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SOME RESULTS ON KRONECKER PRODUCTS AND
COMMUTATION MATRICES

YONG SIK YUN AND CHUL KANG*

ABSTRACT. There are a lot of unsolved problems or issues regarding Kro-
necker products, vec-operator and Commutation matrices. We derived
further properties and results of Kronecker products, vec-operator and
Commutation Matrices.

1. Introduction

The central property of the Commutation matrix I,, ,, is that it transforms
vecA into vecA’, where A is an arbitrary m x n matrix. We shall denote this
matrix as I, ,,. It is known that I,,, , can be used for reversing the order of Kro-
necker product, a property very uesful in the calculation of matrix derivatives
and moment of matrix quadratic form.

In section 2, we review a number of known results on Kronecker products,
vec-operator and Commutation matrices. In section 3, we shall derive further
properties and results of Kronecker products, vec-operator and Commutation
Matrices.

2. Basic Notations and Preliminary Results

In this section, we summarize some preliminary results on Kronecker prod-
ucts, vec-operator and Commutation matrices.

Definition 1. Let A = (a;;) be an m x n matrix and B = (b)) be a p X ¢
matrix. The mp X ng matrix with a;;bg; as the element in the (ik)th row and
the (j1)th column is called Kronecker product of A and B and is denoted by
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A ® B; that is,
anB algB e alnB
a1 B axeB -+ ax,B
AR B = ) . ) .
am1 B ameB - amnB

Definition 2. For an m x n matrix A, let vecA denote the mn vector obtained
by ’vectorizing’ A; that is,

vecA = (a),db, - ,d.)

r'n

if A= (ay,as, -+ ,a,), where a; is an m vector.

Definition 3. The Commutation matrix I,, ,, is an mn x mn matrix containing
mn blocks of order m x n such that the (ij)th block has a 1 in its (j7)th position
and zeroes elsewhere. One has
n m
b= 33 (11, 0 11

i=1 j=1
where H;; is an n x m matrix with 1 in its (ij)th position and zeroes elsewhere,
and can be written as H;; = eie; is the 7th unit column vector of order n.

Some preliminary results on Kronecker products, vec operator and Commu-
tation matrices are:
For I, : m x m identity matrix,

L, ® I, = Ly (1)
Iyndnm = Imn. (2)
Therefore,
(Inn) ™" = )" = Tnm- 3)
For A : m X n matrix and B : p X ¢ matrix,
vec(A® B) = (I ® I g ® I,)(vecA ® vecB). (4)
For A, B, C, and D conformable matrices,
(AB)® (CD) = (A C)(B® D). (5)

For details, see Magnus and Neudecker (1979), Neudecker and Wansbeek
(1983) and Neudecker and Wansbeek (1987).

3. Some Results on Kronecker products and Commutation matrices

In this section, we will show a couple of relation between Kronecker products,
vec-operator and Commutation matrices. Those relations are very useful in
calculating moment of matrix quadratic form in multivariate analysis. They
are also statistically meaningful in matrix algebra.

Theorem 3.1. I, ® [, s @ L, = I, @ I g @ Ipps.



RESULTS ON KRONECKER PRODUCTS AND COMMUTATION MATRICES 261

Proof. Let A: mxn, B: pxqand C : r X s be arbitrary matrices. Applying
(4), (5) and (1), Tracy and Sultan (1993) have obtained the following equality.

vec(A® B® C)
= (In® Lngs @ Iy ) Iinng ® Iy s @ I.) (vecA @ vecB ® vecC).  (6)

Also, applying (4), (5) and (1), we get

vec(A® B® C)
= vec((A®B)® ()
= (Inq®Imps®I)(v (A® B) ®VecC)
(Ing @ Imp,s @ 1) (I, @ Iy g ® I,) (vecA ® vecB) ® I, vecC)
(Ing @ Linp s @I ) (L, @ Iy g ® Iy @ I5)(vecA ® vecB @ vecC')
(Tng @ Lp.s @ I) Ly, @ Iy g @ Ipps)(vecA @ vecB & vecC). (7)

Since A, B and C be arbitrary,
Imnq ® 1 ,8 ® I’r = In & Im,q ® Iprs (8)

using (1), (2) and (3). O

Theorem 3.2. The following equalities hold.

