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ABSTRACT. We analyze the queueing model for leaky bucket (LB) scheme with dynamic ar-
rivals and token rates. In other words, in our LB scheme the arrivals and token rates are changed
according to the buffer occupancy. In telecommunication networks, the LB scheme has been
used as a policing function to prevent congestion. By considering bursty and correlated prop-
erties of input traffic, the arrivals are assumed to follow a Markov-modulated Poisson process
(MMPP). We derive the distribution of system state, and obtain the loss probability and the
mean waiting time. The analysis is done by using the embedded Markov chain and supple-
mentary variable method. We also present some numerical examples to show the effect of our
proposed model.

1. INTRODUCTION

In telecommunication networks such as ubiquitous network and B-ISDN, by many reasons
such as fast transmission, multiplexing and unintentional misbehavior, the congestion is liable
to occur. The leaky bucket (LB) scheme has been known as one of the most promising methods
for preventive congestion control and policing functions [1]. The operation of the LB scheme
can be described by a buffer and a finite token pool in which tokens are generated at a constant
rate. A packet ( or cell ) arriving when there are tokens in the token pool departs immediately,
consuming one token. If a packet arrives when there are no tokens, the packet must wait in the
buffer until next available token is generated. The tokens generated when the token pool is full
are lost.

The various LB schemes have been introduced and analyzed by many researchers [2-11].
Specially, we introduce a few interesting papers among them. For a Poisson arrival process,
Sidi et al. [2] analyzed the LB scheme with both the finite and infinite buffers. They obtained
the distributions of queue length, the waiting time and the inter-departure time. For a Markov-
modulated Poisson process (MMPP) as a nonrenewal arrival process, Kim et al. [3] analyzed
the finite buffer LB scheme and derived the loss probability and the waiting time distribution.
They showed the effects of the system parameters for varying the ratio of the arrival rates and

Received by the editors January 21 2013; Accepted February 28 2013.
2000 Mathematics Subject Classification. 60K25, 68M20.
Key words and phrases. queueing analysis, leaky bucket, dynamic arrivals and token rates, MMPPs, thresholds,

telecommunication networks.

103



104 DOO IL CHOI

the sojourn times of each arrival state for the MMPP. There also have been the analysis of the
LB schemes by a slotted system ( i.e. discrete-time analysis ). Ahmadi et al. [4] analyzed
the LB scheme with batch arrivals in each slots. The solution method is based on the matrix
analytic approach. Sohraby et al. [5] extended the batch arrival process to a finite-state discrete
Markovian arrival process with infinite buffer and obtained the queue length distribution. For
a Poisson and a discrete-time MMPP arrival process with finite and infinite buffers, Wu et
al. [6] analyzed the queue length distribution and obtained the ratio of the variance of the
interdeparture times to the variance of the interarrival times.

In order to support traffics with different characteristics ( for example, voice, data and video
and so on ) and to satisfy Quality of Service (QoS) of traffics, there have been the analysis of
the LB schemes with a dynamic token generation intervals or priority [7-12]. The papers [7-9]
analyzed the LB scheme with dynamic token generation intervals. Lee and Un [7] analyzed
the LB scheme with on-off data source in which the token generation interval during on-period
is somewhat smaller than that of off-period. They analyzed the performance of the LB scheme
by using the fluid-flow method. Choi et al. [8,9] analyzed the dynamic rate LB scheme in
which the token generation interval alternates according to the buffer occupancy. Considering
the bursty and correlated properties of traffic, they assumed the arrival process to be the MMPP
in continuous-time [8] and Markov-modulated Bernoulli process (MMBP) in discrete-time [9].
Also, Zeng et al. [10] and Choi et al. [11] analyzed the priority LB scheme to support traffics
with different characteristics. They classified traffics into two types, the real-time and nonreal-
time, and placed two buffers to accommodate each traffic. Zeng et al. [10] analyzed the LB
scheme with Head of Line (HOL) priority, in which the cells of high priority are transmitted
first than the low priority cells until there is no high priority cells in buffer. In this LB scheme
with HOL priority, the QoS of the high priority is absolutely satisfied, while the QoS of low
priority may not be satisfied. To overcome this shortcoming, Choi et al. [11] analyzed the LB
scheme with queue-length-threshold (QLT) scheduling policy. The high priority are transmitted
preferentially depending on buffer occupancy of low priority. Recently, Choi and Lee[12]
analyzed the LB scheme with dynamic arrival rates. They place a threshold L on buffer and
control the arrivals.

