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A TIME-INDEPENDENT CONDITIONAL
FOURIER-FEYNMAN TRANSFORM AND
CONVOLUTION PRODUCT ON AN ANALOGUE OF
WIENER SPACE

DonGg HyuN CHO

Abstract. Let C[0,t] denote the function space of all real-valued
continuous paths on [0,t]. Define X, : C[0,t] — R"*! by X,,(z) =
(z(to),z(t1), -+ ,z(tn)), where 0 = tg < t1 < -+ < tp < tisa
partition of [0,¢]. In the present paper, using a simple formula for
the conditional expectation given the conditioning function X,,, we
evaluate the Lp(1 < p < oo)-analytic conditional Fourier-Feynman
transform and the conditional convolution product of the cylinder
functions which have the form

f((v1,2), -, (v, x)) for z € C[0, ],

where {v1, -+ ,v,} is an orthonormal subset of L3[0,t] and f €
L,(R"). We then investigate several relationships between the con-
ditional Fourier-Feynman transform and the conditional convolu-
tion product of the cylinder functions.

1. Introduction and preliminaries

Let Cy[0,t] denote the Wiener space, that is, the space of real-valued
continuous functions = on the closed interval [0,¢] with z(0) = 0. On
the space Cy0,t], the concept of an analytic Fourier-Feynman trans-
form was introduced by Brue [1]. Huffman, Park and Skoug [11] de-
fined a convolution product on Cj|0,t] and then, established various
relationships between the analytic Fourier-Feynman transform and the
convolution product. Furthermore, Chang and Skoug [4] introduced the
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concepts of conditional Fourier-Feynman transform and conditional con-
volution product on the Wiener space Cy[0,¢]. In that paper, they also
examined the effects that drift has on the conditional Fourier-Feynman
transform, the conditional convolution product, and various relation-
ships that occur between them. Further works were studied by Chang,
Cho, Kim, Song and Yoo [3, 8]. In fact, Cho and his coauthors [3] intro-
duced the Lj-analytic conditional Fourier-Feynman transform and the
conditional convolution product over Wiener paths in abstract Wiener
space and then, established their relationships between them of certain
cylinder type functions. Cho [8] extended the relationships between
the conditional convolution product and the L,(1 < p < 2)-analytic
conditional Fourier-Feynman transform of the same kind of cylinder
functions. Moreover, on C|[0,t], the space of the real-valued contin-
uous paths on [0,¢], Kim [14] extended the relationships between the
conditional convolution product and the L,(1 < p < oo)-analytic condi-
tional Fourier-Feynman transform of the functions in a Banach algebra
which corresponds to the Cameron-Storvick’s Banach algebra S [2]. Cho
[5, 6] established several relationships between the Lj-analytic condi-
tional Fourier-Feynman transform and the conditional convolution prod-
uct of the cylinder functions on C10,t]. In particular, he [5] derived an
evaluation formula for the L,(1 < p < oo)-analytic conditional Fourier-
Feynman transform and the conditional convolution product of the same
cylinder functions with the conditioning function X,,,1 : C[0,¢] — R"*+2
given by X, +1(x) = (z(to),x(t1), - ,x(tn), (tns1)) where 0 = ¢y <
t] < -+ <ty < tyy1 =t is a partition of [0,¢], and then, proved their
relationships. Note that X,,;1 depends on the present time ¢, that is,
the expectation is taken over the paths which pass through a particular
point at the time t.

In this paper, we further develop the relationships in [3, 5, 6, 8, 14]
on the more generalized space (C[0,t],w,), the analogue of the Wiener
space associated with the probability measure ¢ on the Borel class
B(R) of R [12, 16, 17]. For the conditioning function X, : C|0,t] —
R™*! given by X,,(x) = (z(to), z(t1),--- ,2(t,)) which is independent of
the present time ¢, we proceed to study the relationships between the
conditional convolution product and the analytic conditional Fourier-
Feynman transform of the cylinder functions defined on C|0,¢]. In fact,
using a simple formula for the conditional w,-integrals given X,, we eval-
uate the L,(1 < p < oo)-analytic conditional Fourier-Feynman trans-
form and the conditional convolution product for the functions of the
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form
f((v1,2),-- -, (v, 2)) for we-a.e. z € C[0,1],

where {v1,---,v,} is an orthonormal set in Ly[0,¢] and f € L,(R"). We
then investigate several relationships between the conditional Fourier-
Feynman transforms and the conditional convolution products of the
cylinder functions. Finally, we show that the L,-analytic conditional
Fourier-Feynman transform Tq(p)[[(F * G)q|Xn}(-,§_;l)|Xn] of the condi-
tional convolution product [(F' * G)4|X,,] for the cylinder functions F'
and G, can be expressed by the formula

TP[(F % @)l Xl (- €)1 X (4, C1)
- [Té” X (\}534 7@+ él»)] [Tém (GIX.] (jiy Z5(G- é;»)]

for a nonzero real ¢, we-a.e. y € C[0,t] and Px,-a.e. &n,Co € RPHL
Thus the analytic conditional Fourier-Feynman transform of the condi-
tional convolution product for the cylinder functions, can be interpreted
as the product of the analytic conditional Fourier-Feynman transform
of each function.

