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AN ELIGIBLE KERNEL BASED PRIMAL-DUAL
INTERIOR-POINT METHOD FOR LINEAR
OPTIMIZATION

GYEONG-M1 CHO

Abstract. It is well known that each kernel function defines a
primal-dual interior-point method (IPM). Most of polynomial-time
interior-point algorithms for linear optimization (LO) are based on
the logarithmic kernel function ([9]). In this paper we define a
new eligible kernel function and propose a new search direction
and proximity function based on this function for LO problems.
We show that the new algorithm has O((log p)% v/nlognlog %) and
(’)(q%(log p)®/nlog ™) iteration complexity for large- and small-
update methods, respectively. These are currently the best known
complexity results for such methods.

1. Introduction

In this paper we propose a new primal-dual IPM for the following
standard LO problem

(1.1) min{c’z : Az = b, >0},

where A € R™*" with rank(A4) = m, ¢, x € R", b € R™, and its dual
problem

(1.2) max{bTy: ATy +s=r¢ s>0},

where y € R™ and s € R"™.

Since Karmarkar’s paper ([5]) in 1984, interior-point methods (IPMs)
have shown their efficiency in solving large-scale LO problems with a
wide variety of successful applications. In this paper, we propose a new
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primal-dual IPM based on an eligible kernel function. It is generally
agreed that the iteration complexity of the algorithm is an appropriate
measure for its efficiency.

Peng et al. ([7]) proposed new variants of IPMs based on self-regular
kernel functions and obtained the best known complexity results for
large- and small-update methods for LO with a specific self-regular ker-
nel function and extended to more general optimization problems. Re-
cently, Roos et al. ([1, 3]) proposed new primal-dual IPMs for LO prob-
lems based on eligible kernel functions and obtained the best known
complexity results of large- and small-update methods. They also pro-
posed the framework for analyzing the algorithm based on four condi-
tions on kernel function and generalized those methods to the general
optimization problem ([4]).

Motivated by their works, in this paper, we define a new kernel func-
tion which includes the kernel function in [2] as a special case and pro-
pose a new primal-dual IPM for LO problems based on this function
and improves the complexity result of [2] for large-update method. For
the complexity analysis we follow the framework in [2]. We show that
the algorithm has O((logp)%\/ﬁlogn log %) and (’)(q% (logp)®y/n log 2)
iteration complexity for large- and small-update methods, respectively,
where p > e, ¢ > 1, € is a desired accuracy, and n is a dimension of the
problem. These bounds are currently the best known complexity results
for such methods.

The paper is organized as follows. In Section 2, we recall the generic
IPM. In Section 3, we define a new kernel function and give its properties
which are essential for the complexity analysis. In Section 4, we propose
the new algorithm and derive the complexity result for both large- and
small-update methods. Finally, concluding remarks are given in Section
5.

We use the following notations throughout the paper. Rt and RY ,
denote the set of n-dimensional nonnegative and positive vectors, re-
spectively. For x,s € R™, xn, and xs denote the smallest component
of the vector x and the componentwise product of the vectors x and
s, respectively. We denote X the diagonal matrix from a vector =,
i.e. X = diag(z). e denotes the n-dimensional vector of ones and e,
the Euler’s number. For notational convenience we denote the natu-
ral logarithm by log. For f(z), g(z) : Ry — Ryy, f(x) = O(g(x))
if f(x) < c1g(x) for some positive constant ¢; and f(xz) = O(g(x)) if
cag(z) < f(z) < e3g(x) for some positive constants co and cs.
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2. Preliminaries

In this section, we recall the basic concepts and propose the generic
algorithm. Without loss of generality, we assume that both problem
(1.1) and (1.2) satisfy the interior-point condition (IPC) ([8]), i.e. there
exists (29,9, s%) such that

Az’ =b, 29 >0, ATy + " =¢, s° > 0.

By the duality theorem (Theorem II.2 in [8]), finding an optimal solution
of problem (1.1) and (1.2) is equivalent to solving the following system:

(2.1) Ar=b, >0, ATy+s=c¢, s>0, zs = 0.