(Inn ® I gsv @ Iprw) Imng @ Ip.so @ Irw) Tmnpgs © Irw ® 1)

= (Ing @ Imp.sv @ L)) (I @ Im.g @ Lypuso) (Tmnpgs @ Lrw @ 1)
= (In @ Imgsv ® Lpru) Linngs @ Lprw @ L) (Lyng @ Ips @ L)
= (Ings @ Inpr,o @ 1) Iy @ I gs @ Ippuw) Ing @ Ips @ )
= (Ing @ Imp.so @ L) Lynnpgs @ Iy @ 1) (I @ Ing ®Iprm)
= (Inngs @ Inpro @ L) (Ing @ Lp.s @ L)) (In @ Ling @ Lprsuw)
= (Ing ® Imp,sv ® Iru)(In ® I;m,q ® Ips ® I,y ® ;)

Proof. Let A: mxn,B: pxq, C:rxsandD: uxv be arbitrary matrices.
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vec(A® B® C® D)

= vec(A® B® (C ® D))
(In, @ I gsv @ Lprw) Trng @ Ip so @ Lry,) (VecA ® vecB ® vec(C ® D))
(In @ I;mgso @ Tpru) Imng @ Ip,so ® Iru)

((Imnpq(vecA @ vecB)) @ ((Is @ I, ® I,)(vecC & vecD))
= (In ® In,gsv ® Ipru) Tmng @ Ip,sv @ Iru)

Tnpg @ Is ® I, @ I,) (vecA ® vecB @ vecC ® vecD)
= (In ® Imgsv ® Tpru) Imng ® Ip,so ® Irw) Imnpgs © Irp ® L)
-(vecA ® vecB @ vecC ® vecD),

using (6), (4), (5), (1) and (2).
2]

vec(A® B® C ® D)
= vec(A® B® (C® D))
= (Ing ® Ijp,so @ L) (In, ® I g @ Ippuse) (vecA ® vecB @ vee(C' ® D))
= (Lng @ Lnp,so @ L) (I @ Iy g @ Iprusw)
o(Imnpq(vecA ® vecB)) ® ((IS ® I, @ I,) (vecC @ vecD))
= (Ing® Imp,sv ® Irw)(In ® Imq ® Iprusv) Imnpgs @ Iry @ 1)
-(vecA ® vecB ® vecC ® vecD),

using (7), (4), (5), (1) and (2).
3]

vec(A® B C ® D)

= vec(A® (B®C)® D)
= (In ® Imgsv @ Iprw) Limngs ® Iprw @ 1) (vecA @ vec(B @ C') @ vecD)
= (In ® Iim,gsv ® Ipru) Tmngs ® Iprv ® L)

((ImnvecA) @ (I @ I, @ I.)(vecB @ vecC)) ® (IyyvecD))
= (In ® Imgsv ® Ipru) (Imngs ® Iprw ® 1)

T @I @ I s @ I @ Iyy) (vecA @ vecB ® vecC & vecD)
= (In ® Imgsv ® Ipru) Imngs ® Tprw @ Tn) (Imng ® Ips ® Iruy)
-(vecA ® vecB ® vecC ® vecD),

using (6), (5), (4), (1) and (2).
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vec(A® B® C® D)

= vec(A® (B®C)® D)
(Ings @ Lnpro @ L) (In @ Iy gs @ Ipruw) (vecA ®vec(BRC)® VeCD)
(Inqs & Impr,v & Iu)(-[n (9 Im,qs ® Ipruv)

((ImnvecA) @ ((Ig ® Ips @ I.)(vecB @ vecC)) @ (IyyvecD))
= (Inqs & Impr,v & Iu)(-[n & Im,qs ® Ipruv)

T @I @Iy s ® I @ Ly) (vecA @ vecB ® vecC & vecD)
= (Inqs ® Impr,v & Iu)(ln & Im,qs X Ipruv)(lmnq ® 1 .S ® Iruv)
-(vecA ® vecB ® vecC @ vecD),

using (7), (5), (4), (1) and (2).
[5]

vec(A® B® C ® D)

= vec((A®B)®C® D)
= (Ing ® Lmp.sv @ Irw) Imnpgs @ Iy ® Iu)(vec(A ® B) ® vecC' ® VeCD)
= (Ing ® Imp,so @ Iru) Tmnpgs @ Iro @ L)

(((In ® I q @ 1)) (vecA @ vecB)) & (IrsvecC) @ (IyyveeD))
= (Inq ® Imp,s’u Y IT'u)(Imnpqs @ Ir,v 02y Iu)

