclature
 

pc : Specific heat [ J / kg ]
C : Proportional coefficient [1]

Dd , : Diameter [ m ]
e : Internal energy [J / kg]
g : Gravity acceleration [ 2/ sm ]

F : Force term [ smkg // 3
]

h : Enthalpy [ J / kg ]

I : Interfacial energy transfer rate [ smJ // 3 ]

M : Interfacial momentum transfer term [
22 // smkg ]

n : Normal surface vector of wall [ m ]
Uu, : Velocity [ sm / ]
Pp, : Pressure [ Pa ]

Pr : Prandtl number [1 ]

Re : Reynolds number [1 ]
r : Radius [ m ]
Sc : Schmidt number [1]
St : Stokes number [1]
t : Time [ s ]
T : Temperature [ K ]
y : Distance from wall [ m ]

Greek Letter
 : Volume fraction [1 ]

 : Interfacial mass transfer rate [ smkg // 3
]

 : Von Karman constant [1 ]
 : Viscosity [ 2/ msN  ]

 : Kinematic viscosity [ sm /2 ]

 : Density [
3/ mkg ]

 : Surface tension [ mN / ]

k ,  : Turbulent Prandtl number [1]

 : Shear stress [ 2/ mN ]

Subscripts, Superscripts
b : Bubble
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D : Drag
eff : Effective
g : Gas
i : Interface
k : dorlg,

l : Liquid
L : Lift
m : Mixture
t : Tangential
T : Turbulence
TD : Turbulent dispersion
w : Wall
WL : Wall lubrication

1. Introduction

A computational multi-fluid dynamics (CMFD) code, 
CUPID has been developed for a transient 
three-dimensional two-phase flow analysis of nuclear 
reactor components[1,2,3]. The semi-implicit ICE scheme 
used in the RELAP5 code[4] was adopted as a basic 
numerical method, which uses a staggered grid and a 
donor-cell scheme. The main advantages of this scheme 
are its computational efficiency and robustness.

In this numerical scheme, the momentum equations are 
solved first to represent each phasic velocity at a cell face 
as a function of the pressure difference of the adjacent 
cells. The mass and energy equations are coupled, and 
with some algebraic operations, reduced to a cell pressure 
equation that includes unknown pressures of the 
computational cell and its adjacent cells. Finally, a system 
pressure equation is established and solved. The phasic 
velocities at the junctions are obtained by a 
back-substitution. However, to apply this scheme with an 
unstructured finite volume method, this scheme should be 
changed to adopt a cell-centered scheme. For this, the 
momentum equations were solved over a non-staggered 
grid, and the velocities at the cell faces were interpolated 
using the Rhie-Chow scheme[5].

The CUPID code is based on a two-fluid, three-field 
model, which is solved using an unstructured finite 
volume method. The three fields in the CUPID code 
represent a continuous liquid, an entrained liquid, and a 
vapor field. To describe the interfacial and relative motion 
between phases, the momentum equations for each phase 
included the momentum transfer owing to the phase 
change, generalized interfacial drag force, and virtual mass 

force.
In the two phase flow momentum equation, the most 

important term to be modeled by a constitutive relation is 
the generalized drag force that specifies the interfacial 
surface forces. This force can be formulated as the linear 
combination of various known interfacial forces as the 
sum of the standard drag force, lift force, wall lubrication 
force, turbulence dispersion force, and so on[6]. The lift 
force, wall lubrication force, and turbulent dispersion force 
are known to affect the void fraction of the normal 
direction of the primary flow direction.

As a computational multi-fluid dynamics code for a 
two-phase flow, the CUPID code needs to be tested for 
its justification, and thus some verification calculations 
were conducted over several sample problems[1,2,3]. In 
this paper, implementations and verifications of the 
turbulence, lift force, wall lubrication force, and turbulence 
dispersion force models to extend the capability of the 
CUPID code were discussed.

