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BOUNDED WEAK SOLUTION FOR THE
HAMILTONIAN SYSTEM

Q-HeEuNnGg CHOI AND TACKSUN JUNG*

ABSTRACT. We investigate the bounded weak solutions for the Hamil-
tonian system with bounded nonlinearity decaying at the origin and
periodic condition. We get a theorem which shows the existence of
the bounded weak periodic solution for this system. We obtain this
result by using variational method, critical point theory for indefinite
functional.

1. introduction

Let G(t, 2(t)) be a C? function defined on R x R*" which is 2 —periodic
with respect to the first variable ¢. In this paper we investigate the num-
ber of 2m-periodic solutions of the following Hamiltonian system

(1.1) p(t) = —Gy(t,p(t).q(1)),
q(t) = Gp(t,p(t), q(t)),
where p, ¢ € R", z = (p,q). Let J be the standard symplectic

structure on R?", i. e.,
0 —1I,
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where [, is the n x n identity matrix. Then (1.1) can be rewritten as

(1.2) —Ji=G.(t, (1)),

where z = % and G, is the gradient of G. We assume that G €

C?*(R' x R?", R') satisfies the following conditions:
(G1) G € C*(R' x R*™ RY),
(G2) G(t,z(t)) = O(|z]*) as |z| — 0, G(t,0) = 0, G.(t,0) = 6, where
0=0,-,0),
(G3) there exists C' > 0 such that |G(t,£)| < C Vt € R, £ € R3.
Several authors ([1], [3], [4], [5] etc.) studied the nonlinear hamiltonian
system. Jung and Choi ([3], [4]) considered (1.1) with nonsingular poten-
tial nonlinearity or jumping nonlinearity crossing one eigenvalue, or two
eigenvalues, or several eigenvalues. Chang ([1]) proved that (1.1) has at
least two nontrivial 27 —periodic weak solutions under some asymptotic
nonlinearity. Jung and Choi ([3]) proved that (1.1) has at least m weak
solutions, which are geometrically distinct and nonconstant under some
jumping nonlinearity.

We are looking for the weak solutions of (1.1) with the conditions
(G1)-(G3). The 27-periodic weak solution z = (p,q) € E of (1.1) satis-
fies

2
/ (3= JC.(t, (1)) - Jwdt =0 forall w e E,
0

/ 5+ Gyt 2(6)) - — (4 — Gyt 2(2)) - 61t = 0
for all ( = (¢,¢) € E,

where F is introduced in section 2.
Our main result is as follows:

THEOREM 1.1. Assume that G satisfies the conditions (G1) — (G3).
Then system (1.1) has at least one bounded 2m-periodic solution.

For the proof of our main result we approach the variational method
and apply the critical point theory to indefinite functional. The outline
of the proof of Theorem 1.1 is as follows: In Section 2, we introduce
the perturbed operator A, such that AZ! is a compact operator, and the
associated functional I(z) corresponding to the operator A., prove that
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I(z) satisfies Fréchet differentiability, and state the critical point theo-
rem for indefinite functional. In section 3, we show that the associated
functional (z) satisfies the geometrical assumptions of the critical point
theorem for indefinite functional, and prove Theorem 1.1.

2. Compact operator and variational approach

Let L?([0, 27], R*") denote the set of 2n-tuples of the square integrable

2m—periodic functions and choose z € L?([0,27], R*"). Then it has a
Fourier expansion z(t) = > y= o age™, with a; = = 0% z(t)e ™t €
C*", a_y, = ax and Y, _, |ax|* < co. Let
A z(t) — —J2(t)
with domain
D(A) = {z(t) € HY([0,27], R*™)| 2(0) = 2(27)}
= {z(t) € L([0,2], )| > (e + [k])*|ax|* < +oo},
keZ

where € is a positive small number. Then A is a self-adjoint operator.
Let { M)} be the spectral resolution of A, and let a be a positive number
such that o ¢ o(A) and [—a, a] contains only one element 0 of o(A).

Let
« “+o0o —«
PO:/ dM,, P+:/ dM,, P_:/ dM,,.