The basic idea of primal-dual IPMs is to replace the third equation
in (2.1) by the parameterized equation zs = pe with p > 0. Now we
consider the following system:

(2.2) Az =b, >0, Aly+s=c, s>0, zs = pe.

If the IPC holds, then the system (2.2) has a unique solution for each p >
0 ([6]). We denote this solution as (x(u), y(u), s(r)) and call z(p) the u-
center of (1.1) and (y(u), s(u)) the p-center of (1.2). The set of u-centers
(1 > 0) is the central path of (1.1) and (1.2). The limit of the central
path (as p goes to zero) exists and since the limit point satisfies (2.1), it
naturally yields optimal solutions for (1.1) and (1.2) ([8]). Primal-dual
IPMs follow the central path approximately and approach the solution
of (1.1) and (1.2) as u goes to zero.

For given (x,v,s) := (2%, 4°, s°) by applying Newton’s method to the
system (2.2) we have the following Newton system

(2.3) AAz =0, ATAy + As =0, sAz + zAs = pe — xs.

Since A has full row rank, the system (2.3) has a unique search direc-
tion vector (Ax, Ay, As). By taking a step along the search direction
(Ax, Ay, As), one constructs a new iteration (x4, y4,sy) with

Ty =x+ alx, yr =y + alAy, s; = s+ aAs,

for some « > 0.
For the motivation of the new algorithm we define the scaled vectors
as follows:

A A
(2.4) vi= ﬁ, dy = M, ds := ves
V ou T s

Using (2.4), we can rewrite the system (2.3) as follows:

(2.5) Ad, =0, ATAy+d, =0, dy+ds =v" — v,




238 Gyeong-Mi Cho

where A = iAV_lX, V := diag(v), and X := diag(z). Note that the
right hand side of the third equation in (2.5) equals the negative gradient
of the logarithmic barrier function ¥;(v), i.e.

(2.6) dy + dy = —V,(v),

where
W)=Y v =3 (5 s v
lv'_,illvl_,il B og v; ) .
We call 1/ the kernel function of the logarithmic barrier function ¥;(v).
We call ¥ : R4+ — Ry a kernel function if v is twice differentiable and

satisfies the following conditions:

(2.7) ¢¥'(1) =v(1) =0, ¥"(¢t) >0, Vt >0, lim ¢(¢) = lim ¥(¢) = oo.
t—0t t—o00

For a kernel function «(t), we define W(v) := > ; ¢ (v;). In this paper

we replace ¥;(v) in (2.6) by ¥(v).

Note that d, and ds are orthogonal because the vector d, belongs to

null space and dy to the row space of the matrix A. Since d, and ds are
orthogonal, we have

dg=ds=0 ©VU¥(v)=0 < v=e
SVY0w)=0 & z=2x(u), s=s(p).

We use U(v) as the proximity function which measures the distance
between current iteration and corresponding p-center. Also, we define
the norm-based proximity measure d(v) as follows: for v € R} |,

(28) 5(0) 1= SIVE@I| = 5llds + ]|

The generic IPM works as follows: Assume that we are given a strictly
feasible point (z,y, s) which is in a 7-neighborhood of the given u-center.
Then we decrease p to py := (1 —0)p, for some fixed § € (0,1) and then
we solve the Newton system (2.3) to obtain the unique search direction.
The positivity condition of a new iteration is ensured with the right
choice of the step size « which is defined by some line search rule. This
procedure is repeated until we find a new iteration (z4,yy,sy) that
is in a 7T-neighborhood of the pi-center and then we let pu := p4 and
(z,y,8) == (4,Y+, S+ ). Then u is again reduced by the factor 1 — 6 and
we solve the Newton system targeting at the new p-center, and so on.
This process is repeated until y is small enough, i.e. nu < €.
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Generic Primal-Dual Algorithm for LO

