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MINIMAL CLOZ-COVERS OF kX

YuN DoNG Jo AND CHANGIL Kim*

Abstract. In this paper, we first show that zxx : Ece(kX) — kX
is z#-irreducible and that if G(E..(8X)) is a base for closed sets
in X, then E..(kX) is C*-embedded in E..(8X), where kX is
the extension of X such that v.X C kX C X and kX is weakly
Lindel6f. Using these, we will show that if G(8X) is a base for closed
sets in X and for any weakly Lindeldf space Y with X C Y C
kX, kX =Y, then kEc.(X) = Ec.(kX) if and only if SE..(X) =
E..(8X).

1. Introduction

All spaces in this paper are Tychonoff spaces and SX(vX, resp.)
denotes the Stone-Cech compactification(Hewitt realcompactification,
resp.) of a space X .

Iliadis constructed the absolute of Hausdorff spaces, which is the mini-
mal extremally disconnected cover of Hausdorff spaces and they turn out
to be the perfect onto projective covers([5]). To generalize extremally
disconnected spaces, basically disconnected spaces, quasi-F spaces and
cloz-spaces have been introduced and their minimal covers have been
studied by various authors([3]). In these ramifications, minimal covers
of compact spaces can be nisely characterized.

In particular, Henriksen, Vermeer and Woods ([3]) introduced the
notion of cloz-spaces and they showed that every compact space X has
a minimal cloz-cover (E..(X), zx). In [6], it was shown that every space
has a minimal cloz-cover.

In this paper, we first show that zpx @ E..(kX) — kX is 27-
irreducible and that if G(E..(8X)) is a base for closed sets in fX, then
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E..(kX) is C*-embedded in E..(8X), where kX is the extension of X
such that v X C kX C X and kX is weakly Lindelof. Using these, we
will show that if G(8X) is a base for closed sets in X and for any weakly
Lindelof space Y with X CY C kX, kX =Y, then kE..(X) = Ec.(kX)
if and only if SE..(X) = Eq.(8X).

For the terminology, we refer to [1] and [9)].

2. Minimal cloz-covers of kX

The set R(X) of all regular closed sets in a space X, when partially
ordered by inclusion, becomes a complete Boolean algebra, in which the
join, meet, and complementation operations are defined as follows : for
any A € R(X) and any {4, |i € I} C R(X),

\/{Al | 1€ I} = ClX(U{AZ' | S I}),

NA; |1 eI} =clx(intx(N{A4; |i € 1})), and

A =cx(X —A)
and a sublattice of R(X) is a subset of R(X) that contains (), X and is
closed under finite joins and meets.

Recall that a map f : Y — X is called a covering map if it is a
continuous, onto, perfect, and irreducible map.

Lemma 2.1. ([3])

(1) Let f : Y — X be a covering map. Then the map ¢ : R(Y) —
R(X), defined by ¢(A) = f(A), is a Boolean isomorphism and the
inverse map ~! of 1 is given by ¥ 1(B) = cly(f~(intx(B))) =
cly (inty (f~1(B))).

(2) Let X be a dense subspace of a space K. Then the map ¢ : R(K) —
R(X), defined by ¢(A) = AN X, is a Boolean isomorphism and the
inverse map ¢! of ¢ is given by ¢~ '(B) = clk(B).

Definition 2.2. Let X be a space.

(1) A cozero-set C in X is said to be a complemented cozero-set in X if
there is a cozero-set D in X such that CN D =@ and C' U D is a dense
subset of X. In case, {C, D} is called a complemented pair of cozero-sets
in X.

(2) Let G(X) = {clx(C) | C is a complemented cozero-set in X }.

Let X be a space and Z(X)# = {clx(intx(A)) | Ais azero-set in X }.
Suppose that {C, D} is a complemented pair of cozero-sets in X. Then
clx(C) = clx (X —D) and since clx (X — D) € Z(X)#, clx(C) € Z(X)*.
Hence G(X) = {A € Z(X)¥ | A’ € Z(X)#} and G(X) is a Boolean
subalgebra of R(X).
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Since X is C*-embedded in X, by Lemma 2.1., G(X) and G(5X)
are Boolean isomorphic.