Throughout this paper, let C and C; denote the set of the complex
numbers and the set of the complex numbers with positive real parts,
respectively.

Now, we introduce the concrete form of the probability measure w,
on the Borel class B(CI0,t]) of C[0,t]. For a positive real ¢, let C' =
C'[0,t] be the space of all real-valued continuous functions on the closed
interval [0,¢] with the supremum norm. For ¢ = (tg,t1,--- ,t,) with
0=1tg <ty < <ty <t let Jp: C[0,t] = R"! be the function given
by J{x) = (z(to),z(t1), -+ ,x(tn)). For B; (j = 0,1,--- ,n) in B(R), the
subset J;_I(H?:o B;) of C[0,1] is called an interval and let Z be the set
of all such intervals. For a probability measure ¢ on (R, B(R)), let

mw[‘]t‘l(ijOBjﬂ N Lf[lwr/f?o/?—lﬁ’f

exp{—; 3y (uj_w}dﬁdw(uo).

= tj — tj,1

Then B(C[0,t]) coincides with the smallest o-algebra generated by Z
and there exists a unique probability measure wy, on (C[0,t], B(C|0,]))
such that wy,(I) = my(I) for all I in Z. This measure w, is called an
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analogue of the Wiener measure associated with the probability measure
¢ [12, 16, 17, 19)].

Let {ex : k =1,2,---} be a complete orthonormal subset of L2[0, t]
such that each ey is of bounded variation. For v in Ly[0,t¢] and = in
Cl0,t], let (v,z) = limp 00 ey (v, €k) fot er(s)dx(s) if the limit exists,
where (-,-) denotes the inner product over Ly[0,t]. (v,z) is called the
Paley-Wiener-Zygmund integral of v according to x. Note that we also
denote the dot product on the r-dimensional Euclidean space R" by
()R

Applying Theorem 3.5 in [12], we can easily prove the following the-
orem.

Theorem 1.1. Let {hi, ho,--- ,h,} be an orthonormal subset of
Ls[0,t]. Fori=1,2,---,r,let Z;(x) = (h;,x) on C[0,t]. Then Zy,Zs,- - -,
Z, are independent and each Z; has the standard normal distribution.
Moreover, if f : R™ — R is Borel measurable, then

T

> ul }dﬁ,

J=1

/O F(Z(2), Zala), -, Zy(a))dw(z)
1

* ; |
= (2,]_(_) o f(U1,UQ,"' 7“7’)exp{_2

where = means that if either side exists then both sides exist and they
are equal.

Let F': C[0,t] — C be integrable and X be a random vector on C[0, t]
assuming that the value space of X is a normed space equipped with the
Borel o-algebra. Then, we have the conditional expectation E[F|X] of F
given X from a well known probability theory [15]. Furthermore, there
exists a Px-integrable complex-valued function ¢ on the value space of
X such that E[F|X](z) = (¢ o X)(z) for we-a.e. x € C[0,t], where
Px is the probability distribution of X. The function v is called the
conditional wy-integral of F given X and it is also denoted by E[F|X].

Throughout this paper, let 0 =ty < t; < -+ < t, < tyy1 =t be a
partition of [0, ¢] unless otherwise specified. For any x in C[0,t], define
the polygonal function [z] of x by

N A, tj — S ‘ S — tj_l A
[z](s) = ;X(tjl,tj](s) <tj_tj_137(ty—1) +— 95(%))

(1.1)
+ X{to} (8)z(t0)
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for s € [0,], where x(,_, ] and x{4) denote the indicator functions.

j—1,
Similarly, for &1 = (£0,&1, -+, €ns1) € R™2, define the polygonal
function [€,41] of 41 by (1.1) where z(t;) is replaced by &; for j =
0,1,--- ,n+1.

In the following theorem, we introduce a simple formula for the con-
ditional we-integrals on C10, 1] [7].

Theorem 1.2. Let X,, : C[0,t] — R"*! be given by
(1.2) Xn(z) = (2(to), x(tr), -+, x(tn)).
Moreover let F' be integrable on C|0,t] and Px, be the probability distri-

bution of X, on (R™*1, B(R™*1)). Then, for Px, -a.e. &, = (£0,&1,- - ,&n)
€ R"H,

13 E[F|X,] (én) = {%(tl_t)} ’ /RE[F(OC — [z] + [gn-&-l])]
1.3 n
2
R G e U

where &1 = (€0,€1, -, €, Eny1) for En1 € R.