Input:

a threshold parameter 7 > 1;

an accuracy parameter ¢ > 0;

a fixed barrier update parameter 6, 0 < 6 < 1;
(2°,5%) and p° := 1 such that ¥;(20,s° u%) < 7.
begin

=% s:=350% p:=pu’

while ny > € do

begin

= (1= 0)u;
while ¥;(v) > 7 do
begin

Solve the system (2.3) for Az, Ay, As,
Determine a step size a;

T =1+ alux;
s:= s+ als;
y =y + aly;
vi=,/E

)
end
end
end

Remark 2.1. If 0 is a constant independent of the dimension of

the problem n, e.g. 0 = %, then we call the algorithm a large-update

method. If @ depends on n, e.g. § = —=, then the algorithm is called a

n’

small-update method.

3. The kernel function

In this section, we define a new kernel function and give its properties
which are essential to the complexity analysis.
Consider a function v (t) as follows:

1 ?—-1) 1
%Jrf(pq@‘”—l), p>e qg>1,t>0.

(31) () = 220 ;
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Then we have the following:
¥/(t) = (logp)t — (log p)t~p ™Y,
(32)  ¢(t) = (logp) + (log p)t~*(g(logp) + 21)p T =Y,
¥ () = —(log p)t~*(¢*(log p)?* + 6g(log p)t + 6t*)p?i =Y.
From (3.2) and (2.7), ¢(t) is a kernel function and for p > e, ¢ > 1,
(3.3) P(t) > 1, t > 0.
When ¢ =1 and p = e, 9(t) is a kernel function in [2].

Lemma 3.1. For ¢(t) as in (3.1), we have for p > e and q > 1,
(1) ty"(t) + '(t) > 0, t > 0, i.e. P(t) is exponentially convex for t > 0,
(i1) B3 (t) <0, t >0,

(#1) t" (t) —'(t) > 0, ¢t > 0,
(iv) 2(4"(1))* = ¢'()P(t) > 0, 1 > 0.
Proof: For (i), using (3.2), we have for p > e, ¢ > 1 and t > 0,

1" (1) + 0 (1) = 2(log p)t + (log p)t~*(a(logp) + )¢~V > 0.
Hence 9 (t) is exponentially convex, t > 0.
For (ii), from (3.2), ¥®)(t) < 0.
For (iii), using (3.2), we have

1 (1) — /() = (log p)t > (q(log p) + 30)p*: =) > 0, £ > 0.
For (iv), using (3.2), we have for ¢ > 0,
2(¢"(t)” — ¢/ ()@ (1)
= (logp)?~ (26° + (1442 + 10g(log p)t + ¢>(log p)?) t3pi(i V)

+ (2752 + 2q(log p)t + q2(logp)2) p2q(%_1)) > 0.
This completes the proof. O

Note that we call 1)(¢) an eligible function if ¥(¢) satisfies four conditions
of Lemma 3.1.

Remark 3.2. (i) By Lemma 2.4 in [2], if 1(t) satisfies Lemma 3.1
(74) and (iii), then v(t) satisfies

O () (B) — By ()Y (Bt) > 0, t> 1, B> 1.
(ii) By Lemma 2.1.2 in |

(3.4) P(Vtitz) <

7], Lemma 3.1 (i) is equivalent to
1
5 (¥(t1) +9(t2)), t1 >0, 12> 0.
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Lemma 3.3. For ¢(t) with p > e and q¢ > 1, we have
() 3t =1 < ¥(t) < 3('1)% t>0,
(i1) p(t) < (logp)(32+qlogp) (t—1)2 t>1,
(iii) (t) < BP(A2—1), t > 1.