(I ®@ Ly g @ I, @ Ing @ Iyy) (vecA @ vecB ® vecC & vecD)
= (Ing ® Imp,so © Irw) (Imnpgs @ Irw @ 1) (In @ Ing @ Dprsuw)
-(vecA ® vecB ® vecC ® vecD),

using (6), (5), (8), (1) and (2).
[6]

vec(A® B® C® D)
= vec((A®B)®C®D)
(Tngs @ Impr.w @ 1) (Ing @ Imp.s @ Iryw) (vec(A ® B) ® vecC' ® vecD)
(Inqs ® Impr,'u & Iu)(-[nq ® Imp,s ® Iruv)
(I, ® Ipyq ® 1)) (vecA @ vecB)) @ (IrsvecC) @ (LyvecD))
= (Inqs ® Impr,v ® Iu)(-[nq ® Imp,s ® Iruv)(-[n ® Im,q & Iprsuv)
-(vecA ® vecB ® vecC ® vecD),

using (7), (5), (4), (1) and (2).
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vec(A®@ B® C ® D)
= vec((A® B)® (C® D))
= (Ing® Imp,sv @ Iry) (vec(A ® B) ® vec(C ® D))
- (Inq ® Imp,sv & Iru)
((In ® Im,q ® 1)) (vecA @ vecB) ® (I; @ I, @ I,)(vecC @ vecD))
= (Ing® Imp,so @ Iry,) (I, @ Iimg @ Ips @ I,y @ 1)
-(vecA ® vecB ® vecC ® vecD),

using (4), (5), (1) and (2).
Theorem 3.3. The following equalities hold.

(In & Im,qsv 02y Ipru)(lmnq ® 1 ,SU & Iru) = (Inq 02y Imp,sv & Iru)(ln & Im,q & Iprusv)
(In & Im,qsv oy Ipru)(Imnqs & Ipr,v X Iu) = (Inqs & Impr,'u & Iu)(In by Im,qs & Ipruv)
(Inq (29 Imp,sv & Iru)(-[mnpqs & Ir,v & Iu) = (Inqs & Impr,v & Iu)(-[nq 02y Imp,s & Iruv)

(Imnpqs & Ir,v & Iu)(In & Im,q & Iprsuv) = In @ Im,q & Ips & Ir,v & Iu

Proof. Using results on Theorem 3.2, we can show easily that the above equal-
ities hold.

O

Corollary 3.4. The following equalities hold.

(In @ Iy ps @ Inps) (Lyun2 @ Iy @ L2 ) (Ip2ns @ Iy @ Iy,)

= L2 @ L2 p2 @ 2 ) Iy @ Iy @ T2 ) (Lin2ps @ Ly @ Iny)
= In ® Lyps @ Lys)(Lnns @ Iz @ I ) (T2 @ Ly @ Lp2y,)
=3 @ Lins n @ Iny)(In @ Iiyn2 @ Iipsn) (Ln2 @ I @ Ly2y,)
= L2 @ L2 p2 @ Inp2 ) (L2ns @ Iy @ Iiy)) (In @ Lim @ Lysp2)
= L3 @ Lips p @ L) (Inz @ Iz @ Ip2y) (L @ Ly @ Ippsng2)
= L2 @ L2 n2 @ Inp2) (L @ Iy g @ Iy @ Iy @ Iy)

Proof. Let A, B, C and D be arbitrary m x n matrices. Substituting p =
r=u=m,q=s=v =n and applying Theorem 3.2, we get the following
relations.
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vec(A® B® C ® D)
([n X Imms X Imzs)(Imn2 ® Im7n2 ® Imz)(1m2n3 ® Im,n ® Im)
-(vecA ® vecB ® vecC ® vecD).

vec(A® B® C® D)
(In2 ® Imz)nz ® ]m2)(In R Lpm ® Im3n2)(Im2n3 ® I ® Im)
-(vecA ® vecB @ vecC ® vecD).

vec(A® B® C ® D)
(In ® Im,n3 ® Im3)(—[mn3 ® Im2,n ® Im)(Imn2 ® Im,n ® Imzn)
-(vecA ® vecB ® vecC ® vecD).

vec(A®@ B® C® D)
(I ® Is,® In)(In @ Inyp2 @ Lysn) (Ln2 @ Iy @ Lip2y)
-(vecA ® vecB ® vecC ® vecD).

vec(A® B® C ® D)
(In3 ® Im3,n ® Im)(InQ ® Im27n ® Ian)(In ® Imn @ Im3n2)
-(vecA ® vecB @ vecC ® vecD).