For a function F : C[0,t] — C and A > 0, let F*(z) = F()\_%ac) and
XNz) = Xn()\_%m), where X, is given by (1.2). Suppose that E[F*]
exists for each A > 0. Under the notations as used in Theorem 1.2, we
can obtain by (1.3)

BIPIRNE) =| 3| L BFO = o)+ Gl

A (§n+1 — gn)2
X GXP{—Qt_tn}dan
for Pyx-a.e. En = (€061, &) € R™L where Py is the probability
distribution of X, on (R"*!, B(R"*1)). For y € C[0,t], let K}(y,&n)
be given by (1.4) where [&,11] is replaced by y + [Ep1]. If KI)}(O,E;L)
has the analytic extension J} (F)(&,) on Cy as a function of A, then
it is called the conditional analytic Wiener wy-integral of F' given X,
with parameter A\ and denoted by E“""[F'|X,,] (&) = J (F)(&,) for &, €
R, Moreover, if for a nonzero real ¢, E“"[F| X,)](&,) has the limit as

A approaches to —ig through C,., then it is called the conditional analytic
Feynman w,-integral of I’ given X,, with parameter ¢ and denoted by

B [F|X)(6n) = limy—iq B [FI X0) (6).

(1.4)
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2. A time-independent conditional Fourier-Feynman trans-
form

For a given extended real number p with 1 < p < oo, suppose that p
and p’ are related by %—&— ;% = 1(possibly p’ =1 if p = 0). Let F,, and F
be measurable functions such that lim, o [, [Fp(z) — F(2)|P dwy(z) =
0. Then we write Li.m.(w? )(F,) = F and call F the limit in the mean

n—oo

of order p’. A similar definition is understood when n is replaced by a
continuously varying parameter.

We now define the conditional analytic Fourier-Feynman transform
of the functions on C10, ¢].

Definition 2.1. Let F be defined on C[0,t] and X,, be given by
(1.2). For A € Ci and wy-a.e. y € C[0,t], let Ta[F| X0 (y, &) =
EA[F(y + )| X,](&,) for Px,-ae. & € R™ ! if it exists. For a
nonzero real ¢ and wy-a.e. y € C|0,t], define the Li-analytic con-
ditional Fourier-Feynman transform Tq(l)[F\Xn] of F' given X,, by the

formula Tél)[F|Xn](y,gn) = Efa[F(y 4 )| X,)(&,) for Px, -a.e. &, €
R L if it exists. For 1 < p < oo, define the L,-analytic conditional

Fourier-Feynman transform Tq(p ) [F|X,] of F given X,, by the formula
T[], &) = Lim, () (T [FIX](,6) for Py, -ae. & € R™,

where \ approaches to —iq through C;..

For each j =1,--- ,n+1, let oj = \/%X(tj_l,tj] on [0,t]. Let V

ti—t; 1
be the subspace of L»[0,¢] generated by {a1,- -+ ,ant1} and V1 denote
the orthogonal complement of V. Let P and P+ be the orthogonal
projections from L»[0,] to V and V| respectively.

Throughout this paper, let {v1,ve, -+ ,v,} be an orthonormal subset
of L»[0, ] such that {P+vy,---, Ptv,} is an independent set unless oth-
erwise specified. Let {e, -+ ,e,} be the orthonormal set obtained from
{Ptuy,---, Pto,} by the Gram-Schmidt orthonormalization process.
Now, for I =1,---,r, let PLy, = 25:1 agje; be the linear combinations
of the e;s and let A = [ai],xr be the transpose of the coefficient matrix
of the combinations. We can also regard A as the linear transformation
Ty :R" — R" given by

(2.1) TyZ = ZA,
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where Z'is an arbitrary row-vector in R". Note that A is invertible so
that T4 is an isomorphism. Let

(2.2) (PU)(t) = (Pv1)(t), -+, (Puy)(t))
and for &, = (&0, &1, -+ , &) € R let

n

(2.3) (fm(W)(f)):(Z(E ~ 6P D6 —E-n)(Pu ))

Jj=1

Furthermore, let

1
1+ (t = tn) [(PT) () A~ IR
and for A € C4, € R" let

(2.4) T(t, A) =

25 30,3 = () e A~ (T G oA

Let (,2) = ((v1,), - , (vr,2)) for z € C[0,]. For 1 < p < oo, let AP
be the space of the cylinder functions F;. of the form
(2'6) Fr(m) - fr<777$)

for we-a.e. x € C[0,t], where f, € L,(R"). Note that, without loss of
generality, we can take f, to be Borel measurable.
With the above notations we have the following lemma [6].

Lemma 2.2. Let A € C, and k be an integrable function on R".

Furthermore, for &, = (&0,€1, -+ ,&,) € RV let &,41 = (€0,61,- -+, &,
&n+1) and let

(27) H(A’k’gn):@r) [%rt—tn] // 7, [Ena]) + TaZ)

A n - Sn -
X eXp{—2|’5H%&T - (z(:l_tf))}ddenﬂ

where T4 is given by (2.1). Then we have

(28)  H(\ k&) = (I(t, A))= / k((&n, (PO)()) + TaZ) (N, 2)dZ
where (P7)(t), (&,, (P?) (), T(t, A) and ®(), ) are given by (2.2), (2.3),
(2.4) and (2.5), respectively.
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Theorem 2.3. Let X,, and F, € A,&p)(l < p < o) be given by
(1.2) and (2.6), respectively. Then for A € C, wy-a.e. y € C|0,t] and