Definition 2.3. ([3]) A space X is called a cloz-space if every element
of G(X) is a clopen set in X.

A space X is a cloz-space if and only if 5X is a cloz-space([3]).

Definition 2.4. Let X be a space.
(1) A pair (Y, f) is called a cloz-cover of X if Y is a cloz-space and
f:Y — X is a covering map.
(2) A cloz-cover (Y, f) of X is called a minimal cloz-cover of X if for
any cloz-cover (Z,g) of X, there is a covering map h : Z — Y with

foh=yg.

Let B be a Boolean subalgebra of R(X). Let S(B) = {a | ais a
B-ultrafilter} and for any B € B, let ¥5 = {a € S(B) | B € a}. Then
the space S(B), equipped with the topology for which {¥5 | B € B}
is a base, called the Stone-space of B. Then S(B) is a compact zero-
dimensional space([9]).

Henriksen, Vermeer and Woods showed that every compact space
X has the minimal cloz-cover (E..(X), zx). Let X be a compact space,
S(G(X)) the Stone-space of G(X) and E..(X) = {(a,z) |z € N{A| A €
a}} the subspace of the product space S(G(X)) x X. Then (Ee.(X), zx)
is the minimal cloz-cover of X, where zx ((a, x)) = x([3]). It was shown
that every space has a minimal cloz-cover([7]).

For any space X, let 23 = 25x.

Lemma 2.5. ([6]) Let X be a space. If zbfl(X) is a cloz-space, then

(,z:/gl(X)7 28y ) is the minimal cloz-cover of X.

A z-filter F on a space X is called real if F is closed under countable
intersections.

For any space X, let kX = vX U{p € X — vX | there is a real
z-filter F on X such that N{cl,x(F) | F € F} =0 and p € N{clgx (F) |
F € F}}. Then kX is an extension of a space X such that vX C kX C
BX([S]).

A space X is called a weakly Lindelof space if for any open cover U
of X, there is a countable subfamily V of ¢ such that U{V | V € V} is
a dense subset of X. It is well-known that a space X is weakly Lindelof
if and only if for any R(X)-filter F with the countable meet property,
N{F|FeF}#0.
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Lemma 2.6. ([8]) Let X be a space. Then kX is a weakly Lindel6f
space and for any continuous map f : X — Y, there is a continuous
map fr : kX — kY such that frokx = ky o f.

Let X be a space. For any B € G(8X), let E%(ﬁx) =Ypand (X¥p x
X)N Ee(kX) = op. Then for any B € G(8X), 23(¥p x X) = B.
Let z, = 25, : z;l(kX ) — kX be the restriction and corestriction

of zg with respect to zgl(kX ) and kX, respectively. Clearly, we have
the following lemma :

We recall that a covering map f : Y — X is called z#-irreducible
if f(Z(Y)#) = Z(X)#. Let f:Y — X be a covering map and Z a
zero-set in X. By Lemma 2.1, f(cly (inty(f~1(2)))) = cx(intx(Z))
and cly (inty (f~4(2))) € Z(X)#. Hence Z(X)# C f(Z(Y)#) and so
f:Y — X is z#-irreducible if and only if f(Z(Y)#) C Z(X)*.

Lemma 2.7. Let f:Y — X and g : W — Y be covering maps.
Then fog: W — X is z#-irreducible if and only if f : Y — X and
g: W — Y are z%-irreducible.

Let X be a space such that G(X) is a base for closed sets in X. Then
E.(X)={ae S(G(X)) | Na # 0} is the subspace of S(G(X))([6]).

Theorem 2.8. Let X be a space. Then we have the following :

21, is 2% -irreducible,

(1)
(2)
(3) 2r(G(25" (kX)) = G(kX),
E )

5) if G(Eq(8X)) is a base for closed sets in BX, then E..(kX) is C*-
embedded in E..(X)

Proof. (1) Let T = zgl(kX). Suppose that there is an R(T)-filter F
with the countable meet property such that N{F | F € F} = (.