2. Mathematical model

2.1 Governing equations

The governing equations of the two-fluid, three-field 
model are similar to those of the time-averaged two-fluid 
model derived by Ishii and Hibiki[7]. The continuity, 
momentum, and energy equations for the k-phase are 
given by
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where,    and   are the k-phase volume 
fraction, density, velocity, pressure, and interfacial mass 
transfer rate, and interfacial energy transfer rate, 
respectively.  represents the interfacial momentum 
transfer owing to a mass exchange, standard drag force, 
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and several drag forces except the standard drag force 
virtual mass. 

    includes the lift force (
), 

wall lubrication force (
), and turbulence dispersion 

force (
 ).
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  and 
  will be discussed in the 

following section. Further detailed two-phase flow 
mathematical descriptions are given in Ref.[7]. For a 
closure of the system of equations, constitutive relations 
and the equations of the states are included.

2.2 Turbulence model

The averaging procedure for the momentum equation 
introduces additional unknown terms containing products of 
the fluctuating quantities, which act like additional stresses 
in a fluid. These terms, called ‘turbulent’ or ‘Reynolds’ 
stresses, are difficult to determine directly and thus 
become further unknowns. With eddy viscosity turbulence 
models, the shear stress term can be explained by

  T
kkeffkk uu  , (8)

where   is the effective viscosity defined by the sum 
of the molecular viscosity and turbulent viscosity.

 

Tkkeffk ,,   (9)

A very simple eddy viscosity model computes a global 

value for Tk ,  from the mean velocity and geometric 
length scale using an empirical formula. Because no 
additional transport equations are solved, these models are 
termed ‘zero equation’: 

TkkTk lUC , (10)

where   is a proportional constant. The velocity scale 
can be taken to be the maximum velocity in the fluid 
domain. The length scale is derived using the formula as 
follows:

  7/3/1
DT Vl  (11)

where   is the fluid domain volume.

For the physical meaningful calculation, the k
turbulence model was also implemented. The effective  
viscosity of the continuous liquid phase is the sum of the 
laminar viscosity, turbulence viscosity, and bubble effect. 
The effective viscosity of the dispersed gas phase can be 
calculated by assuming the same kinematic viscosity of the 
liquid and gas.
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The k  transport equations are established for 
continuous liquid phase as follows:
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where   and   are recommended to
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have a value of 0.09, 1.3, 1.0, 1.44, and 1.92 in the 

standard k  model, respectively.
Algebraic turbulence models or zero-equation turbulence 

models are models that do not require the solution of any 
additional equations, and are calculated directly from the 
flow variables. As a consequence, zero equation models 
may not be able to properly account for the unsteady 
transport of the turbulence, such as the convection and 
diffusion of turbulent energy. These models are often too 
simple for use in general situations, but can be quite 
useful for simpler flow geometries or in start-up situations. 
A more complicated model may have difficulty in the 
initial phases of computation because the transport models 
needs guessing initial values properly and are affected by 
the fluctuating startup velocity field in the transient 
calculations.

The wall-function in the CUPID code is an extension 
of the method of Launder and Spalding[8]. In the log-law 
region, the near wall tangential velocity is related to the 
wall-shear-stress by means of a logarithmic relation. In the 
wall-function approach, the viscosity affected sublayer 
region is bridged by employing empirical formulas to 
provide near-wall boundary conditions for the mean flow 
and turbulence transport equations. The logarithmic relation 
for the near wall velocity is given by.
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where u , u , ,
y , , and C  are the dimensionless 

velocity, friction velocity, near wall tangential velocity 

known velocity tangent to the wall at a distance of y  
from the wall, dimensionless distance from the wall, von 
Karman constant, and constant depending on the wall 
roughness. 

A wall-function simulation normally requires that 
y of 

the first cell outside the walls is in the log-layer, which 
starts at about y+ = 20, and depending on the Reynolds 
number, extends up to say y+ = 200.