Px, -a.e. (S_;L € R T\[Fr| X0 (v, {n) exists and it is given by
where ky, (y)(d@) = f((V,y) + @) for ©w € R" and H is given by (2.8).
Furthermore, as a function of y, Ty\[F.|X,](-, &) € AP

P’f’OOf. For g;l = (€07§17"' 7671) € Rn+17 let gl-i—l = (€07§17"' 7€n7
€nt1). For A > 0, wp-a.e. y € C[0,¢] and Px, -a.e. & € R" we have
by Theorem 2.2 in [5]

R } [ EE O = )y + G

X exp{ gn:it }dfnﬂ

_ [%(ﬁ_t)} / (%) [ G+ G ) +Ta?)

A o A gn - gn 2 =,
X exp{—QHszV — (Q(i_ﬁ))}dngrH,l

= H\ ks (y),6)

where H is given by (2.7) replacing k by k¢, (y). By (2.8) of Lemma 2.2

we have
Ky (y.6) = (D(t, A)) - £((@,y) + (Gn, (PO)(D) + TaD)R(N, £)dZ

where I'(¢, A) and ®(\, 2) are given by (2.4) and (2.5), respectively. Since

IZ]&r — (¢ = )T (t, A)(Z, (PO () A )gr
(2.10) =I(t, A2l + (¢ = t)IZRE N (PA)OAT R — (2 (POHAz]]
>I(t, A)|| 2l

N|=

by the Cauchy-Schwarz’s inequality, we have

1) (002 < (D) ep{ TEARA g | o (W)

for any A € C; and z € R". Now, by the Morera’s theorem with aids
of Holder’s inequality and the dominated convergence theorem, we have
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(2.9) for A € C4. To prove T\[F|X,](-.&,) € AP et X € C4+ and for
i € R" let

V(@) = ((E, A4)) Fr(i@ + (&n, (PO)(E)) + TaZ)D(N, 2)dZ.

R’l‘

N

Then we have
(@) = (It A4))

= (D(t, 4)2 (fr(Ta) * 8, ) (G, (P (B) + DA,

By the change of variable theorem

(2.12) /R | (Taid)|Pdid = | det(A~D)] /R o (@)PdiE < oo

if 1 <p < oo sothat f.(T4-) is in L,(R"). Since ®(A,-) € Li1(R"), we
have f(Ta-)*®(A,-) € L,(R") for 1 < p < co by the Young’s inequality
. 1 = —

in [10, p.232]. Now v = (I(t, 4))2 (fr(Ta) * ®(X,))(((&, (PO)(F)) +
A1) € Ly(R") by the change of variable theorem which completes the
proof. O

(NI

. Fr(Ta(((&ns (PH)(D) + DA™ = 2))@(N, 2)dZ

From Theorem 3.2 of [6], we have the following theorem.

Theorem 2.4. Let X, and F, € A" be given by (1.2) and (2.6),
respectively. Then for a nonzero real q, wy-a.e. y € C|0,t] and Px,,-a.e.
& € RVHL Tq(l) [E| X0 (y, &) exists and it is given by (2.9) replacing A
by —iq. Furthermore, as a function of y, Tq(l)[FT]Xn](-, &) € A

If {v1,v9, - ,v,} is an orthonormal subset of V-, then Pty = v
and Py, =0for [ =1,---,r so that (Pv)(¢t) = 0. Furthermore, A is the
identity matrix, (&,, (P%)(#)) = 0 € R” and I'(t, A) = 1. Hence we have
the following theorem by Theorems 1.1, 2.3 and 2.4, and Lemmas 1.1
and 1.2 of [13].

Theorem 2.5. Let {e1,ea, - ,e,} be an orthonormal subset of V.
Let X,, be given by (1.2) and F, € A&p)(l < p < 2) be given by (2.6)
replacing {vi,--- ,v,} by {e1,---,er}. Then for a nonzero real q, wy,-

a.e. y € C[0,t] and Px, -a.e. &, € R"H1, Tq(p) [Fr|X0](y, &) exists and it
is given by

TPIFN Xy, &) = (fr * V(—ig.))(@.)
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where (€7y) = ((61,y)7 o 7(67‘7y)) and lIl()\7 E) = (%)g exp{_%HZ_'H]%QT}
for A € C4 or A = —iq. Furthermore, as a function of y, Tq(p) [Fr| X0] (-, &n)

E.A&p,),Where%“‘;%:lifl<p§23ﬂdp,:oojfp:1'

Remark 2.6. An example of the orthonormal subset {ej,--- ,e,} of
V= is given by [9, Remark 2.3].