We first claim that N{z(F) | F € F} = 0. Suppose that N{zx(F) |
F e F} #0. Pick x € n{z(F) | F € F}. Note that for any A C R(T),
AA C NA. Since F has the countable meet property, F has the finte
intersection property. Hence {F Nz '(z) | F € F} is a family of closed
sets in 2, '(z) with the finite intersection property. Since z; () is a
compact subset in 7, "{F Nz, '(z) | F € F} # 0 and so N{F | F €
F} # 0. This is a contradiction.

Hence N{zi(F) | F € F} = ). Since kX is a weakly Lindelof space,
there is a sequence (F,) in F such that clyx(U{kX — 2zx(F),) | n €
N}) = kX. Let F € F. Then z,'(24(T — F)) 2 T — F and hence
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2k(F") D 2p(T—F) D kX —2(F). Thus clpx (U{zk(F}) | n € N}) = kX.
Note that
kX = clpx (U{zk(Fy) [ n € N})
— clix (s1(U{E, | n € N})
= z(clr (U{F, [ n € N}))
= z(V{F, | n € N}).
Since zj is an irreducible map, by Lemma 2.1, V{F] |n € N} =T and

so (V{F), |n€ N} =A{F,|né&N}=0. Since F has the countable
meet property, it is a contradiction. Hence T is a weakly Lindel6f space.

(2) Take any Z € Z(T)#. By (1), T is a weakly Lindelf space and
hence there is a sequence (A,) in Z(E..(8X))* such that T — Z
Ap..x)(H{T — Ay [ne N}) N (T - Z) and for any n € N, T — A,
T — Z. Then clearly, Z C clg, gx)(intg,.sx)(N{An | n € N})) N
NA, | ne€ N}NT. Futher,

and hence A{A,NT |n€ N} C Z. Thus Z = (AN{A4,, | n € N})NT. Note
that 2,(Z) = 23(AM{An | n € N}) NkX = (A{z3(4,) | n € N})NEkX.

Since A{A, | n € N} € Z(E.(8X))* and z is z#-irreducible, 2;(Z) €
Z(kX)%.

in 1l

(3) Clearly, G(kX) C 2x(G(T)). Let B € G(T). Then B, B’ € Z(T)*.
By (2) zj is z%-irreducible and so 2;(B),2zx(B) € Z(kX)#. Hence
zk(B) € G(kX) and thus 2z, (G(T')) C G(kX).

(4) Let B € G(T'). By (3), thereis an A € G(8X) such that ANkX =
zk(B). Then clg, (sx) (intEcc(gx)(zﬂ_l(A))) is a clopen set in E..(8X)
and clECC(BX)(intECC(/BX)(zgl(A))) N T = B. Hence B is clopen in T

and so T is a cloz-space. By Lemma 2.5, (zgl(kX), z)) is the minimal
cloz-cover of kX.

(5) Suppose that G(E..(8X)) is a base for closed sets in 5X. Then
E..(X) = S(G(BX))([3])and E..(BX) is a zero-dimensional space.
Since z/gl (kX) is the minimal cloz-cover of kX, BE..(kX) and S(z;(G(T)))
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are homeomorphic ([7]). By (3), S(zx(G(T))) and S(G(kX)) are home-
omorphic. By Lemma 2.1, G(kX) and G(5X) are Boolean isomorphic
and so SE..(kX) is homeomorphic to E..(5X). O

Let X be a space. Then there is a covering map g : SE.(X) —
E..(6X) such that zg0go g, (x) = fx o zx. By Lemma 2.6, there is a
unique continuous map z§( : kEee(X) — kX such that zé“( okp.(x)=
kxozx. Since kg, (x) is a dense embedding, Bkon§( = 25090 BrE..(X)-
Hence there is a continuous map ! : kE..(X) — E.(kX) such that
jol=goByp..(x)and zol = 25([9]), where j : Ecc(kX) — E.(8X).