In this paper, we introduce and analyze the LB scheme with dynamic arrivals and dynamic
token rates. The motivation for analyzing this model is as follows: In spite of the possibility
of congestion in networks, the more packets ( or cells ) can be generated. This deteriorate
the network environment. Finally, if the congestion occurs once, the information in network
may be lost or become useless. Thus, the network can’t satisfy the requirement for service of
users. Therefore, for efficient usage of the network resources and fast congestion resolution,
the arrivals and token rates need to be controlled together at each congestion level, that is,
according to buffer occupancy. We place thresholds Ll(l = 0, 1, 2, · · · , R) on the buffer in
order to indicate congestion level of network. According to whether the buffer occupancy
exceeds the threshold Ll or not, the arrivals and token rates are controlled. Here, it is assumed
the arrivals to be MMPPs. This assumption is justified by the bursty and correlated properties
of input traffic.
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Following this section, we give the concrete model description in Section 2. In Section 3, by
using the embedded Markov chain and supplementary variable method, we derive the system
state distribution at token generation instants and arbitrary time. Finally, the loss probability
and the mean waiting time are given by system state distribution at an arbitrary time. We also
show that the result without thresholds in our LB scheme coincide with the result of existing
LB scheme. In Section 4, the some numerical examples are presented to show the effects of
our proposed LB scheme.

2. MODEL DESCRIPTION

There is a buffer to accommodate the arriving packets and a token pool to store tokens
generated. The arriving packets are queued in buffer with finite capacity K if no tokens are
available. The token pool has a finite capacity M , so that the newly generated tokens are
discarded when the token pool is full. Each token allows a single packet to be transmitted, and
the token following a transmission is removed from the token pool. We place the threshold
values Ll(l = 0, 1, 2, · · · , R) on the buffer and control the arrival process and token rates
according to buffer occupancy (that is, queue length). Let L be the queue length at token
generation instant. If L ≥ L0, the token generation interval is T1. Otherwise, the token
generation interval is T0(T1 ≤ T0). Nevertheless, if the queue length increases, we must
regulate the arrival stream. Concretely, if the queue length at token generation instant is less
than L1(≥ L0) ( i.e. L < L1 ), the arrival follows an MMPP with representation ( Q,Λ1 ). Else,
if the buffer occupancy at token generation instant is greater than or equal to Ll−1 and less than
Ll(l = 2, · · · , R, Li ≤ Lj , i < j), the arrival process follows the MMPP with representation
(Q,Λl). Here, the matrix Q is the infinitesimal generator matrix of an underlying Markov
process J(t) with state space {1, 2, · · · , N}. And the matrix Λl , diag(λl

i) is the arrival rate
matrix. The stationary probability vector Π of the underlying Markov process J(t) is given by
solving the equations:

Π Q = 0, Π e = 1.

where e and 0 are vectors of size N , and are consisted of all ones and zeros, respectively.
Let Ml(t) be the number of arriving packets by Λl during the interval (0, t]. Now we define

the conditional probabilities

pli,j(n, t) =Pr{Ml(t) = n, J(t) = j | Ml(0) = 0, J(0) = i},
l = 1, 2, · · · , R, 1 ≤ i, j ≤ N.

By Chapman-Kolmogorov’s forward equations, we have the differential-difference equations
for the matrices Pl(n, t) , (pli,j(n, t))1≤i,j≤N :

d

dt
Pl(n, t) = Pl(n, t)(Q− Λl) + Pl(n− 1, t)Λl, l = 1, 2, · · · , R,

where Pl(−1, t) is the matrix 0.
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Then, it is easily shown that the matrix Pl(n, t) has the probability generating function

P l(z, t) ,
∞∑
n=0

Pl(n, t)z
n

= e[Q+(z−1)Λl]t, |z| ≤ 1, l = 1, 2, · · · , R.