Proof: For (i), using the first condition of (2.7) and (3.3), we have

//1//’ dCd§>//dCd§— (t—1)>

which proves the first inequality. The second inequality is obtained as

follows:
t pé t ré
_ /1 /1 ¥ (C)dede < /1 /1 ()W ()dCde

t t 1
= [wow©ds= [ wea©o = 5w m)?
1 1

r (i), using Taylor’s Theorem, (1) = ¢'(1) = 0, ¥®) < 0, and
w”( ) = (logp)(3 + qlogp), we have for p > e, ¢ >1and ¢t > 1,

90 = () + 8 (1)~ 1)+ 28" ()~ 17 + @@~ 1)

1 " 1
= S0 (= D2+ OO - 1)

- %¢”(1)(t 2= (10gp)(32+ alogp) ;)2

for some £, 1 < ¢ < t.
For (iii), by the definition of 1 (t), ¥(t) < 10%(1&2 — 1), t > 1. This
completes the proof. O

Let o : [0,00) — [1,00) be the inverse function of v (t) for ¢ > 1 and
p :[0,00) — (0,1], the inverse function of —%1#, (t) for t € (0,1]. Then
we have the following lemma.

Lemma 3.4. For ¢(t) with p > e, ¢ > 1, we have
(i) o(s) <1++/2s, s >0,

L. log p
(@) pl2) = (log p)+q¢~ ! log(25E282)” z20.

Proof: For (i), using Lemma 3.3 (i), we have s = ¢(t) > (tgl)Q. Then
we have

t=op(s) <1++V2s, s>0.
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For (ii), let z = —31/(t), for all ¢ € (0,1]. Then by the definition of p,

p(z) =t,t € (0,1] and 22 = —¢'(t). So we have 2z = (logp)t—2p a(3-1) _
(log p)t.
pQ(%*1)<w7 p>e, 0<t<l.
log p
Hence we have

p(z)=t> logp

, 22> 0. 0
(logp) + ¢~ log (35262

4. Complexity analysis

In this section, we compute a growth bound due to the update of
the barrier parameter during an outer iteration, a default step size and
the decrease of the proximity function during an inner iteration and
give the complexity results of the algorithm. In this paper, we replace
the logarithmic barrier function ¥;(v) in (2.6) with the eligible barrier
function ¥(v) as follows:

(4.1) dy + dy = —VT(0),

where W(v) = 37", ¢(v;), where ¢(t) is defined in (3.1).
Using Remark 3.2 (i), we have the following lemma. The reader can
refer to Theorem 3.2 in [2] for the proof.

Lemma 4.1. Let g : [0,00) — [1,00) be the inverse function of ¥ (t),
t > 1. Then we have

(Bv) <mip (BQ <

\Ij?(]v)>) , vER4, B> 1

In the following theorem we obtain an estimate for the effect of a u-
update on the value of ¥(v).

Theorem 4.2. Let 0 <0 <1 and vy =
have

(i) W(y) < LBpEHlonn) (/g /o7 )?,
(i) W(vy) < }ng) (27 + 2v/27n + 0n).

\A’Te. If U(v) < 7, then we

W (v)
Proof: For (i), since and Q( G )) > 1, we have g( = )

L >
, Lemma 3.3 (i), Lemma 3.4 (7), and

Using Lemma 4.1 with
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U(v) < 7, we have

.(22)

U(v,) < )
v\ _ A\
 n(logp)(3 + qlogp) Q( n ) 1-0
- 2 V1—16
2
2T
_ nllogp)(3+qlogp) (LW —VI—0
- 2 1-6
(log p)(3 + qlog p) 2
< 0+ v2
= 2(1—0) (\/ﬁ + T) ’
where the last inequality holds from 1—v/1 — 6 = 1+\§ﬂ <0,0<0<1.
For (i7), using Lemma 4.1, Lemma 3.4 (i), ¥(v) < 7, and Lemma 3.3
(iid),
o (M) L+ %
U < — | < —
log p
2 2v/2 on).
< 2(1_9)( T+ 2V27mn + 0n)
This completes the proof. O
Denote
- 2
§, — (3 +alogp)logp (\/MJF@) 7
(4.2) 2(1-10)
' T — (27 4+ 2v21n + 6n) logp
0~ 2(1—6) '

We will use ¥ and ¥, as upper bounds of small- and large-update
methods for ¥(v) during the process of the algorithm. We define the
value of W (v) after the p-update as ¥y and the subsequent values in the
same outer iteration are denoted as ¥y, k =1,2,--- . Then we have

lI/() < min{\ifg, \I/()}

Let K denote the total number of inner iterations per outer iteration.
Then we have

U 1>7, 0 U <.
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Remark 4.3. For small-update method with 7 = O(1) and 0 =
6(%), Uy = O(q(log p)?) and for large-update method with 7 = O(n)
and 0 = O(1), ¥y = O((logp)n).