265

vec(A® B® C ® D)
= (Ins & Ims’n & [m)(lnz & Im2,n & Ian)(In R Ly ® Im3n2>
-(vecA ® vecB ® vecC ® vecD).

vec(A® B C® D)
== (InZ ®Im27n2 ®Im2)(In®Im,n®Imn®Im,n®Im)
-(vecA ® vecB ® vecC ® vecD).
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Corollary 3.5. The following equalities hold.

(In (39 Im,ns & Im3)(Imn2 & Im’nz ® Im2) = (In2 (39 Imz,n2 & ImQ)(In R Imn ® Im3n2)
(Inz (9 Im2,n2 & Imz)(fm:snz R Imn ® Im) = (Ina & Ima’n & Im)(Inz (39 Im2,n & Ian)

Proof. Using results on Corollary 3.4, we can show easily that the above equal-
ities is true. 0

Corollary 3.6. The following equalities hold.

(In @I ps @ 1n3)(Ls @ Iy 2 @ L2 )(Ins @ I @ Iy)

=2 @2 p2 @ In2) (L @ Iy @ Ins ) (Lys @ Iy ® 1)
=, ® I s ® I3) (I ® In2 ., ® 1)Lz @ I @ Iys)
= ([ ® Is,® I)I,® Iz ® Ina)(Ins @ Ly @ Iys)
= (L2 ® In2 2 ® I2)Is ® Iy, ®1, (I, ® Inpn® I.5)
= ( )
= (

~— ~— —~ —

I ® Ina’n ® In>(In2 & Inz,n ® I3 (In R Lyp @Iy
I,2® Inz’nz ® Inz)(In & In,n QL2 ® In,n & In)

Proof. Let A, B, C' and D be arbitrary n x n matrices. Substituting m =p =
q=1=s=u=v=mn and applying Theorem 3.2, Corollary 3.6 is obtained.

[1]
vec(A® B® C ® D)
= (In X In7n3 X Ina)(1n3 X In7n2 (29 In2)(1n5 [ Imn [ In)
-(vecA ® vecB ® vecC ® vecD).
2]
vec(A® B® C ® D)
= (Inz ® Inz’nz ® Inz)(ln ® In,n ® In5>(In5 ® In,n & In)
-(vecA ® vecB ® vecC ® vecD).
3]

vec(A® B® C ® D)
= ([n® Ly @ Lys)(Ipa @Iz, @ 1) (Lys © Ly @ Iys)
-(vecA ® vecB ® vecC ® vecD).
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[4]
vec(A®@ B® C ® D)
= (In3 02y In3,n & In)(In 02y In7n2 & In4)(In3 & In,n ® Ins)
-(vecA ® vecB ® vecC ® vecD).
[5]
vec(A® B® C ® D)
= (Ins ® [n3,n ® In)(fn2 ® IYLQ,n ® Ins)(In ® Inm ® Ins)
-(vecA ® vecB ® vecC ® vecD).
(6]
vec(A® B® C® D)
= (InS & In37n ® In)(fnz & Inzm ® InS)(In ®RIyy ® In5)
-(vecA ® vecB ® vecC ® vecD).
[7]

vec(A® B® C ® D)
= (Inz (9 Inz’n2 ® In2)(In QI ®@Ip2 @Iy, ® I,)
-(vecA ® vecB ® vecC ® vecD).

Corollary 3.7. The following equalities hold.

(I, ® Ipps ® L) ® Ipp2 ® I2) = (T2 ® In2 2 ® I2)(I, @Iy @ Lys)
(In ® In,n3 ® In3)(In4 ® In2,n ® In) = (In3 ® In3,n ® In)(ln ® In,n2 ® In4)
(Inz X In27n2 ® Inz)(Ins Ly ® In) = (In3 ® In3,n ® In)(In2 ® InQ,n (9 In3)

(In5 ® [n,n X In)(In (%9 In,n X In5) - In ® In,n ® In2 ® In,n & In

Proof. Substituting m = p =¢g =1 =s =u = v = n and applying Theorem
3.3, we can prove Corollary 3.7. (I

4. Conclusions

There are a lot of unsolved problems or issues regarding Kronecker products,
vec-operator and Commutation matrices. For example, there is no exact for-
mula of the general moment of matrix quadratic form. In fact, only the third
moment of matrix quadratic form has been solved. The equalities proven in
this paper will contribute to study in this area.
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