2.3 LIFT FORCE MODEL

In the context of a fluid flow relative to a body, the 
lift force is the component of the aerodynamic force 
perpendicular to the flow direction. This contrasts with the 
drag force, which is the parallel component of the 
aerodynamic force. Lift is commonly associated with the 

wing of an aircraft, although lift is also generated by 
rotors on helicopters, sails and keels on sailboats, 
hydrofoils, wings on auto racing cars, and wind turbines. 
While the common meaning of the word "lift" suggests 
that the lift opposes gravity, aerodynamic lift can be in 
any direction. When an aircraft is cruising, for example, 
the lift opposes gravity.

While a single particle moving through a very viscous 
liquid relative to a uniform simple shear, the particle 
experiences a lift force perpendicular to the flow 
direction[9]. In the two-phase flow, the lift force is 
commonly associated with a bubble. The lift force 
represents the interaction of the bubble with the shear 
field of the liquid. The velocity differences between the 
bubble and liquid are asymmetric, and thus the pressure 
on the bubble surface is also asymmetric while the bubble 
is moving in a viscous liquid. This asymmetric pressure 
distribution on the bubble surface results in the lift force 
acting on the bubble. This force pushes the bubble 
perpendicular to the liquid motion. The lift force is given 
in terms of the slip velocity and curl of the continuous 
phase velocity by

   llgLlg
L
l uuuCM   (20)

The classical lift force for bubbles has a positive 
coefficient, and acts in the direction of decreasing liquid 
velocity[10]. This force pushes the bubbles toward the 
pipe wall in the case of a concurrent upward pipe flow. 
Numerical and experimental investigations showed that the 
direction of the lift force changes its sign depending on 
the substantial deformation of the bubble. Tomiyama 
studied single bubbles in a well-defined shear field and 
derived the following correlation for the coefficient of the 
lift force from the experiments[11,12].
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The Reynolds number of particles is defined as follows:
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The coefficient,  , depends on the modified Eötvös 
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number given by 
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where   is the maximum horizontal dimension of the 
bubble. It is calculated using an empirical correlation for 
the aspect ratio by Wellek et al. from the following 
equation[13].

  3/1757.0163.01 Eodd bH  (24)

For the water-air system at normal conditions, 
changes its sign at a bubble diameter of  = 5.8 
mm[11,12]. 

In this paper,   was set to be 0.01, and the 
sophisticated formulation of   including the change in 
direction will be discussed later.

2.4 Wall lubrication force model

The gas fraction distribution in the near wall region is 
important for the general flow structure in the case of the 
pipe flow. It is mainly determined by the lift and wall 
forces. Antal et al.[14] proposed a wall lubrication force 
as follows:
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with reluC 06.0104.01  and 147.02 C .
Tomiyama modified this approach for a special case of 

a pipe flow as follows[11]:
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The coefficient was determined in experiments on single 
air bubbles in a glycerol solution as follows[14]:
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In this paper, a similar correlation by Antal et al. is 

tested as 
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with C1 = -0.01 and C2 = 0.05. The wall lubrication force 

is limited within bw dy 5  in this formulation. A more 
sophisticated model such as that in Eq. (26) will be 
discussed later. 

2.5 Turbulence dispersion force model

The turbulent dispersion force is the result of the 
turbulent fluctuations of the liquid velocity. Lahey et al. 
derived an equation for the force per unit of volume as 
follows[15,16]:

lllTDlTD kCF  , (29)

with a coefficient   set to 0.1. A more generalized 
non-uniform turbulent dispersion coefficient on the basis of 
homogeneous turbulence was proposed by Lopez de 
Bertodano[17]. It depends on the Stokes number as 
follows: 
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Gosman et al. derived a turbulent dispersion force as 
follows[18] :
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The turbulent Prandtl number (PrT), has an order of 
magnitude of 1 and is given by 

g

effl
T 

 ,Pr  (32)

Recently, Burns et al. suggested the model for the 
turbulence dispersion force as follows[19]:
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(a) (b) (c) (d) (e)

      Fig. 1 Effect of turbulence models: (a) meshes, (b) laminar,
(c) zero eq. model without wall function, (d) zero eq. 
model, (e)  model

where    and   are the turbulent 
dispersion coefficient (~1), drag coefficient (~2), turbulent 
kinematic viscosity for gas, and turbulent Schmidt number 
for gas (~0.9). 