Corollary 2.9. Let X be a space such that G(fX) is a base for
closed sets in fX and kE..(X) = Ec..(kX), that is, | : kE..(X) —
E..(kX) is a homeomeorphism. Then BE.(X) = E.(8X), that is,
g : BE.(X) — E.(BX) is a homeomeorphism ([1]).

Proof. Since | : kE..(X) — Eq.(kX) is a homeomorphism, by The-
orem 2.8, kE.(X) is C*-embedded in E.(8X). Hence SE.(X) =
BkEc(X) = Eq(SX). Thus g is a homeomorphism. O

Let X be a space such that SE..(X) = Eq.(X). Then g : fEq..(X) —
Eee(8X) is a homeomorphsim such that j ol = go Byp, (x). Since
9 ° BrE..(x) is an embedding, ! is an embedding.

Theorem 2.10. Let X be a space such that G(SX) is a base for
closed sets in BX and for any weakly Lindeldf space Y with X CY C
kX, kX =Y. Then kE..(X) = E.(kX) if and only if fE..(X) =
Eeo(5X).

Proof. Suppose that SE..(X) = E.(6X). Then cleraly, zgl(X) =
Eeo(X). Let m = 2% : kEqo(X) — kX.

We first claim that m(kE.(X)) is a weakly Lindelof space. Take
any open cover U of m(kEe(X)). Then V = {m~Y(U) | U € U} is
an open cover of kE..(X). Since kE..(X) is a weakly Lindel6f space,
there is a countable subfamily Uy of U such that U{m~Y(U) |U € Up} =
m~YU{U | U € U}) is dense in m(kE.(X)). Since m is continuous,
U{U | U € Up} is dense in m(kEq.(X)). Hence m(kE..(X)) is weakly
Lindelof.

Since X C m(kE.(X)) C kX, by the assumption, m(kE.(X)) =
kX and so m is onto. Take any x € kX. Since m is an onto map
and zx is a covering map, m(kEq.(X) — Ec(X)) = kX — X([9]). Since
Bex om = zz0g0 Brax, m (x) = (z509) Hx) C kEee(X) — Ece(X).
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Since z5 o g is a covering map, m~!(z) is a compact subset of kE..(X)
and hence m is a compact map.

Let F be a closed set in kE..(X) and z € kX —m(F). Then m~(x)N
F = . Since m~!(x) is a comact space and E..(8X) is the Stone space
of G(BX), there is a B € G(3X) such that m~!(z) C ¥p and F C Xp.
Since z3(¥) = B’ and zgl(x) NYp =m Y (z)NXp =0,z ¢ B'. Since
cgx(m(F)) C B, x ¢ clgx(m(F)). Thus m is a closed map and so m
is a perfect map.

Since zp 0 g o Byg..(x) = Brkx ©m and 2z o g is a covering map, m is
a covering map. Since kE..(X) is a cloz-space, there is a covering map
t: kE.(X) — E.(kX) such that z; ot = m. Since kE..(X) is C*-
embedded in BE..(X) and zg 0 g : BE.(X) — BX is z#-irreducible,
m is z#-irreducible. Hence by Lemma 2.7, t is z#-irreducible.

Take any 61 # 02 in kE.(X). Note that SE.(X) = S(G(SX))
and kE..(X) C BE.(X). Then there are A, B € G(5X) such that
81 €04, 0y € op and o4 Nop = (). Since m is z#-irreducible, m(c4) =
zi(t(oca)) € G(kX). Hence clEcc(kX)(z];l(zk(t(JA)))) =t(04) is a clopen
set in E..(kX). Similarly, t(op) is a clopen set in E..(kX). Since
t(oa) Nt(oa) =0, t(ca) Nt(ca) = 0. Since t(61) € t(oa) and t(d2) €
t(op), t is one-to-one and hence ¢ is a homeomorphism. O
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