Theorem 2.7. Let X, and F, € Agp)(l < p < o0) be given by (1.2)
and (2.6), respectively. For wy-a.e. y € C[0,t] and Px,-a.e. {,,(n €

R, et Fri(y,6n,Ga) = fr((@) + (G + o, (PO)(E)) where (&, +
Cns (PO)(1)) is given by (2.3) replacing &, by &, +C,. Then for a nonzero
real q, we have

i
1 —

(Tt A))E Py, 60, ) / (1,27

TX[TA[FT|X7L] (" gn) |Xn] (y, 5n)

p
dwy(y) =0

for1<p<ooandforl<p<oo

T Xo) (- 60)| %) (5. Co) — (T( A)) B (. £, Co) / (1, 7)d7

T

as A approaches to —iq through Cy, where I'(t, A) and ®(1, 2) are given
by (2.4) and (2.5), respectively.

Proof. Note that T5[T5[Fy| X,](, €)X (y, ) is well-defined by The-

orem 2.3. For A € C;, wy-a.e. y € C[0,t] and Px,-a.e. g;“fn e R*HL,
we have by Theorem 3.3 in [6]

TX[TA [FT‘|Xn](7 gn)|Xn] (y, 571)
= (D(t,4))z /R F(Ta((E + Coy (PHD) + (T,y) AL — )

AP
><<I><2Re)\,z dz

where I'(t, A) and <I>(2|F’\{L2A,Z) are given by (2.4) and (2.5), respectively.

Let k = [p, ®(1,2)dZ, ®1(2) = v 1®(1,2) for Z € R" and let € =
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(2|I;|9‘2>‘)% > 0. Then

kN Dt A)) 2 T[T LF X (€)1 X (v, 5n>
= —1/ Fr(Ta(((€n + Gy (PT)(D)) + (T,y)) A ))@(1,Z)dz

= T f(Ta) x i =) ) (G + G (PHE) + (T,y)ATY).
(o))

Clearly, we have ®(1,-) € Li(R") by (2.11) and [, ®1(Z)dZ = 1. Fur-
thermore, we have fT(TA ) € Lp(R") (1 < p < o0) by (2 12). Now we
have by Theorem 1.1, Theorem 1.18 of [18] and the change of variable
theorem

. TX[T)\ [Fr‘Xn] ('7 g;l)‘Xn] (ya 571)

p

(T, A} oy, 6, o) / (1, 2)dz| dwy(y)

r

— (0t A))E /C I (Dt A)) 3 TETALF [ Xa) (- 6) [ Xa) (5, o)
—Fr1(y, &n, Gu) Pdw,s(y)

- mp(r(t,A))é’/cer(fr(TA.)*qn(;))(((ﬁwcn, )(£))

LB, A) = FA(TalEs + Cos PO®) + @y A

dwy(y)
| det(A)| (T, A>>’z’(;ﬂ); Ll (e (:))@

P
—fr(Tat))| di — 0

as A\ approaches —ig through C; if 1 < p < co0. Let 1 < p < co. By

(2.11), we have

IN

0

IN

(@) = ess.sup{|®1(2)| - [[Zllrr = [|U]lrr}

L 1)? L(t,A),
(5) e -G iz |

so that ¥ () is an Ly-function of @. Consequently, we have by Theorem
1.25 of [18]

IN
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lim TRDF X 60) X, Go)

= K(D(t,A))3 lim e (fT(TA-) « B, (7)) (@, y)
(gn‘l'(na (Pv) 73 A~ 1)
= T FaE.G) [ e

T

which completes the proof. ]

3. A time-independent conditional convolution product

In this section we evaluate the time-independent conditional convo-
lution product of the cylinder functions with the conditioning function
X, given by (1.2).

Definition 3.1. Let X,, be given by (1.2), and F and G be defined
on C[0,t]. Define the conditional convolution product [(F * G),|X,,] of
F and G given X,, by the formula, for w,-a.e. y € C|0,1],

[(F % G| Xl (y, &)
anw y+- y—-
sl ()65 )
Eenda F<y+ >G<y_> Xo|(€), A= —ig; g€ R — {0}
V2 V2 ’ 7
if they exist for Px,-a.e. &, € R". If \ = —iq, we replace [(F*G) | X,,]
by [(F* G)q| Xn].

Theorem 3.2. Let F, € Aﬁ?l), G, € Aﬁf’?) and f., g, be related by
(2.6), respectively, where 1 < p1,ps < oo. Furthermore, let p% + pi/ =1,
1
p% + é = 1 and X, be given by (1.2). Then for A € C,, wy-a.e.
y € C[0,t] and Px, -a.e. &, € R™ [(F % G)A| X0 (y, &) exists and it
is given by

Xo|(&), AeCy;

[(Fy # GoAIXn] (4, €n) = H(A ki, 9, (9), &)
where kg, g, (5) (@) = f,(5[(7,y)+@)gr (L5[(F,y)~ ) for @ € R” and H
is given by (2.8). Furthermore, as functions of y, [(F, * G, )| X,](+, &) €
AV if either py < p or p1 < ph, (B G)a Xl (-, €) € AP if o > p
and [(Fy + GoalXal(, &) € AP if 1 > ph.
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Proof. Using the same method as used in the proof of Theorem 3.4
of [6], for A > 0, wy-a.e. y € C[0,t] and Px,-a.e. &, € R*T1