3. ANALYSIS

3.1. System state distribution at token generation instants. We consider just the stationary
probability distribution of the system state. We first derive the system state distribution at token
generation instants. Let B(n)(T (n)) be the number of packets (tokens) in buffer (token pool,
respectively) just after the nth token generation instant. Since the arriving packets wait in
buffer only if there is no token, we express the state of buffer and token pool as follows:

S(n) , B(n) +M − T (n).

That is, if there are i tokens in token pool (B(n) = 0), then S(n) = M − i. Also, if there are i
packets in buffer (T (n) = 0), then S(n) = M + i. Finally, the process {(S(n), J(n)), n ≥ 0}
is a 2-dimensional Markov chain with finite state space {(0, 0), · · · (0, N), (1, 0), · · · , (M +
K − 1, N)}. Define the matrix Ak and Bl

k as

Ak = P1(k, T0), Bl
k = Pl(k, T1) k ≥ 0, l = 1, 2, · · · , R,

Then, the transition probability matrix Q of the Markov chain {(S(n), J(n)), n ≥ 0} is given
by

Q =

A0+A1 A2 ... AM+L0
AM+L0+1 ... AM+Ll

AM+Ll+1 ... AM+K−1 AM+K

A0 A1 ... AM+L0−1 AM+L0
... AM+Ll−1 AM+Ll

... AM+K−2 AM+K−1

0 A0 ... AM+L0−2 AM+L0−1 ... AM+Ll−2 AM+Ll−1 ... AM+K−3 AM+K−2

...
...

. . .
...

...
. . .

...
...

. . .
...

...
0 0 ... A1 A2 ... ALl−L0+1 ALl−L0+2 ... AK−L0

AK−L0+1

0 0 ... B1
0 B1

1 ... B1
Ll−L0

B1
Ll−L0+1 ... B1

K−L0−1 B
1
K−L0

0 0 ... 0 B1
0 ... B1

Ll−L0−1 B1
Ll−L0

... B1
K−L0−2 B

1
K−L0−1

...
...

. . .
...

...
. . .

...
...

. . .
...

...
0 0 ... 0 0 ... Bl

1 Bl
2 ... Bl

K−Ll
B

l
K−Ll+1

0 0 ... 0 0 ... Bl+1
0 Bl+1

1 ... Bl+1
K−Ll−1 B

l+1
K−Ll

0 0 ... 0 0 ... 0 Bl+1
0 ... Bl+1

K−Ll−2 B
l+1
K−Ll−1

...
...

. . .
...

...
. . .

...
...

. . .
...

...
0 0 ... 0 0 ... 0 0 ... BR

1 B
R
2

0 0 ... 0 0 ... 0 0 ... BR
0 B

R
1


where Ak =

∑∞
n=k An and B

l
k =

∑∞
n=k B

l
n.
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Finally, the stationary probability vector x of the Markov chain {(S(n), J(n)), n ≥ 0} is
given by solving the equations

x Q = x, x e = 1.

3.2. System state distribution at an arbitrary time point. In this section we derive the prob-
ability distribution of the system state at an arbitrary time point. Let T̃ (T̂ ) be the elapsed (re-
maining, respectively) token generation time at an arbitrary time point. Define the stationary
probabilities and the vectors

yn(j) = lim
t→∞

Pr{S(t) = n, J(t) = j},

yn = (yn(1), yn(2), · · · , yn(N)).

We also introduce the notation:

ξ(t) =

{
1, if the token is generated by interval T1

0, if the token is generated by interval T0,

Furthermore, we define the joint probability distribution of the system state and the remaining
token generation time at an arbitrary time τ as

αr(n, j, x)dx = Pr{S(τ) = n, ξ(τ) = r, J(τ) = j, x < T̂ ≤ x+ dx}, r = 0, 1.