In this paper, the turbulence dispersion force model by 
Burns et al. was used, but it becomes singular when   
= 0 or   = 0, which can occur in a subcooled boiling 
flow. Thus, the turbulence dispersion force model by 
Lahey et al. seems to be a general formulation for the 
boiling water flow.  The non-drag forces for the gas 
phase has the same magnitude and opposite sign as 
follows: 

dragnon
l

dragnon
g MM   (34)

3. Qualitative verification

3.1 Verification of turbulence model

A 2-dimensional single phase flow was simulated for a 
verification of the implemented turbulence model and 
wall-function. A single-phase upward flow of 2 m/s was 
assumed in a vertical tube 4 m long and 0.3 m wide. 
The diameter of the bottom inlet is 0.1 m, and the 
diameter of the upper outlet is 0.3 m, which is the same 
as the width of the tube. 

As shown in Fig. 1, 1440 (36 x 40) cells are used for 
this calculation. Three cases were defined as case A 
without a zero-equation and wall-function, case B with 
only a zero-equation, case C with a zero-equation and 

wall-function, and case D with the k turbulence model 
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        Fig. 2 Vertical velocity distribution at the exit for various
turbulence models

       Fig. 3 2-dimensional duct of 0.4 m x 40 m for verification
calculation of  model

and wall-function. 
The velocity contours are presented in Fig. 1, and the 

velocity profiles at the exit are presented in Fig. 2. The 
flow velocities are not developed over the entire tube for 
case A because the Reynolds number is very high, but the 
turbulence model is not used. In case B, the flow 
velocities are developed just like a fully developed laminar 
velocity profile. In cases C and D, the flow velocities are 
developed, and the flow looks like a prototypical turbulent 
flow.

2-dimensional duct of 0.4 m x 4m, of which the 
bottom and top are the inlet and outlet, was considered as 

the verification calculation domain for a k  turbulence 
model. As shown in Fig. 3, 1600 (16 x 100) cells are 

Y

X
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Fig. 5 Relative viscosity along the axial center line

used for this calculation. The 20˚C water comes in with 
0.1 m/s through the inlet. The pressure of the domain is 
0.1 MPa, and the density and viscosity are 998 kg/m3 and 

0.001 2/ msN  . Thus, the L/D is 100, and the Reynolds 
number is about 40,000. 

A steady state solution was obtained using a 
null-transient calculation. The velocity and relative 
viscosity profiles are presented in Figs. 4 and 5. The 
velocity and relative viscosity reach a steady state at 2/3 
of the solution domain, 25 m from the bottom inlet. The 
vertical velocity and relative viscosity at 3/4 of the 
solution domain, 30 m from the bottom inlet are presented 
in Figs. 6 and 7.

In Fig. 8, the calculated   yu  was compared to the 
analytical wall function as follows: 
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          Fig. 6 Vertical velocity at 3/4 of solution domain, 30 m
from the bottom inlet
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      Fig. 7 Relative viscosity at 3/4 of solution domain, 30 m
from the bottom inlet
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The calculated friction velocity was compared to the 
wall friction velocity from the Moody chart[20]. The 
friction velocity of a pipe flow can be obtained as 
follows:

2

1

8








f
Vu (36)

The friction velocity in the Moody chart is 0.0052 
sm /  when the Reynolds number is 40,000 and the 

fraction factor ( ) is 0.033. In the calculation, the friction
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          (a)       (b)           (c)           (d)           (e)

    Fig. 9 Void fraction contour for the non-drag force: (a) meshes,
(b) only lift, (c) only wall lubrication, (d) wall
lubrication, (e) all non-drag forces (↓ indicates the radial
location of a void peak)

velocity is 0.0049 sm / , and the error from the Moody 
chart value is 5.8%. 

3.2 Verification of non-drag force

An air-water flow through a 2-dimensional duct of 0.28 
m x 1.6 m was simulated to verify the non-drag force 
models such as the lift force, wall lubrication force, and 
turbulence dispersion force. 