« o0

Let

Ly = BRL*([0,27], R*),
Ly = P,.L*([0,2x], R*),
L. = P_L*([0,2x], R*).
For each u € L?*([0,27], R*"), we have the decomposition
U=1uUy+ Uy +u_,

where ug € Ly, uy € Ly, u_ € L_. According to A, there exists a small
number € > 0 such that —e ¢ o(A). Let us define the space E as follows:

E = D(|A]2) = {z € L*(0,2x), R™")| (e + [k])]ax|* < oo}

keZ
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with the scalar product
(z,w)g = e(z,w)r2 + (|A|%z, |A|%w)Lz
and the norm
1 1
21l = (z,2)8 = (O (e + [KDlaxl*)>.
keZ

The space E endowed with this norm is a real Hilbert space continuously
embedded in L*([0, 27], R?"). The scalar product in L? naturally extends
as the duality pairing between E and E' = W~22([0,2x], R>"). We

note that the operator (e + |A|)™! is a compact linear operator from
L*([0, 27}, R?") to E such that

((€+‘A’)_1W>Z)E=/OW(w(t),z(t))dt.

Let
A, =€l + A.
Let
Ey=|Al Lo, Ey=|A| 3Ly, E-=|A|:L..

Then £ = Ey @ E, ¢ E_ and for z € E, z has the decomposition
2 =20+ 2y +2- € E, where

_1 _1 1
20 = |A€’ U, Ry = |Ae’ Uy, - = ’Ae| 2U—.
Thus we have

Izollmy = llwollces — Mlz4lley = lluslley, lz-lle- = llu-flz-

and that Ey, E., F_ are isomorphic to Ly, L, L_, respectively. The
associated functional of (1.2) on E is as follows:

1 1 1
(I[AE 2 |I72 + | A2 My zo]l* — I(—Ad)22-I7-

—[[(—A)E M_zo1?) — e (2),
1
= 5l P + 1Mol — Moo * = lu—|[?) = wic(2),

(2.1) I(z) = %

where ¥ (2) = ¥(z) + §|2[132, ¥(2) = fo% G(t, z(t))dt. Let
F(z) = G,(t, 2(t)).
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By G € C? , 4(z) = [T7G(t, 2(t))dt € C*(S* x D, R"). Let
Fo(z)=€el + F(z) = el + G.(t,2(t)).

Then (1.2) can be rewritten as

(2.2) A(z) = F(2).
The Euler equation of the functional I(z) is the system
(2:3) uy = |AJTEPLEA2),
(2.4) u_ = —|A| 2 P_F.(2),
Moy = |A 2 M, PyF.(z)
(2.5) M_uy = —|AJ] 2M_PyF.(2).

Thus z = zp+ 24 +2_ is a solution of (2.2) if and only if u = ug+uy +u_
is a critical point of I. The system (2.3)-(2.5) is reduced to

(26) Aez—i- = P+F€(Z0+Z++Z—) or 24 = (Ae)_lp+Fe(ZO+z++z—>a

(2.7) Acz— = P_F.(20+2++2-) or z_ = (A) 'P_F.(20+24+2),
(2.8) AMizg = MiPyF(zo+ 24 +2_),
AM zg = M_PyF(20+ 24 +2_).

By the following Lemma 2.1, the weak solutions of (1.2) coincide with
the critical points of the functional I(z).

LEMMA 2.1. Assume that G satisfies the conditions (G1) — (G3).
Then I(z) is continuous and Fréchet differentiable in E with Fréchet
derivative

2T
(2.9)  DI(x)w = / (Az— F(2)-wdt  forallw e E,
0

Moreover DI € C. That is, I € C*.
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Proof. First we prove that I(z) = Ozﬂ[%Aez — G(t,2(t)) — §2%]dt is

continuous and F'réchet differentiable in E. For z,w € F,
[1(z +w) —1()]

:|/0F%AE(Z+w).(Z+w)dt—/oW[G(t,z—i—w)—k%(z%—w)?]dt
—/Oﬂ%Ae(z)wdt—i—/Oﬂ[G(t,z)—i—%ZQ]dt
|/27r1 )ow + A(w) - 2 + Ad(w) - w]dt
- [6t s w) - Gl + s w e u)

We have

(2.10) | / Gt =+ w) — Gt )]

< / ) w0+ O]l g )] = O]l an).

Thus we have

[1(z +w) = I(2)] = O(|[w]| g2n).
Next we shall prove that I(z) is Fréchet differentiable in E. For z,w €
L,

I(z 4+ w) — I(2) — DI(2)w|

:\/OW%AG(erw)-(erw)dt—/OW[G(t,ZﬂLw)Jr%(Zer)?]dt
_/0 W%Ag(z)-zdt—l—/oW[G(t,z)Jrgzz]dt
_/QWAe(Z).wdt+/2ﬂ[Gz(t,z)—|—ez.w]dt
:‘/0ﬂ%[Ae(w)wdt—i—Ae(w)‘w]dt

_/0 7r[G(t,z—i—w)—G(zf,z)—G (t,2) + W w?)]dt].
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By (2.10), we have

/0 G2 w) — G 2) — Gt 2)dE = O([[w][ o).