In the following we compute a default step size.

For fixed p, if we take a step size «, then we have new iterations z, :=
x4+ alAzx, sy = s+ alAs. Using (2.4), we have

Az dy T
Ty =2 (e—i—a) =x (e—l—a) = ;(U—i-adx)

x v

As ds S
sp=sleta—|=sleta— | =—(v+ady).
S (% v

Thus we have

and

vy = 93+MS+ = (v + ady) (v + ady).

Define for a > 0,

f(@) == W(vy) — W),
Then f(«) is the difference of proximities between a new iteration and
a current iteration for fixed p. From (3.4), we have

U(vs) = U <\/(u T ady) (v + ads)> < % (U(v+ ady) + U(v + ads)).
Hence we have f(«) < fi(«), where
(4.3) fila) = % (T(v+ ady) + U(v + ady)) — T(v).

Obviously, we have
f(0) = f1(0) =0.

By taking the derivative of fi(«) with respect to a, we have

1 n

f{ (a) = 5 Z (1//(01' + a[dx]l)[dz]z + ¢,(Ui + a[ds]l)[ds]l) s
i=1

where [d;]; and [ds]; denote the ith components of the vectors d, and
ds, respectively. Using (4.1) and (2.8), we have

£1(0) = %V\II(U)T(dr +dy) = —%V\II(U)TV\I/(U) — _o(5(v)2
Differentiating f](«) with respect to a, we have
(4.4)  fl(a) = % Y (" (i + alda]i)[da] + 9" (v + aldg]i)[ds]7) -

i=1
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Since f](a) > 0, f1(«) is strictly convex in « unless d, = ds = 0.

Lemma 4.4. Let §(v) be as defined in (2.8). Then we have

(o)
2

d(v) >

Proof: Using Lemma 3.3 (i), we have

n n

W) = D) < 5 30 (W) = LIVE)| = 20%(0).

i=1 i=1

Hence we have §(v) > % O

For notational convenience we denote 0 := §(v) and ¥ := U(v).

Lemma 4.5. (Lemma 4.2 in [2]) If the step size « satisfies the in-
equality

(45) —W(Umm - 20‘5) + ¢/(Umin) S 257
then we have
fila) <0.

Lemma 4.6. (Lemma 4.3 in [2]) Let p : [0,00) — (0, 1] denote the
inverse function of —%w’ (t) for all t € (0,1]. Then, in the worst case, the
largest step size & satisfying (4.5) is given by

&= =(0(6) — p(20)).

Lemma 4.7. (Lemma 4.4 in [2]) Let p and & be as defined in Lemma
4.6. Then we have

. 1
“Z e
Define
(4.6) Gim—
P"(p(20))

Then & < & and we will use & as the default step size.

In the following we compute the decrement of the proximity function
during an inner iteration.
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Lemma 4.8. (Theorem 4.6 in [2]) Let & be as defined in (4.6). Then
we have

_ 62
(4.7) fla) < —W-

By Lemma 3.1 (iv), we have the following lemma.

Lemma 4.9. (Lemma 4.7 in [2]) The right-hand side of (4.7) is mono-
tonically decreasing in 4.