[(Fr % Gr )l Xn] (y,fn)

= At [ 1G5 + 6 Po®) + Ta )
<gr <%[<m> — (€ (PO)) - TA2]>‘1>(A, 2z
where (&,, (P7)(1)), T'(t, A) and ®(),Z) are given by (2.3), (2.4) and
(2.5), respectlvely Now, let A € C+ and for ¥ € R", let

B0 0@ = €AY [ gl G (Po0) +Tad])
<gr <¢1§w— (&, (PD)(T)) - TM)@(A, 2z

formally and suppose that ps < p}. Since 0 < I'(t, A) < 1, we have by
the change of variable theorem

[ p(@lda < 1ae(a D] [ 1 @lonl = 191 (7

where fr1(5) = o5+ 56 (PEYD)), 9r1(P) = 90 (F— (6 (PE)D))
andq)l(ﬁ):q%,fﬁ/l . Nowletp%—l-g p—,l—I—lvvlthlgqgoo.
By the change of variable theorem, we have for 1 < g < oo

. AN D(t, ARe A .
[ s < jaercal (5) [ e -TEDER g bz < oo

by (2.10) and (2.11) so that ®; € Ly(R") for 1 < ¢ < oo. Now by
the general form of Young’s inequality [10, Theorem 8.9] and Holder’s
inequality,

[ n(@laa < 1aet(AD 1l lora s |1 < o0

which shows that v, € Ly (R") and hence [(F, * Gy)x|X,] (. &) € AW

Similarly, [(F * Gy)A|Xn](-, &) € A i p1 < ph. Suppose that pj <
p2. Then, by Holder’s inequality, Young’s inequality and the change of
variable theorem, we can prove

/ i (@)P2di < | det(A)|[] det(A™)[2E] 7 T f B2 [, )5z llgr 1Bz < oo
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if 1 < pj <p2 < oo and

/R [y (@) da < 22| fr|[B2[| RN, )T lgr 73 < o0
if 1 = p} < p2 < co. Furthermore, we have for @ € R"

ro L
(@) < [lgrllooll det (AT 22170 || fr 1y RN )
if 1 < p} < p2 =00 and

(@] < llgrllooll frllool®A; )la
if 1 = p} and po = co. Now we have 71 € Ly, (R") so that [(F) *
GoAlXn](-,6n) € AP2) - Similarly, we can prove [(F, % G )Al Xnl(+ &) €

AP p1 > ph. Note that the existence of [(F, x G,)x|Xy] follows
from the dominated convergence theorem and Morera’s theorem. The
theorem now follows. O

Theorem 3.3. Let X,, be given by (1.2) and q be a nonzero real

number. Then for A € C4 or A = —iq, and &, € R""!, we have the
followings:
(1) if Fr € AY and G, € A, then [(Fy * Gy)A| X (-, &) € AW,
2) it F, € A and G, € A?, then [(F 5 Go)AlXn] (- &) € AP,
(3) it F, € A and G, € AP, then [(Fy * G)a| Xl (-, &) € AP,
() if F, € AY and G, € A 1 AP then [(F, = G5 X0](-, &) €

A 1 A? | and
(5) it F, € A and G, € A, then [(Fy * Gy )2 Xn] (-, &) € A,

Proof. Let F,,G, and f,, g, be related by (2.6), respectively.

(1) The result follows from Theorem 3.4 of [6].

(2) For A € C4 or A = —iq let 71 be given by (3.1). Then it is not
difficult to show that for « € R"

(@) < 22| det(A7) [ @A, )lloo L frll2llgr |2 < o0

by Holder’s inequality and the change of variable theorem. By the domi-
nated convergence theorem, [(F; G, )4 X,] exists and the result follows.

(3) For A € C4 or A = —iq let 1 be given by (3.1). Then we have by
the change of variable theorem and Hoélder’s inequality

/ [ (@)Pdit < 23] det(A™) PN )3 frI1Tll9r 13 < o0

so that the result follows.
(4) The result follows from (1) and (3).
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(5) It follows immediately from F), € Aﬁl) and the dominated conver-
gence theorem. ]

Now applying the same method as used in the proof of Theorem 4.2
of [6], we have the following theorem from Theorems 2.3 and 3.2.

Theorem 3.4. Let X,, be given by (1.2) and F,,G, € UlgpgooAq(np)
be given by (2.6). Then for A € C,, wy-a.e. y € C[0,t] and Px,-a.e.

En, 5,1 € R*""1, we have
TA[[(Fr # Go)a| X (€)1 Xl (9, o)

- [T,\[FT|Xn]<\[y7\[<Cn+fn)>}{T/\[GAX"](\[Q’\f( 5")”'

We have the following relationships between the conditional Fourier-
Feynman transform and the conditional convolution product from The-
orems 2.5, 3.3, 3.4 and Theorem 4.2 of [6].