Let α∗
r(n, j, s) and α∗

r(n, s) be the Laplace transform of αr(n, j, x) and the vector with
α∗
r(n, j, x) as its elements:

α∗
r(n, j, s) =

∫ ∞

0
e−sxαr(n, j, x)dx,

α∗
r(n, s) , (α∗

r(n, 1, s), α
∗
r(n, 2, s), · · · , α∗

r(n,N, s)).

In order to derive α∗
r(n, j, s)(r = 0, 1), we define the conditional joint probability βr(n, l, j1, j2, x)dx

as

βr(n, l, j1, j2, x)dx = Pr{ξ(τ) = r, n arrivals by Λl during T̃ , J(τ) = j2,

x < T̂ ≤ x+ dx | J(τ̄) = j1}, n ≥ 0, l = 1, · · · , R

where τ̄ is the starting time of the token generation interval including time τ .
We also define the Laplace transform β∗

r (n, l, j1, j2, s) of βr(n, l, j1, j2, x) and the matrix
β∗
r (n, l, s) with β∗

r (n, l, j1, j2, s) as (j1, j2)-element:

β∗
r (n, l, j1,j2, s) =

∫ ∞

0
e−sxβr(n, l, j1, j2, x)dx,

β∗
r (n, l, s) = (β∗

r (n, l, j1, j2, s))1≤j1,j2≤N , n ≥ 0, l = 1, 2, · · · , R.

Then, the vectors α∗
r(n, s)(r = 0, 1) satisfy the following equations:
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For 0 ≤ n < M +K

α∗
0(n, s) =

T0

E

min{n,M+L0−1}∑
k=0

xkβ
∗
0(n− k, 1, s),

where E ,
∑M

k=0 xk{(Λ1 − Q)−1 + T0}e +
∑M+L0−1

k=M+1 xkeT0 +
∑K−1

k=M+L0
xkeT1 is the

mean interdeparture time of packets[12].
Let

l
′ , l if M + Ll−1 ≤ n < M + Ll, l = 1, 2, · · · , R.

For M + L0 ≤ n < M +K

α∗
1(n, s) =

T1

E

l′−1∑
l=1

M+Ll−1∑
k=M+Ll−1

xkβ
∗
1(n− k, l, s)1{l′>1}

+
n∑

k=M+Ll′−1

xkβ
∗
1(n− k, l′, s)

 .

By the same method as in [12], β∗
r (n, l, s) is given as follows:

β∗
0(n, 1, s) =

1

T0

[
n∑

k=0

AkR
1
n−k(s)− e−sT0R1

n(s)

]
,

β∗
1(n, l, s) =

1

T1

[
n∑

k=0

Bl
kR

l
n−k(s)− e−sT1Rl

n(s)

]
, l = 1, 2, · · · , R,

where Rl
n(s) = (sI − Λl +Q)−1{Λl(Λl − sI −Q)−1}n.

Finally, substituting β∗
r (n, l, s)(r = 0, 1, l = 1, 2, · · · , R) into above equations, and putting

s = 0, we obtain the system state distribution yn = α∗
0(n, 0)+α∗

1(n, 0):
For 0 ≤ n < M + L0

yn =
1

E

{min{n,M+L0−1}∑
k=0

xk

n−k∑
m=0

Am +
n∑

k=M+L0

xk

n−k∑
m=0

B1
m}

· (Q− Λ1)
−1{Λ1(Λ1 −Q)−1}n−k−m

−
n∑

k=0

xk(Q− Λ1)
−1{Λ1(Λ1 −Q)−1}n−k

]
.
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For M + L0 ≤ n < M +K

yn =
1

E

[
M+L0−1∑

k=0

xk[

n−k∑
m=0

Am(Q− Λ1)
−1{Λ1(Λ1 −Q)−1}n−k−m

− (Q− Λ1)
−1{Λ1(Λ1 −Q)−1}n−k]

+

l
′−1∑
l=1

M+Ll−1∑
k=M+Ll−1

xk[

n−k∑
m=0

Bl
m(Q− Λl)

−1{Λl(Λl −Q)−1}n−k−m

− (Q− Λl′ )
−1{Λl′ (Λl′ −Q)−1}n−k]

+
n∑

k=M+L
l
′−1

xk[
n−k∑
m=0

Bl
′

m(Q− Λl′ )
−1{Λl′ (Λl′ −Q)−1}n−k−m

−(Q− Λl′ )
−1{Λl′ (Λl′ −Q)−1}n−k]

]
,

and

yM+K = Π−
M+K−1∑

n=0

yn.