The geometrical condition for this calculation and the 
gas volume fraction contours for the steps of the non-drag 
force implementations are presented in Fig. 9. 24 x 24 
cells were used for this calculation. The void fraction and 
inlet velocity were 0.2 and 0.2 m/sec, respectively. All 
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Fig. 10 Void fraction distribution at the exit

void fraction contours indicate that the gas volume 
fractions are uniform at the lower inlet and are developed 
according to the velocity profiles and exerted force to the 
high outlet.

The lift force seems to push the gas near a wall into 
the wall, and the wall lubrication force pushes the gas at 
the wall into the center region. The turbulence dispersion 
force is not distinguished in this problem, and the sum of 
the non-drag force seems to result in a lower gas fraction 
at the wall, a peak near a wall, and a flat gas fraction in 
a center region.

The horizontal gas volume fractions at the exit for the 
step of the non-drag force implementation of Fig. 10 
clearly show the effect of each non-drag force and their 
sum. The void fraction without non-drag forces is 
distributed nearly uniform over the perpendicular direction 
to the primary flow. The lift force pushed the vapor 
bubble toward the wall. An increase in the void fraction 
was observed in the near wall region, which is driven by 
the large liquid velocity gradient at the near wall.

We must note that the magnitude of the lift force is 
proportional to the volume fraction of the dispersed vapor 
fraction, the relative velocity between the liquid and vapor, 
and the velocity gradient of the continuous phase, and that 
the direction of this force is dependent upon the bubble 
diameter. 

The lubrication force expelled the gas at the near wall 
into the central region by a force pushing the liquid into 
the wall. The volume fraction of the dispersed vapor 
phase, phasic relative velocity, bubble diameter, distance 
from the wall, and velocity gradient of the continuous 
liquid phase are related to this wall lubrication force. This 
wall lubrication force is known to have just one direction 
independent of the bubble diameter.
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The turbulence dispersion force is functioned by the 
volume fraction gradient of the continuous liquid phase 
and turbulent kinetic energy. The direction of this 
turbulence dispersion force is the same as the continuous 
phase gradient: from a region with a large volume fraction 
to a region with a small volume fraction. 

The combination of the lift force and wall lubrication 
force make the gas fraction peaked at the near wall. The 
volume fraction of the dispersed gas fraction in the central 
region and at the very near wall is relatively lower than 
that at the gas peaking region.

Non-drag force distributions at the exit are presented in 
Fig. 11: the lift force, wall lubrication force, turbulence 
dispersion force, and sum of three forces. The signs of 
lift force are minus and plus at the left wall and right 
wall, respectively. This indicates that the lift force acts 
toward both walls. Wall lubrication forces are plus and 
minus at the left wall and right wall, respectively, which 
indicates that the wall lubrication force acts toward the 
center region. Turbulence dispersion forces do not act in 
the flat void fraction regions.

The signs of the sum of these three forces follows the 
dominant force at each region: wall lubrication at the wall, 
lift force near the wall, and turbulence dispersion force in 
the void peak region.

4. Conclusions

A computational multi-fluid dynamics (CMFD) code, 
CUPID, has been developed for realistic simulations of 
transient two-phase flows in light water nuclear reactor 
components. In this paper, the implementations and 
verification calculations of turbulence and non-drag force 

models were introduced and discussed. 

The implementation of the k  turbulence model 
were verified using a vertical single phase flow. The 
velocity distribution for this calculation indicates that the 

k  turbulence models were implemented properly.  
The implementation of non-drag forces such as the lift 
force, wall lubrication force, and turbulence dispersion 

force were then verified based upon a k  turbulence 
model using an air-water flow through a 2 dimensional 
duct. The gas volume fraction contours and horizontal gas 
volume fraction distributions show that each force and the 
sum of all 3 forces were implemented properly and 
worked effectively.

Validation calculations for air-water flow tests and 
subcooled boiling water flow tests will be discussed in the 
future. It must be noted that the interfacial area transport 
equation and the wall boiling model should be 
implemented in the code and assessed before simulating 
the adiabatic flows and the boiling water flows.
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