Theorem 3.5. Let X,, be given by (1.2) and q be a nonzero real.
Then we have the followings:

(1) if F,.,G, € AW :it're_'given by (2.6), then we have for w,-a.e.
y € C[0,t] and Px,-a.e. &,,(, € R™FL

TO(Fr % G Xnl (601 X0 (9, C)

- [ (G )| e Zom 556 -60)

(2)if F, € AY and G, € A? are given by (2.6) where {vy,--- ,v,} C
V', then we have for we-a.e. y € C[0,t] and Px,-a.e. &,,(n € R+

TO[(Fy # Gr)g Xa] (61X (4. C1)
= [Tq(”[Fran]( oia f(<n+£n>)][T§2>[Gr|Xn]( 7Y f< gn)ﬂ.

4. Evaluation formulas for bounded cylinder functions
Let M(R") be the set of all functions ¢ on R” defined by
(41) o) = [ explifa S )do().

where p is a complex Borel measure of bounded variation over R". For
we-a.e. x € C[0,t], let ®o be given by

(4.2) Dy(x) = ¢(0, x)
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where ¢ is given by (4.1).
Now we have the following theorem.

Theorem 4.1. Let 1 < p < oo, AT be the transpose of A and
Tyrii = @AT for it € R". Let X,, and ®3 be given by (1.2) and (4.2),
respectively. Then for A € C, we-a.e. y € C[0,t] and Py, -a.e. &n €
R T\ [®9] X, (y, &) exists and it is given by

B0l X,)0.60) = | exp{ i) D+ (POED,

(4.3) '

- ﬁ[HTATﬂ”%&r + (¢ - tn)<(7’17)(t)»ﬁ>fv]}dp(ﬁ)
where (P7)(t) and (&,, (PT)(#)) are given by (2.2) and (2.3), respec-
tively. For nonzero real q, wy-a.e. y € C|0,t] and Px,-a.e. §, € R+
Tq(p) [F|X,](y, En) also exists and it is given by (4.3) replacing A by —iq.
Furthermore, as a function of y, T, (p) [@9] X,] (-, &) € AL

Proof. For & = (é0,61,-+ ,6) € B™ let &t = (60,61, 16,

&n+1). For A > 0, wg-a.e. y € C[0,t] and & € R we have by
Theorem 4.1 of [5]

K3, (y,6)

o 1
- [sien] [ L e+ @b - ima

T f)") bt

= {%(t—f} //Texp{ (@) + (&, (POE)), D)rr + i(Ent1 — En)

(PO, s — T, - 2GS gy,

[ en{it@n) + €. PO e - ST + - 1)
<((P)(0) %] ol

where the last equality follows from the well known integration formula

(4.4) /R exp{—au? + ibu}du = <Z> : eXP{_Z}

for a € C;4 and any real b. By the analytic continuation, we have (4.3)
for A € C4. For p = 1, the final result follows from the dominated
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convergence theorem. Now let 1 < p < oo and 113 + % = 1. Further, let

Tq(p) [®2] X,] (y,{n) be formally given by (4.3) replacing A\ by —ig. Then
we have

T3 [@a] X (9, €0) — TP [@2] X (3, &) < (2l

so that by the dominated convergence theorem

/C T3 [@2) X (1 £0) — TP (@) X, (31 E0) P v (1)

converges to 0 as A approaches to —¢q through C,, which completes the
proof. O

Theorem 4.2. Let 1 < p < oo. Let X,, and ®2 be given by (1.2) and
(4.2), respectively. For wy-a.e. y € C[0,t] and Px,-a.e. &,,¢, € R

let B(y, &n, Ca) = S((F,y) + (€ + Cor (PH)E)) where (& + G, (PT) (D))
is given by (2.3) replacing &, by &, + (,. Then for a nonzero real q, we
have

(4'5) HTX[T)\[(I)Z’XTL]("g;l)‘Xn]('v 571) - (I)S("gna 571)“;0 —0

as \ approaches to —iq through C;..

Proof. By Theorem 4.1, T[T\ [®2| X,] (-, f_;L)\Xn](y, C_;L) is well-defined
so that we have for A € C,

T30 X, 6) X, 0.8)

= [ en{it@) + G PO D2 - LlITarl + ¢~ )
X (PO, D]+ il(Es (POE), D — o5 I Tariliee + (¢ — )
<((P)(0) 0] ol

L Re \
- [ exp{i«ay) + &+ G (POD), D — 11 I Tar s

Tt — ta)((PE) (1), )R }dpw).