Thus, by using the stationary system state distribution yn, we obtain the following:
(a) The packet loss probability (Ploss) for an arbitrary time point:

Ploss =
yM+K

∑R
l=1 Λ

∗
l e∑M+K

k=0 yk
∑R

l=1 Λ
∗
l e

.

where Λ∗
l =

∑M+L0
k=M xkeΛ11{l=1} +

∑M+Ll−1
k=M+Ll−1

xkeΛl.
(b) The mean queue length ( Mq)

Mq =

M+K∑
i=M

(i−M)yie

The effective arrival rate λ∗ is given by λ∗ = Π
∑R

l=1 Λ
∗
l e.

(c) By Little’s law, we obtain the mean waiting time (W ) in the system:

W =
Mq

λ∗(1− Ploss)
.

Remark : If there is no change of arrivals and token rates (i.e., Λl = Λ for all l, and T0 =
T1 = T ), then the system state distribution at an arbitrary time is given by

yn =
1

T

n∑
k=0

xk[

n−k∑
l=0

Al(Q− Λ)−1{Λ(Λ−Q)−1}n−k−l

− (Q− Λ)−1{Λ(Λ−Q)−1}n−k]
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where Bl
l = Al(l = 1, 2, · · · , R).

This coincides with result of [3].

4. NUMERICAL EXAMPLES

In this section, we give some numerical examples to show the effect of our proposed LB
scheme. We place two threshold values, L1 and L2 on the buffer. The loss probability and
the mean waiting time of our proposed LB scheme are examined as a function of the effective
arrival rate. As arrival process of packets, we use two-state MMPPs with

Q =

[
−σ12 σ12
σ21 −σ21

]
, Λ1 =

[
λ1 0
0 λ2

]
, Λ2 = Λ1/2, Λ3 = Λ1/4.

In all numerical examples, we take buffer size K = 10, σ12(= σ21) = 0.1 and λ2/λ1 = 6. We
also set the token generation intervals (T0, T1) equal to 1 ( i.e. L0 = 0 ).

We vary the system parameters to show the performance measures such as loss probability
and the mean waiting time of our proposed LB scheme.

First, in Figs. 1 and 2, the performance measures such as the loss probability and the mean
waiting time are compared for each of the LB scheme without threshold, with one threshold (L)
and with two thresholds ( L1, L2 ). When no threshold value is placed on buffer, the arrivals
follow MMPP with Λ1, when one, MMPPs with Λ1 and Λ2, and when two, MMPPs with
Λ1,Λ2, and Λ3. From the figures, we can show that the loss probability and the mean waiting
time are improved when the more thresholds are placed on buffer.
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FIGURE 1. Loss probability against total effective arrival rate
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FIGURE 2. Mean waiting time against total effective arrival rate
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FIGURE 3. Loss probability against total effective arrival rate
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Figs. 3 and 4 illustrate the loss probability and the mean waiting time, respectively, for
various values of the threshold values L1 and L2 when M = 5. From the figures, we can
observe that the loss probability and the mean waiting time are improved when the threshold
values L1 and L2 are given by smaller value relatively.
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FIGURE 4. Mean waiting time against total effective arrival rate

These results show that by choosing appropriate system parameters such as the number of
thresholds, threshold values and token pool size, we can control important performance mea-
sures such as loss probability and the waiting time. Finally, with appropriate system param-
eters, our proposed scheme can satisfy the QoS of users, and prevent congestion which may
occur in networks.

5. CONCLUSIONS

In this paper we analyzed the queueing model with dynamic MMPP arrivals and token rates.
With numerical examples, we examined how various system parameters and arrival processes
affected system performance. We expect the analysis results and the numerical examples to
help the system designers select appropriate system parameters and arrival process, when they
design their systems to prevent congestions and satisfy QoS of users.
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