Theorem 4.10. Let & be as defined in (4.6) and 7 > 1. Then
VU

~-
2(log p) (1 + 3q(log p) (1 + 2v/2) (1 + TTogp 108 (2@;1%1,)) )

fla) < —

Proof: Using Lemma 4.8, Lemma 4.9 and Lemma 4.4, we have
52 1 v

4.8 faAp<——— - < ————————,

9 W= =) = T 2 va)

Since ¥ > 7 > 1, 14+2v2V < (142v/2)v/¥. By Lemma 3.4 (ii), Lemma
3.1 (ii), (3.2), p > eand ¢ > 1,

0 (p(V20)) < 0 ( L >)

qlogp + log (72\/%;}1,0“

IN

4
1 2v20 41
(log p) + 3q(log p)* (1+qlogplog< vau ng)) (1+2v2)¥

logp
2v2¥ + logp ‘ o3
logp ’

IN

(logp) (1 + 3q(log p) (1 + 2v2) (1 + ql(igp log (

Using (4.8) and ¥ < Uy, we have

fla)
v

) 2v/2%+lo 4 1
2(logp) (1 + 3q(logp)(1 + 2\/5) (1 + ql(}gp log ( N gp)) ) e
T
o~
2(log p) (1 + 3q(log p)(1 4+ 2v/2) (1 + —— log (2\/2‘1’0+10gp>) )

<

S

S_

qlogp log p
This completes the proof. O

In the following we compute the complexity bounds of the algorithm.
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Lemma 4.11. (Lemma 1.3.2 in [7]) Let to,t1,- - -, {5 be a sequence
of positive numbers such that

tk‘+1 Stk_’ytllg_ﬁ7 k:0717”'7K_17
- _ B
where v >0 and 0 < 8 < 1. Then K < {tOJ.

Lemma 4.12. Let K be the total number of inner iterations in an

outer iteration. Then we have
4
2/2W I 1
log( ot ng)) )lllé

qlogp

K < 4(logp) <1 + 3q(log p)(1 + 2v/2) <1 + ogp

Proof: Using Theorem 4.10 and Lemma 4.11 with
10g (2\/2‘Ilo+logp>

1 I
—:=2(logp) | 1+ 3q(logp)(1+2v2) [ 1+ i ;
v qlogp
1
= = 2,
p
we have
4
K < 4(logp) [ 1+ 3q(logp)(1 +2V/2) (1 +— log <2V 2% + 10gp>) wZ
qlogp logp
This completes the proof. O

Theorem 4.13. Let a LO problem be given and 7 > 1. Then the
total number of iterations to have an approximate solution with nu < €
is bounded by

4
4(log p) (1 + 3q(log p) (1 + 2v/2) (1 + oy log (2¢2x11/:()g4;)10gp>) )
0

1
WE log =~
€

Proof: If the central path parameter i has the initial value x° := 1 and
is updated by multiplying 1 — 6 with 0 < 0 < 1, then after at most

0 ge

iterations we have nu < €([8]). For the total number of iterations, we
multiply the number of inner iterations by that of outer iterations. Hence
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the total number of iterations is bounded by

4
4(log p) (1 + 3q(logp)(1 + 2v/2) (1 + qh}gp log (2\/2\11;0;1-)10%)) )
0

1
WE log =
€

O

Remark 4.14. By Remark 4.3, for large-update methods with T =

O(n) and § = ©(1), by taking q := log (W), the algorithm has

O((logp)g\/ﬁlognlog %) iteration complexity for p > e. For small-

update methods with 7 = O(1) and 6 = @(ﬁ), we have (9(q%(logp)3

v/n log ) iteration complexity for ¢ > 1 and p > e. These are the best
known complexity results for such methods.

5. Concluding remarks

Motivated by recent works of Roos et al.([2]) we propose a new eligible
kernel function which generalizes the kernel function in [2] and define a
primal-dual IPM for LO problems and improves the iteration complexity

of the algorithm in [2]. Furthermore we have O((log p)%\/ﬁlognlog Z)

and O(q% (logp)3y/n log %) complexity bound for large- and small-update
methods which are the best known iteration bounds for such methods.

Future research might focus on the extension to semidefinite opti-
mization and symmetric cone optimization. Numerical tests will be an-
other topic for future research.
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