Then we have
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TSI [P | Xn] (- &) [ X0 (4, Ga) = @3 (y, &, o)

/RT [exp{i«f}', y) + (5_;1 + G, (PH) (D), @) Re )\

g

(1 Tar il + (t -

L) (PO, %1} ~ exp{il(@,y) + (€ + Cu, (P)(D), a’m}} dp()

<)
RT

so that the inequality is independent of y, and we have for 1 < p < oo

Re A . = = i
exp{— e T aridlfz + (¢ — tn)<(7>v)(t),u>%v]} - 1‘dp(u)

/C |TX[T>\[(I>2‘X7L]('7 é;z)|Xn](ya 5n) — @3 (y, é;u C_:n)|pdwsa (y)

< L

Now we have (4.5) for 1 < p < oo as A approaches to —ig through C
by the dominated convergence theorem, which completes the proof. [

exp{i\ep[”TATﬁH%@r + (t = t)((PO)(2), ﬁﬁ%r]} - 1‘dp(ﬁ)] _

Theorem 4.3. Let ¢4, ¢5 and p4, ps be related by (4.1), respectively,
and let ®4(x) = ¢4(U,x) and ®5(x) = ¢5(V, ) for wy-a.e. x € C[0,t].
Furthermore, let X,, be given by (1.2). Then for A € C,, wg-a.e. y €
C[0,4] and Px, -a.e. &, € R, [(®4 * O5)\|Xn](y, &) exists and it is
given by

(B % B5) 3| X0n) (, &0)

= /7./,‘6@ é[((ﬁy),mwmr+<(§n,(7)a)(£)),a—w>R7.]

T @ B+ (¢ — )P, w)ir]}dm(ﬁ)dps(@

4\
where (P)(t) and (&,, (PT)()) are given by (2.2) and (2.3), respec-
tively, and T,r is as given in Theorem 4.1. For a nonzero real q,
(P4 xP5)y| X0](y, &n) Is given by the right hand side of the above equal-
ity where X is replaced by —iq. Furthermore, as a function of y, [(®4 *

)| Xn] (- €n) € AP

Proof. For &, = (S0,&1,-++,&) € R™L, let &1 = (0,61, &,
€nt1). For A > 0, wp-ae. y € C[0,¢] and &, € R we have by
Theorem 4.3 of [5] and Fubini’s theorem
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(‘1’4*‘1’5) |X (4, &n)

- [r } L[] eo{ S5t o+ de + (@ Eab.a

] — T () W}dwm(w)dsﬂﬂ

- [ _”} L[ [eo{ Sstm.a+ ae + (. @)

7= )] + T ((PR)(D). = W) (s =) = 35 I Tar (= )|

A1 ") u i
ﬁ }d§n+1dp4 (@) dps (w)

_ /T/Texp % Y)o i+ Der + (&, (PT)(E), @ — @)

LT (7 - D) + (t—tn)<(7’17)(t),ﬁ—u7>fv]}dp4(ﬂ')dps(u7)

where the last equality follows from (4.4). By the dominated convergence
theorem and Morera’s theorem, we have the results. ]

Now, we have the final theorem of our work.

Theorem 4.4. Let X,, be given by (1.2), q be a nonzero real and
1 < p < oco. Furthermore, let &4 and ®5 be as given in Theorem 4.3.

Then we have for w,-a.e. y € C[0,t] and Px, -a.e. &,,¢, € R*1

TP (B4 % D5)| Xl (€)1 Xl (9, Ca)

= [rx(Jon 5G4 60)| [T (S @G- 60)|

PTOOf. For E;L = (COaClv"' 7Cn) € Rn+17 1eE En+1 = (CU?Cla"' aCna
Cng1). For A > 0, wy-a.e. y € C[0,¢] and ¢, € R™™!, we have by
Theorem 4.3

—

Ty [[((I)4 * @5)Q|X ]( 7£n) yv Cn

1

- Lw(:\—t r( ) /T/T//reXp{ (@) + (7, [Cata))

VIAZ, T4 D)+ ((En, (PO) (D), 7~ ) ]+4inAT<ﬁ )l
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2
=t (P07 - 0] - SR - 2GS g,
dpa (@) dps (W)

- [ [ exp{ 5.0 + G+ s (POD), D +((50) + (G —
(PO ] + 1 (ITar (= D), + (0= 1) (PO, 7 — ] ~

ST 4 B + (6= ) (PO T+ 2] o))

by using the same methods as used in the proof of Theorem 4.1 and

Theorem 4.1 of [5]. Let Tq(p)[[(<1>4 £ ®5)4| X0 (-, €)1 X0n] (y, &) be the right
hand side of the last equality, where A is replaced by —ig. The existence

of T(l)[[(<I>4 * 5 )| Xn] (-, &)1 X0n] (y, Gn) follows from the dominated con-
vergence theorem. Now let 1 < p < oo and * 5+ / = 1. Then we have
by the dominated convergence theorem

/ T3 [[(®4 5 ©5)g X (- £0) [ X (1, Co)
TP[(@y * Ps5),q |X 1(, €)1 X0 (v, Go) P dwyo (y)

[/r/r eXP{ 1T gr (@ + @) [|7r + (¢ — o) ((PO)(t), 4 + @12[@]}

—exp{|rTAT<u+w>HW t—tn><<w><t>,vz+wx%w}\dmw)

/

d\p5|<w>r 0

as A approaches to —iq through C, which shows the existence of Tq(p )[

[(PaxPs5)q| Xn](-, €)1 Xn](y,G). Now the equality in the theorem follows
from Theorems 3.4, 4.1 and 4.3. O

Remark 4.5. Without using Theorem 3.4, we can prove Theorem
4.4 with aids of Theorems 4.1 and 4.3.
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