Thus
[1(z +w) — I(z) = DI(z)w| = O(||w|gz-).-
O]
Now, we recall the critical point theorem for the indefinite functional
(cf. [2]).
Let

B, ={u € El [jul| < r},
0B, = {u € E| |[u|| =r}.

THEOREM 2.1. Critical point theorem for the indefinite functional)
Let E be a real Hilbert space with E = Ey ® FEy and Ey = E{-. Suppose
that I € C'(E, R), satisfies (PS), and
(I1) I(u) = 3(Lu,u) + bu, where Lu = Ly Piu+ LyPou and L; : E; — E;
is bounded and self adjoint, 1 = 1,2,

(12) V' is compact, and

(13) there exists a subspace E C E andsets S C E, Q C E and constants
a > w such that

(i) S C Ey and I|s > «,

(ii) @ is bounded and I|sq < w,

(iii) S and 0Q link.

Then I possesses a critical value ¢ > .

3. Proof of Theorem 1.1

We shall show that the functional I(z) satisfies the geometric assump-
tions of the critical point theorem for indefinite functional.

LEMMA 3.1. Palais-Smale condition) Assume that G satisfies (G1) —
(G3). Then I(z) satisfies the Palais-Smale condition: If for a sequence
(2), I(zx) is bounded from above and DI(z;) — 0 as k — oo, then (z)
has a convergent subsequence.
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Proof. Let (z;) be a sequence with
(3.1) I(z) <M

and

(3.2) DI(z) = 2 — AZNGL(t, 21) + €z) — 0 as m — oo,

where A-! is compact operator and 6 = (0,--- ,0). We claim that {z}
has a convergent subsequence. Since G,(t,z(t)) + €z is bounded for
a small constant € and AZ! is compact operator, by (3.2), {z;} has a
convergent subsequence. Thus we prove the lemma. O

Let
B, ={z € Bl ||z[| < p},
9B, ={z € Bl ||z|| = p},
Q=(BrNE. )& {relecdBNE, 0<r< R}
LEMMA 3.2. Assume that G satisfies the conditions (G1) — (G3).
there exist a constant p > 0 and sets S C E, () C E such that
(1) 8Bp C F, and ]|aBp > 0,

(ii) @ is bounded and I]sqg < 0,
(iii) 0B, and 0Q) link.

Proof. (i) Let z € E, C E. Since G(z,t, z) is bounded, there exists a
constant C' > 0 such that

1 1 1 1
I(z) = S([A224 )72 + (|42 Myzol| = [[(=Ad) 2272 — [(—A)2 M_2|?)

1

2
2 €

- [ Gt = el
0 2
Loas, 2 €2

N A L

for C' > 0. Then there exist a constant p > 0 such that if z € 0B, N E.,
then I(z) > 0.

(ii) Let us choose e € BN E,. Let z € B,NE_® {re| 0 < r}. Then
z=w+y, wec B.NE_ y=re. Wenote that

2m
If we B, N E_,then / A(2) - zdt = —H(—Ae)%z,Hiz <0.
0
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By (G3), G(t,w + re) is bounded from below. Thus, there exists a
constant C'; > 0 such that if 2 = w + re, then we have

1 2m €
1) = 5= l=Adble— [ Gl +redt = 51
1 1 €
< 3 = A E 52 + = Sl

We can choose a constant R > r such that if 2 = w+re € Q =
(B-NE_)® {relee BiNE;, 0 <r < R}, then I(z) < 0. Thus we
prove the lemma. O]

PROOF OF THEOREM 1.1

By Lemma 2.1, I(z) is continuous and Fréchet differentiable in E and
moreover DI € C. By Lemma 3.1, I(z) satisfies the (P.S.) condition.
By Lemma 3.2, there exist a constant p > 0 and sets 0B, C E; with
radius p > 0, @ C E such that I[sp, > 0, @ is bounded and I|sq < 0,
and 0B, and 0Q link. By Theorem 2.1, I(z) possesses a critical value
¢ > 0. Thus (1.1) has at least one nontrivial periodic weak solution.
Thus we prove Theorem 1.1
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